
Math 5143 -Lecture IS



"Simple roots"and theWeyl group isarest
in

rectanspaces
namesystem for I is a basis for Isuch that

each 21 can be written as a =5 kap where coefficients
Be

ka are either (1) all nonnegative integers or (2) all compositive integers.

Necessarily141= dime. Notclean apriorithatany base exists.

*In each rootsystem in As the roots labeled (4,B] form
a base.

Lemma If W isa base of 5 and die have a*, then d-4 se(x,) 50.

If (a,B)> 0 then
our earlier lemma says a -ed since

ifai then also a A-B (since elems of are linearlyindependent)

Butifa-c6 then I would notbe a base.I



given asimple sistentfattheheightatatie
we also define I*= (1-6(ht() <0) and I=-t
so that* = "Way Call Ithe setofpositive roots,

-

⑰- the setofaerots.
Thm 8does have a base/simple system.

For each ICEdefine (1) =(xek((1,2) 20).
One can always choose ye ElU Ha andwe call such a regular.

x=

If isregular then 8 ="(1) 216) where (1) = - 4" (6).
Call (1) inmosable ifwe cannotwrite a =itu where pies).

hm If setis regular, then the set(6) of indecomposable roots
in d

is a base, and every base arises in this way.



4We make a series ofclaims.

①Each de*(6) is in Luo-span
eenabette

ps otherwise, choose xe*(6) notin with (2.1) minimal.
Then a =B, +2 for some 1,u -> *(6) (x cannot be

7indecomposable
Thus (410) =(B1,1) +(Bz,0) so byminimality of (2,1)
- -
>O >O

itmusthold thatr,reo-span (CW(y)) a contradiction

Casaisaints' o

② #4,Be(1) and aA, then 14,)s0.

ps Otherwise a- -6, **, so a-Bar-x is in 4(6)-
-

But then a = +(x-B) or B
=a +(B-x) would be decomposable. [



③ (1) is linearly independent

psSuppose we can
write o = cya-d

where a range over his jointsubsets of(1) and ca,30

Then 0?([(xt()) =([(a,sd)
-Eds O

30 so byprevious claim

=>so all =

0. Similarly derive thatall d=0.0

④X(6) is a base of6.

PI clear fromO



⑧ Every base oft arises as [(y) for some regular fee.

5) Given some base & for I, we read to finds with 1:516).

Choose a regular 6 with (1,2) > 0 for all x -W. (It'sa(H)

exercise to show we can always do this). Them 1*=6(1)
so everyEU mustbe indecomposable wrt 0. This means

⑰A18
18(8)1=dime, must haret=le

Call elemsof
-

The hyperplanes He for 20% divide ainto finitely many

regions. We call
the connected components of

EIU Ho the Wembers ofE.
x=1



aresof simple roots fix a base 6 of 8 and define*
relative to 0. Glems ofItare positive

-

roofs, elems ofI are negative roots.
-

Lemma If a e8* but244 then G--> Ifarsome Be.
P If (C,) so for all et then argumentin proofof
in previous proof would show that85953 is linearlyindependent.
As thisis impossible, musthave (,)>0 for some ofand
then 4-B =. Since di cannot be proportional, a-mustbe
in * since at leastone coeft in aB =

in'smust have (<0). 8

By induction:or Each ascan be written=dit du t...+86 where died Vi
and where each partial sum ai+62+...+656 for Isjsk.



LemmeIf 204 then ra() = - x and ra(dX(x)) =6(x)
e -holds by def, for any ofa eE

nontrivial

Suppose -4*[9]. Write =S01 where Koto.
Note:B is notproportional to 2. Thus K, to forsome 671.
Then the coef) of1 in ra(B) =B - <B,x) x is also Ky 30,

so ra(B) must still be in t since itis a valid root. I
Clemme now follows as va:Eteis a bijection)

⑳Sets = ,Ithen ra(8)
=8 - x x xe8.⑰



Lemmy suppose we have a sequence a.✗2 , - inn C- D.Writer,
- = r✗i

Suppose r,r,-.- rm-,
(☒m) c- § .

