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Math 5112 - Lecture #17
-

Last time : constructed all complex irreducible

rephs of finite symmetric groups

Let n be a positive integer

Define Sn to be group of permutations of
-

(n]Eet (1,2,} .-yn) bijectionsaid → gig

For each partition t -Ct ,-tis - -- 3tie >o) th

there is an associated Specht module by
Cthis is an

--
Sh - neon 1a)



V
,

diet G[sn7 a , b, where

a, =
E 9 by = E sgncg) g
g in row g in column

stabilizerof Ty stabilizerof Ty

called this subgrppislast time cakes this subgroup Qycsn
for Tt = (some fixed standard tableau

of shape t )

Last time we used TT* defined such that IT,} , ,jg§④④



Thy Each Vy for t th is an irreducible

Sh- repn (over the field Q)
.

Each irreducible

Sh-reph (over the field G) is isomorphic to

some Vt for a unique t th .

EI Trivial repn of Sn
is E Vy for t- Cn)

sign repn of Sn is I Vpa for µ- Clin, D

(we'll see today that those are the only I-d repnsofsn)



Rink for any finite group , there is a bijection
between the set of conjugacy classes and

isomorphism classes of irreducible complex nepnt

(because the character table is square) .

For Sh
,
one can specify this bijection in

a concrete way :

{ permutations
of

cycle type t ) G V,

Recall Ctype of
,

say , o = CD (25 7 8) ( 3 10) ( 496)
"

is t = ( 4,3 ,2,1 )



A side - related to homework
-

Let G be a finite group with a complex

finite dimensional G-mph (V , p)

There is a dual repn (Vt , Prix) and a

conjugate feph (T , F) . Here J is same as

✓ but with modified scalar multiplication e.x
tf Ex

for Ce Q
,
xc.tt

Both F and V
* have same character

xp Ig) = Xv
* Ig) = Xv ( g

"

) =XI forge G .



This means that J E V
*

.

The c.omplexiti-at.im of V is Vg Eet g ④pv
C- lens of this space ate sums of tensors of

form z ④ µX
for ZE Q

, xfV where if reIR

then er④pet = 2 ④pit .

① is a G-reph for trivial action g
: z↳z e Cl

v is a G-repn far the action g : x u pig)x

Hence Vg is also a G
-repn for (linear) action

g : 2④Rx
to z ④pplg)x



Props As a complex G -repn ,

Vic ⇐V④T E V ④ V
't (since J EV t)

All proofs I've seen
of this are quite abstract

,

so let's give a more explicit , constructive proof .

First
,

let's work through an example .



⇐ Let G - Hnk = ( g>

Suppose V = ① and p Ig) = cos ft isinf

( acts as a scalar)

where 0 = , so that plod
"
- I C- Cl

.

(for some KER)

Prep says that Vg = ① ④ *V
E V ④I

so there should exist two l
- dimensional eigenspaces

for g acting on Va , one
with eigenvalue

cos⑦ tiSMA and one with eigenvalue cost - isinA



What are these eigenspaces
?

A basis for Vg is { I ④pl , I④ as i)

g . (
I ④ pi) = I ④µ

( cosOtisinO)

± cos -0 (i ④pl) t SMO (I④psi)

go ( I④pi) = I ④*
(i cosO - Sino)

= - since Cl ④pl) t coff (I④pi)

Thus x
Et I I - i i and y Ef l#t i i



are eigenvectors fan g with eigenvalues cos@ tismf

SO an isomorphism V④T →Va is given by

(z, izz) ↳ 2
,
X t Zzy

=Kitza) ④pl t (Zz
-4)i i

plover

Pf of prop similarly , if {* jljej is a basis forV

\ (over a)

then a basis for Va
is ftp.Qxj , I ixj) jeg .

① The subspace spanned by { I Xj - igqixj) jg, is EV
as G-re.ph



② The subspace spanned by ftp.qxjtinxqixjljej
is E T as G -reph.

③ Vg is direct sum of these subnephs .

Explicitly : suppose p. (g) *j = {(ajktibjk) Xk
for some Ajk,bikeR

Then : depending on g

g .
( I ④µKj
t i 1-Kj) = I pig)x; t i i pls)#

= § (ajk
- ibjk) (I④µXk) t f

(bjk- iajid " "k)

= § (ajk
- I bjk) ( I Xk t i④ ixk)



But flg)*j = E Caja
- ibjk)xx

so this shows that Q
-

span ( I x; 't
'
-

④ i ET
Likewise G -span It④pzxj

- i④pi XD jeJ E V as Greph

O

-

Some more results about Sn- repng ( proofs
-

Sketched)

A cycle
of o ESn is a set of form ( o" CD I K -91,33, ..]

for some i E E IR. .- in
)
,

The set his -- in] is a disjoint

union of cycles of ofSn, whose
sizes arranged in order give the

cycletype of o.



Two permutations is Sn ome conjugate if and only

if they have same cycle type .

Let i = Cii , iz iz .- ) be a sequence of

nonnegative integers with n = m§,mo 'im

Let Ci be a permutation in Sn with

im cycles of size m for each mil ,33 .-

⇐ If n =7
and i = (2 , I ,1,999 .

-J

then Ci could be (1) (2) 13416567)



Thy (Frobenius character formula)

choose a partition ttn and let N be any integer

with N z Ict) ( the number of parts of t) (
can always take N -n)

then the character x , of Vt has value

x, ( Ci) given by coefficient of

+
it CN-IN-3--13,41) Let ÷, xjj

-1N-J

in the polynomial
,Iy

. - xx) IMI ,Cxitxiht
.-txiy
"



PICsketch call the class function defined by this

formula ft . It's possible with some algebraic

identifies to check that -0+11) so and CG ,
G)=L

so ⑦ , f
Irr Csn) and hence equal to some xµ .

To show Gt =Xt , argue
that 0, has a triangular
7L-linear combination

expansion by = Xt t ( terms xµ with lust in le* order)
T this part turns out to be zero

by expressing Ot as z - linear combination of certain
induced characters Indpsg (1) whose irr. decamp . are so to

understand . O



Hook length formula
-

Let's use Frobenius character formula to compute

*LD = dim Vt .

Since I = Ci for i
= (h, 999 .--)

nah) is equal to the coefficient of

1*3 xp't
N" xztrtn? . . xtnn piston.in

"" =

in product .im#i-xmcxn.x.t...txns@
dot



Thus
,

letting Lj = Tj +N-j so *I = ahhh.. we?
n !

Xt Ll) =
E sgnlo)-
o e sn ki-N to")) ! ( ez-Ntsb))?. .-

Lj3N -dj) Vj C- CNT

7

or

"

gue that this sum can be rewritten as

÷

= detfdjll;-DK;D . -- Hi-NtiHD.".sn
= detlef

-'Tis;isn=÷?e÷, l"



Define h,Ci ,;) =
# of positions Cx ,Dfo,
suchthat (x-I and jsy)on

(xzi and joy)

Eg If Of = i then htc isD=hit2,4=4
U

t = (S,4,4,1)

Thy X, 4) = dinh
= T¥*.ci , ;)
Cii) C-0¥



Lsketch. Check for each X- 1,33, - that

Tx

ex!

It-e;)
= HI,

h
#Hib o

Eg took lengths for t- Cs,4,41
) are

SO dimvls.uiens-LYj.o.s.s.u.az#- 77 -B 'll '3--21021


