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This paper develops a general asymptotic theory for the estimation
of strictly stationary and ergodic time—series models. Under simple
conditions that are straightforward to check, we establish the strong
consistency, the rate of strong convergence and the asymptotic
normality of a general class of estimators that includes LSE, MLE and
some M-type estimators. As an application, we verify the assumptions
for the long-memory fractional ARIMA model. Other examples include
the GARCH(1,1) model, random coefficient AR(1) model and the
threshold MA(1) model.
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1 Introduction

The three main results that can be used for the asymptotic theory of the estimators
in time-series models are Basawa, FEiGN and HEYDE (1976), AMEMIvAa (1985) and
TigsTHEIM (1986). While not specific to time-series models, BAsawa et al. (1976)
and AMEMIYA (1985) provide the condition for the weak consistency of the estimated
parameters. For asymptotic normality, the result in BAsawa et al. (1976) requires the
expectation of the third derivatives of the objective function (OF). The condition in
AMEMIYA (1985) does not give a specific method for the convergence of the sample
information matrix to prove asymptotic normality.

The result in TigsTHEIM (1986) holds for strictly stationary and ergodic time-series
models, and implies that there exists a sequence of strongly consistent estimators
to maximize the OF. However, this sequence of estimators may not be the global
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98 S. Ling and M. McAleer

maximizer of the OF. His result also requires the expectation of the third derivatives
of the OF, but the third derivatives of the OF can be extremely complicated in
some models, as in the case of the likelihood function for ARMA-GARCH models.
JEANTHEAU (1998) also gives the condition for strong consistency of the maximum
likelihood estimator (MLE) for a class of GARCH models. However, the results in
each of these papers do not discuss the initial value problem, which needs to be
addressed for each individual model. As many time-series models have been devel-
oped in the last two decades, a unified and simple asymptotic theory of estimation
for time-series models should have wide applicability.

This paper establishes a general asymptotic theory for the estimation of strictly
stationary and ergodic time-series models. The estimators, including LSE, MLE and
some M-type estimators (except for LAD estimator), among others, are the global
maximizers of the respective OFs. We establish the strong consistency, the rate of
strong convergence and the asymptotic normality of the estimated parameters. The
rate of strong convergence of the estimated parameters has not previously appeared
in the literature in a general setting. The conditions, including the initial conditions,
are simple and easy to check, and third derivatives are not required. Some related
references are HUBER (1967) and PFANZAGL (1969).

This paper proceeds as follows. Section 2 presents the model and the main results.
Section 3 examines the long-memory FARIMA model. The proofs are given in
Appendices A and B.

2 Model and main results

Assume that the real p x 1 vector time series {y,:#=0, £1,...} is F, measurable,
strictly stationary and ergodic, and its conditional distribution is given by

Vi | Fi—1~G(0, Y1), (1)

where F; is the o-field generated by {y,,yi—1,...}, Yi=r....0i—p41) or Y;=
(Vesyi-1,...), and 6 is an m x 1 unknown parameter vector. The structure of the time
series {y,} is characterized by the distribution G and the parameter 0. We assume
that the parameter space ® is a compact subset of R”, and the true value 6y of 0 is
an interior point in ®. We use the following OF with the initial value Y to estimate
902

L(0)=>_I(0),
t=1

where /,(0)=1[(Y,, 0) is a measurable function with respect to Y; and is almost surely
(a.s.) and continuously twice differentiable in terms of 0.

Denote D,(0)=01,(0)/00, P,(0)=—01,(0)/0000', Z= E[P,(0y)] and Q= E[D,(0p) x
Dij(0p)]. Let Vo()={0:|0—0o|| <n}. The following assumption is made.
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Asympitotic theory for time-series models 99

ASSUMPTION 1.

(i) Esupgeelli(0)]<oo, and E[l,(0)] has a unique maximizer at 0y,
(ii) D,(0y) is a martingale difference in terms of F; with 0 <Q< oo,
(iii) £>0 and Esupyey,, || P(0) || <oo for some n>0.

When model (1) reduces to the class of models:

ye=f(0,Y—1)+n:\/ 10, Y1)

with {#,} being independent and identically distributed (i.i.d.) with mean zero and
En?=1, and the Quasi-MLE is used, we have

& (0)
hr(O)]’

L(0)= —% [log h(0)+

where f(4, Y;) and A(4, Y;) >0 are measurable functions in terms of Y;. In this case,
Assumption 1(i) is ensured by the conditions: (a) Esupy.ele?(0)/h,(0)]<oo and
E supy.g loghy(0) <oo and (b) [&/(0), h,(0)]=[e:(00), h:(0p)] a.s. if and only if 0=0,.
See JEANTHEAU (1998) and LiNnG and McALEER (2003).

