
MATH 5143 - Lecture# I



5143- Lecture1
We will cover mostofHumphreys's textbook:
* Intro. to Lie algebras and Reph. theory

some other books listed on website.

Grades:all based on weekly HW assignments
(no exams

Lectures:will postslides on course webpage



Lie algebras : today, basic definitions

some important examples

frame guiding classification problems

Very brief motivation : the most interesting

groups in physics, geometry , etc . are

Lie groups = ( groups
that are also

manifolds in a compatible)
↳ e.g .

Gln (Ft) for F- = R ,
Q
,
④
p

w"

shh (F) , On LIF) , 5pm (F) etc .



the mostimportantfeatures in geometry / reple.theory
ofLie groups are controlled bythe tangent
space atthe identity element. this tangent

space has more structurethan just
being a vector space-namely itis

·what we call a lie algebra. L
-

↓

see wikipedia:&Whatis a lie algebra? Lie bracket of
vector fields



Constructive definition of Lie algebras:

⑭be some field (e.g. 1, D, a, etc.)
*p

Letbe a positive integer and define

gln(#)
=nx matrices over3

for X,Ycgen (S) let(X,i]
=XY-4x.

Bef A(finite-dimensional) algebra is a

subspace (gen(*) such that[x,47C20X,YCL.



Some examples :

① L = gfn (F) c- call this the general linear Lie alg .

② L = { diagonal matrices in yen (A)} ← call thisd-not)

③ L = { upper triangular matrices in yen (A)) = t.CA)

④ L = {strictly upper-0 matrices in gln(F)1-that)
"nilpotent

"

In fact , any subalgebra L C- gln (ft) ( a subspace
of matrices closed under multiplication) is a Lie algebra

since
if ✗it c-L then [×

,
4) = ✗Y -Y ✗ C- L

E E



But there are more examples :

① seen (F) ¥ {✗ c- glnlF) I trace (X) =§xii=o)
" special linear Lie algebra

"

(not an algebra)

recall that trace (XY ) = trace CYX)

so trace ([✗it)
= trace (XY) - trace(Kx) = 0

,

② suppose n
= 2m is even

P -mt) /
MYPeggy

Spn (F)
¥ { (M

N

N =NT
,
P =P)

" symplectic Lie algebra
"



⑥ Suppose n = 2m is even

p -MT) /
M
'
N'PE glnnfpy

On (F) ¥
'

/ (MN NT = -N
,
pT= -p}

"

even orthogonal Lie algebra
"

⑧ suppose n = Zmtl is odd

Once
D=" ¥0m,) /

A.• are Hm#or.

-AT M N M ,NIP tglmcf)
NE-N

,
PI -p
}

" odd orthogonal Lie algebra
"

Examples ①⑧⑨⑧ make up the dassicalliealge.br#
Later today we will give

" basis independent
" definitions



Wwe call [•
,
if the Liebraket . Its key properties :

ai
,
bi C- IF

① The Lie bracket is bilinear Xi ,Yi c- glnclf)
2

[a ,✗it aah, bit , tbih) = ¥,,aibj [Xi ,Yj)

[a ,XitazXz , Y] = (a. X , take)Y - Yla,41-924)

= a , IX.Y
-YA) 1- 921×24-4×4

② The Lie bracket is alternating ?:[4×7=0 HX

[✗TY , ✗ 1-47--00 = 1×1×7 1- Kinta ,
1- [Yin
- w

0=[447+1%2] ✗✗ -xx =0

③[props ①+②⇒ bracket is s-kew-sdmmet-ricic-XYF-IY.it
✗Y - yx = -city)



④Letady denote the map gen (A) + gln(*)
11

(X,0]
ady(y) =(x,y)

Then itholds that sadyoadu-abroadreagen(A)
-

⑭Cadx.anx) forallya
whatdoes this mean?1 shortanswer:(7.97 *fg-g) whenever

↓
not obvious, f and I are things we can compose
need to provethis) multiply



Long answer:for andvector spaceV, let

ye(v) be space oflinear maps V-V

for any figggl() define [fg7 = fog-gof
= Eg-gf

P(thab ad(X,4)
=Tabx,adv)

equal after

and (2) =((x,47,Z7=(xy-yx,27 someconcellation

(x,y]
=XYz - YXz- 2xy

+2YX ↑

labx.adp) (2):adx (abv(2) - advlabx)
-x(Yz -2x) - (42-24)x
-Y(Xz-2x)+(xz-2x)Y



Thus and (x,x)
=(adx,adr) as linearmaps

ge(A)gln(*)
in words:"and commutes withthe Lie bracket"or

"ad is a lie algebra hamamorphism gln(A) + ge(ger(A1)
m 2
need to define what need to

this means explain how
this is a
Lie algebra

Next:defining Lie algebras abstractly.