Then r,r, --- rm
=r
,
--- rs-ist,---rm-,

for some index Is ssm-1 . [the roots ✗i.dz,-Am don't need
to be all distinct]

def def

If . Set Bi = rit,ritz
--- rm-il ✗m) , with pm-, = am

.

Then Bo E É and Bma EOC # so there is some

smallest index s with p§ C-
.

Then rs ( Psa ) = Bs

since 32=1 ⇒ rs (Ps) = Psi E § ⇒ Ps = is bxprevtem
.

deti

⇒ rs = rag = rp,
= t.rs#rs+z---rm-ilxmj=(rs+i--rm-i)rm/rmy---rs+,)

[since orxé' = roadResult follows by substituting this e×pr for %
, noting that r,-2=1 . ☐

↳ into r,- rs.-- rm



CAI If a = ra, ra,- ram is an expression for o fw

with m as small as possible and *it0 , theno§?

Recall : It is a root system with Weyl groupW .

Prod Any given ✗ c- § belongs to some base of § .

PI The hyperplanes Hp for PEÉ
' A-☒ are distinct from Ha

,

so if we choose t C- H2 with t ¢ Hp HP C-⑤ 111=23
,

and then

choose some regular t
' close to f with (f

'

,d) = E >o
and

( o :p) > E V BE In 11=27
then we'll have ✗ fogy .☐

Fix a base 0 for § .



thm If 8
'
is ant base for OI then there exists

a unique element of
W with 0101) =D

.

Moreover
,

it holds that W = < rat ✗ c-D) ( Recall : w Erd ✗ c-¢-2)

PI Let Ñ
= ( rat a c-D) SW

.

We'll showbelow thatÑ=w .

Let 8 = £ £¥* and choose a regular VEE along with

oe Ñ such that ( old ,
8) is maximal . If ✗ is simple root

then r✗ o e Ñ so our maximal its assumption ⇒ (%), g) sogou.gg

= ( och , v218D = ( old , 8-a) ± (Ht) , 8) - Cold
,

a) v.✗
for

crawl ,-1) = CX, rxHDV-x.tt
E
,
✗ C-§ ( check this by comparing formulag)

Thus I old , x) 30 V-✗ED ,
Equality never holds since f is regular and

0--1 It, 0-42)) = load ,a)



Thus we have (old ,

d) >0 V- ✗ C-8
.

It is any base then D
'
= OLD for some

regular TEE and if we choose of Ñ as above

then evidently 0 = 010th) = FIND) - Eloy
.

so for any base o
' there * at least some ofÑsw with oats .

To show that Ñ=W
,
it suffices to check that ra e Ñ the§.

Gwen ✗ c- OI
,
choose a base with ✗ ED

,
and then choose off

with o(d) =D . Set B = old) c- 0 ,
and then we have

rp
=row, = OraÉ E Ñ so ra = Firpo c-Ñ as well

.

t
because P f-0 , so sp C-Ñ



Finally
,

need to show that the element of Ñ =W with

•(d) =D is unique for a given base of § .

We appeal to technical lemma above : it's enough to show

that if o EW has old = 8 then 0=1
.

Assume old =D and write o = r,n- rm

where Yi = rxi for some simple
roots 4,22

,→
✗n C-8

,

and assume m is minimal - If 0=11 then m>o

so by corollary above 01am) C- ④
-

⇒ old =/☐ soft
Thus the only way to have

old =D is if m=o and than 0=1 ☐



Fix an ordering 2 , ✗z ✗3 . .. ✗n of the roots in D.

[Here D= I ✗ , , - ,Ln] and * it ✗j for itj)

we call ant minimal length expression

0 = ri
,
ri,

- -- nie whererj-d-efrxjarred-edexpresionfaoi-W.se#w=I
Call this the length of w .

Png If ofw then Ilo) = # { ✗ c- ¢+1 old c- §
-}

Note: this gives llrx) =I ✗ £0 .

Pf . Use induction t earlier lemmas, see
textbook

. ☐