When the dimension of the initial value Yj is infinite, it needs to be replaced by
some constant Y. We denote /,(0) with the initial value ¥ by 7,(0). Similarly, define
D,(0) and P,(0). The initial condition is given as follows.

AsSUMPTION 2. For some v>0, it follows that

(1) Esup|L(0)~110)| =0 (});
(ii) E || Di(00) — Di(00) | = O (su2v) and
(iii) EsngPt(H)—P,(e)H=0(i-)-

v

The decay rates in Assumption 2.2 are very low and are satisfied by most of time-
series models. For long-memory time series, Assumption 2(ii) can be replaced by:

>e> =0.

AsSUMPTION 2.2. (ii’). For any €>0,

lim P | max

1
I—00 I<n<oo \/ﬁ

> [Di(6y) — Dy(6y)]
t=1

The corresponding OF is modified as

n
L(0)=>_1,(0).
=1
When the dimension of Y is finite, Assumption 2 is redundant. In what follows,
— denotes convergence in distribution. We now state our main result as follows:
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100 S. Ling and M. McAleer

THEOREM 1. Let 0,= argmaxe L(0).

(a) If Assumptions 1(i) and 2(i) hold, then 0,— 0o a.s.
(b) Furthermore, if Assumptions 1(ii), (iii) and 2(ii), (iii) hold, then

én=90+0

172
<logriogn) ]a.s. and  /n(0, —00) — - N(0,27'Q™).

ReMaRK 1. For (a), we only need /;(0) to be continuous in terms of 6 a.s., while
twice differentiability is redundant. 0, can be LSE, MLE and some M-type
estimators, among others. Many nonlinear time-series models in ToNG (1990) sat-
isfy Assumptions 1 and 2, such as TAR, bilinear ARMA, GARCH and random
coefficient AR models. The compactness of ® is not a serious restriction in practice
as the true value 0y is an interior point in the parameter space and we can always get
a compact O to include it. Compared with the assumptions mentioned in Section
1, our assumptions are simple, clear and easy to check in practice.

% and Q can be estimated, respectively, by

N R N R
X, = ; Z P,(@n) and Q,= z Z D;(QH)D[(Q,,).
=1 =1

By Lemma A2, £,=X+o0(1) a.s. As supg || P:(0) || 2 is strictly stationary and has
a finite variance, we know that

max sup || Pi(0) || */v/n=0,(D).
By TAYLOR’s expansion, we have

| Du0n) = Di00) [| 1/ < [max || P(O) | 1] || v/n(0n = 00) || = 0p(1)
uniformly in 7. Furthermore, by Assumption 2(ii), we know that

| Dy(0,) — D.(00) || Iv/n=0,(1)

uniformly in ¢. By TAYLOR’S expansion and LEMMA A2, we have
ST D(O)n=—n"">" PO,)v/n(0, — 06) = 0,(1).
=1 =1

Thus,

nt ST 1D(0) — Di(00ND; (0] = 0,(1).

t=1

Finally, by the ergodic theorem, we can see that Qn=Q+0p(l). Thus, under
Assumptions 1 and 2 3, and ©Q, are consistent estimators of ¥ and Q respectively.
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Asymptotic theory for time-series models 101

ExaMmpLE 1. Consider the GARCH(1, 1) model:

y;=i1,\/h7 and hz=fxo+oty,271 +ﬁht717

where 7, ~i.i.d. N(0,1), >0, >0 and f>0. Assume that Eln(f+o?)<0. Let
0= (0w, 2, ). When using MLE to estimate 0,, we take

v
h(0)”
where /1,(0) = o + acy,{l + ph;_1(0),t=1,...,n and yo=0 and Ay=1. From the proof
of theorem 2.1 in FRaNCQ and ZAKOAN (2004), we see that Assumptions 1(i) and
2(i) hold. From the proof of Theorem 2.2 in FRANCQ and ZAKOIAN (2004), we know
that Assumptions 1(ii), (iii) and 2(ii), (iii) hold, see also LEE and HANSEN (1994) and
LiNnG and McALEER (2003). We do not need to study the third derivative of /,(0) as
done in these papers.

[(0)= —logh,(6) —

ExaMPLE 2. Consider the random coefficient AR(1) model:

Y= ((,b + lpr)}’r—l + &,

where {y,} and {g¢} are ii.d. sequences with zero mean and variance o >0
and ¢2>0, and they are mutually independent. Assume E In | ¢+, | <0 and let
0=(¢,a,0%). When we use QMLE to estimate 0, we take

0 — (bytfl)2
22 +ay? )

By exactly following the proof of Lemmas A.1, A.2 and A.3(i) in LiNG (2004), we
can show that Assumption 1 holds. Assumption 2 holds automatically.

