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Math 5112 - Lecture 12
-

Last time:

① character tables t applications, e.g. to
decomposing

Xixj = §Ais Xk

② Frobenius determinant of a finite group G :

let xg for gEG be commuting indeterminants
44)

then detfxgilcg.nc.ua - terra,
""

( irreducible
complex
characters of G)



where each Pycx) E ① fxg I go GT is irreducible
,

of degree 4lb , and these factors are pairwise non-proportional

PI take pµW= dot lLCH l ①Coley)
where UH = %Xgg E Q CGT

and ex = ¥, £441915
'

c- QCGI . O

-

today and next few lectures :

[more topics related to repns of finite groups?



Bilinear forms If V is (finitedm)vectorspace (arena)
-

then a bilinear form C:-) : VXV→ G is the

same thing as a linear map L : V→✓
*

def

C. , .) ⇒ L : Vts (w te cums)

(v.wldsetllvkw) a L :V→v*

If V is a representation of a finite group G,
then v

* is also a representation , and saying

a form is G-iomt (meaning ( prlglx , plait )



is equivalent to saying the associated Mgp

✓ →V
*
is a morphinism of G - repns

.

Saying a form is nwe (meaning

for each xeno there is yell with Cx , y) to)

is equivalent to saying the associated map

✓→V
* is an isomorphism.

Prog If V is an irreducible repn of a finite

group G ,
then a nonzero (bTiamVxV→¢

innust be nondegenerate and the vector space of

an G -imarrant bilinear
forms on V is zero or I - dimensional .



PI Sohar's lemma: if V is ined. then so is VI

If V E V
*
as G- report then Hang (V ,v*) is

I -dim , and otherwise
it's- zero .

Also, any morphism of G -repns Vtv
*
is either

an isomorphism or Zero . O doesn't require V to be

f a co - repn

Prey The space of bilinear forms on V is

the direct sum of the subspaces of

symmetric ( ( xn)
→ G. x)) and skew-symmetric

( Cx ,y ) - - ly , xD arms on V .



Pf Any form C- i) is equal to
z

(
gym
t ( -

.

-Iss where
any only the
zero form is

( Yw) gym = Itv ,w) t {thru)
both symmetric
and skew-symmetric

( yw) ss = I win) - Ihmu) o

Coy If V is an irreducible G -mph where G is

finite, then exactly one of the following holds :

① There is no G-invariant nondegenerate form on✓

② There is
a symmetric , G-invariant , nahdef - form an

§ There " a stew
-

"met"" "
"" " ""

d for" ""



PI space of all G
-invariant farms on V is at meet

44¥:TITI:" :D.am?.::s.in::tganctmno.,
If ① holds, then we say V is complextype

If ② holds
,
then we say V is realty

, If ③ holds, then we say V is quaternionro type
---

[fact : for quaternions type repns V , Endesa N
E algebra Ht of quaternions)

May explore more on next HW

Let 's state some conditions equivalent to ①,③③



Assume t is an irreducible reps of a finite group G

Everything is defined over Q .

Prof V is of complex type if any of the

following equivalent properties- hold
:

(a) Xv * Xv* Cc) Xv has values

(b) V ¥ V
*
as a -repp

in 01112

PI Existence of a nondes . G-invariant form onV

is equivalent to lb) , which is equiv to (a) ,

and la) ⇒ le) because Xu* (g) = xffj-xvlgT.co



prod V is of real type if in some basis

of V
,

the matrices of ptg) for all g EG have

all real entries ( in other words, V is realizable are'rR)
--

[This implies that Xv has all real values if Vrs red, type)

Pfsketoh Assume V is realizable over IR .

Let u is, -- , un
be basis with

p (g)Vi f IR
- span (4th, - in] V GGG, Isis

h
.

To get a nondegenerate ,
G-inv . Sym form onV



let C .

.
-7 be positive def form with

(Vi ,vj> = { to
if ie j
if i *j

then let ( x , D -
g

Puig) x, pug) , y)

since C' ,-7 is symmetric, positive definite
( meaning (x.x) 30 with

game is true of (
-

,

-) equality if x-o)
which is clearly G-invariant .