Suppose is an A-rector space with a map

Co,:2 x-2 (to be called the Lie bracket).
-

BefL is a Lalgebra with respectto (if

the following conditions hold:

④the bracketis bilinear

⑫ the bracketis alternating:(X,5
=0V*CL

⑬ ad(xii:adyady-adyad yel (adx,abx]
for all X,YCL (here adX:2- L

AH (x,y))



Reiners ① L may be infinite dimensional but we will

rarely consider this- case, the theory is much more
involved . Unless stated explicitly , all tie algebras
l are assumed to have dint < N .

② Axioms ④ + ④ imply that [✗ in =
- [Y , XT pay

the Lie bracket
is always skew symmetric .

it might seem more natural to replace ④ By

skew - symmetry ,
but this leads to problems when

Char (F) = 2

E minimum n such that I =0 Elf

or zero if no n exists



③ Axian ad (x,47:Sadx,adi)
is calledthe identity and is equivalentto

⑬(X,(4,z]) +(4,(2,x7] +(z(x,y))
=

0

UX,4,20L. To remember this:
xyz

42x

2xY

There are manyequivalent (cyclic permutation
ways ofstating the Jacobi identity

Usuallya given rectarspace has only one natural Lie algebra

structure and so we reuse the symbd5.7 to denote

the Lie bracketfor any lie algebra.



Two key concepts : a Liesubageebra of a Lie algebra L
is a subspace K SL with [✗idek

✗ii.K

a linear map ¢ :L, →Lr between Lie algebras is a
b¥tm Lz

(Lie algebra) morphism if 0/(1×147)=101×1,100,51
-

lie bracket f-✗ it
in 4

Furioamentalexample Let V be an Tt -vector space .

Then gllv) is a
Lie algebra for the bracket. If,g7=fg-gf

The Jacobi identity says that ad :L→ yell) is
a morphism .



A (Lie algebra) isomorphism is a morphism that is a

bijection. If dimV = n <✗ then choosing a basis

for V defines an isomorphism glad =p gln (f)

Abstraotexamples
① the trace of ✗ c- glad is well -defined whenever

dimv =n <✗ , independent of choice of basis .

so we can define slab = {✗ c- glad I trace 1×1--0]

this is a Lie subalgebra of glad by same argument as
earlier.



⑧②⑧ suppose B : V ✗V→V is somebilinearform

[example : if V = IF
" then every 0 has formula

81 ✗a) = ÑMy for some fixed nxn matrix M]
Then the subspace

L { ✗ c- glad / 81×44=-84×4)V-u.veV

is a Lie subalgebra d- gllv) .

PI . If ×,
Y C-L then 8114474 ,V) = 8 (✗Yu ,v1 -8 (Mup)

= - BCYu, xv) t 01×4,Yv) = Olu ,
YXV)- Olu,Xyv) =

= Blu , [xiiv) fun EV so [✗it] c-L . ☐



Atsome more combitionsAssumedim=n < Δ
& on signatureof

⑧ # 8 is symmetric and nondegenerate then L5.(#)
- ⑳

⑧
B(u,v) =G(v,v)

if UCU is nonzero the map

then BCuiv)t0 ut8(u,0)1 7 I Ifor some vCV ↑
is isomaphis

*he explicit construction v = v*
equivalence

ofΔn(#) earlier corresponds to is onlyvalid
ifdmVC

taking 8 (uiv)
=

n"Mr for the matrices

n
=(iii) =19.5m) ifn =

misera

n =(0-0) ifn =2m+) idad and



⑦ If 8 is skew-strametric and rendegenerate-
G(u,V) =-8(v,n) (exercise)

&then n =2m must be even and L =sir(#)

Explicitconstruction earlier had BCur) =nM

can =19(2):1.)