Converse ( that existence
of such a form implies that V is

realizable) is some more
involved linear algebra→ see next

homework0



Prog V is of quaternionie type iff Xu

has all real values but V is not of real type .

If Latter conditions just mean that V is neither complex

nor real type
,
so must be the only remaining type .

o

Frobenius -Schur indieat-
of V

let ecus . em
⇐tf 's

' Iii: :g¥:::
if V isquaternion

type



If 11 is trivial character a→ HI

then ECH) =L

If G e 71hL and sgn : mrs ←Dm (wheat)
then E (Sgh) =L but all 4 C- Irr ( 741ha)t IH , Ssn)

have El41=0 , since 4 (m) = y
"

for some

nth root of 1 in Q
.

If G = Sn symmetric grasp then E (4) = I V yeInto]

If G = Qg (see HW4) then there
is a 2-dirr

. nepn

V with Ecu) = - I .



Thy E(x)g§gXCg7 for any X C- IMG)

CI #EgeG1g7=ExNEXEIWCG)
r

call these the = ft g:
"ortho:

involutions off relations
-

Pfeifer # Goal oi-M-gc.EE?e*rijj
"""

= %±n%" toga"" - I.±m¥""" Oq
by thin .



pfof-thmle.tv be irred. G-mph with

character Xv .

If A :V→V is any linear

map with eigenvalues t.tz.n.tn
( repeated with multi-pl.)

then (by basic linear algebra)

trace ( A④Algy) = %,titi

trace ( A④A) n'v ) = §. Titi

so trace ( A④At sq) - trace ( ADA lyzv) = f.ti'
= trace ( AZ)



⇒ If g EG then

xvlg) = Xszv 19) -Xp 9)

Set IT = Yo, qq.gg E Q CGI .

Then Xu CIT) = dim VG
r w

I
= Exert pub)x=x Agt G]

saw this

last week

Tbhus ¥, Avl5) = lot, Xiu 's)-Ingles)
= Xiv CIT)

- Xnzv CIT)



it in

= dint SW)G- din (NV)
G

-

claim this is just ELH .

To see claim , note
:

(Sh)G ⇒ symmetric G-man .
thus either

bilinear forms on V dim (SV) 9- I -
- Ed)

C- . .)
dim (Ark

÷÷i÷÷÷÷.
" ) :: a.

Similarly , or

(my)G →
Skew-Sym G-5MW . d,mcpy6=O=dV)

bilinear forms MV din lmk -

-O

O
bt same correspondence



Algebraicnumbers

Def Z f Q is an algebraic number if
-

(
equivalently

it is a root of a polynomial in Z Cx) ④ ay )
z e Q is an algebraic integer if it is a root
-

Of a magic polynomial in Mt)
(lower degree

↳ means leading term is 1 : x
"

t terms )

Prof z e Q is an algebraic
number ( integer) if

z is an
eigenvalue of a square matrix with national
(integer) entries .



PI observe that any manic polynomial

plz) = x't Cmx
"
t

. -t Czx't axt co

is characteristic polynomial of matrix

q÷÷÷÷÷÷l
.



Let QT be set of algebraic numbers

Let A- be set of algebraic
integers.

prog E is a field
and IA is a ring .

(subfield of Q) (subring of Q)

peg If A C- Matnxn (Q) has eigenvalue t with

eigenvector V and B e Mat mxm (Q) has eigenvalue

µ
with eigenvector w then

✓ ④w is eigenvector of {
A⑤In± In④ B w/ eigenvalue + ±µ

A⑤8 w/eigenvalue tµ



Thus ⑤ and IA are rings.

To see that OT is a field note that

if Z is a nonzero root of pH)END off degree n
n

then Kz is a root of x pl's) C- 71×7 O

prog . IA n Q = 2

Pf Suppose z is root of FH) - x
"

t Cmx
"'t
. . tqxtco

-

and z = Mq EQ where p.ge7L with god Cp,g) =L .

Then O = f te) → f (Me) = PgtnI for some KEI .



⇒ pm = - qk E QI contradicting gcdcp,g) =L

unless q = It in which case z e 7L
. 0

Next time: character values for a finite group are

algebraic integers.