1
1(0) = —Slog(o? + oy y) -

ExaMPLE 3. Consider the first-order threshold MA [TMA (1)] model:

V=l +YI(yi—1 <n)le—1 +&,

where {¢,} is a sequence of i.i.d. random variables, with mean zero, variance 0 < g2 < 0o
and a density function f. Assume that || <1, |¢p+| <1 and |y |sup, |xf(x)]| <1.
This assumption ensures that the TMA(1) model is strictly stationary and ergodic,
and invertible, see LING, TonG and L1 (2007). Let 0 =(¢, ). When using the Con-
ditional LSE to estimate 0, we take

1(0)=—£2(0),

where &(0)=y, — [+ Y I(y,—1 <1)]e,—1(0), t=1,...,n and &(0)=0 as ¢ <0. Further-
more, assume that the delay parameter r is known and Es&!<oco. By the very
minor modification of Lemmas 6.1-6.5 in LiNG and TonG (2005), we can show that
Assumption 1 holds. Similarly, a minor modification of Lemma 6.6 in LiNG and
ToNG (2005) shows that Assumption 2 holds. We should mention that this is a new
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102 S. Ling and M. McAleer

result for the TMA(1) model. When r is unknown, the asymptotic theory on the
TMA model remains open.

3 Application to long-memory FARIMA models
The process {y,} is said to follow the long-memory (LM)-ARFIMA model if

P(B)(1 = B)' v =(B)z, 2

where

p q
dB)=1-> ¢:B, Y(B)=1+Y B,
i=1 i=1

(1-B)= Z apB* with ap = (k —d — DIkW(—d — 1),
k=0

B is the backward-shift operator, and {¢} is i.i.d. with zero mean and variance
0<o?<o00.0=(d,,.. o O Wi,...,¥,) and its true value is 0. We assume that the
parameter space ® is a compact subset of R?+7+1 @ is an interior point in ®, and
Assumption holds.

AssumpPTION 3. d €(0, 1/2), all the roots of ¢p(B) and y(B) are outside the unit circle,
¢, 70, Y, #0, and $(B) and y(B) have no common root.

Given {yi,...,y4}, we consider the conditional LSE of 0, which is defined as
0,=argmin) ;_, 5?(0), where £,(0) is ¢,(0)=y~(B)¢(B)(1 — B)?y,, with initial value
Y. We have the following results.

THEOREM 2. If Assumption 3 holds, then

) 12
(a) 9n=90+0[(’0g,f0g”) ] as,

(b) /(0 — 00— N (0,62E~" [ 202400 ),

REMARK 2. Model (2) has the long-memory property and has been widely
applied in hydrology and economics. Some related references are GRANGER and
JoyEux (1980), Hosking (1981), L1 and McLEobD (1986), RoBiNsoN (1994) and BERAN
(1995), among others. When ¢, follows the GARCH model, model (2) was studied
by BAILLIE (1996), LinG and L1 (1997) and Linc (2003). However, the paper is the
first to provide the rate of strong convergence of 0,, as in (a). From the proof in
Appendix B, we can see that the initial condition is crucial in this development.
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Appendix A: Proof of Theorem 1

LEMMA Al. If Assumptions 1(i) and 2(i) hold, then for any n>0,

lim P( max sup > [1(0)—1,(0p)] > 0) =0.

I—00 l§n<oo”(),00|‘ >,
Proor. Let

Vi={0:10—-0] <i} and X,(ij)=supsup |(6)—L(0)|.

0c® V;

By Assumption 1(i), EX,()— 0 as 71— 0. Thus, for any ¢ >0, there is # >0 such that
EX (i) <€/2. As X,(7]) is strictly stationary and ergodic, by Lemma 1 in CHow and
TEICHER (1978, p. 66) and the ergodic theorem, for any e; >0, we have

P < max ! ’ Z[Xr(ﬁ)*EXt(ﬁ)” > ;) <€,
t=1

I<n<oco N

as [/ is large enough. Thus, for any e, ¢e; >0, there exists a constant 77>0 such that

1< 1< €
P - XM >e| <P - X —EX.(M]| >= | <e1.3
<l§mn3§cn; t(n)_e> < <lg}3{§on | ;[ ()= EX(]] = 5 | <e13)
By Assumption 1(i) and the ergodic theorem, for each 6 € ® and any €>0,

lim P ( max | lzn:[z,(e) — ELO)]] > e> =0. @)
=1

[—00 I<n<oo ' N p

As © is compact, we can choose a collection of balls of radius A>0 covering O,
and the number of such balls is a finite integer N. In the ith ball, we take a point
&; and denote this ball by V(¢;). For any >0,
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104 S. Ling and M. McAleer

(Igr}i)éo E sup ! Z 1,(0) — EL(0)] ’ > 6)

max sup max \12[1&9)—&(@)]!2;)

<]§/<NH€V( )/<n<oo -

6

1<<N I<n<oo t 1

+P ( max max | 1 Z[L(i;) —El)| = ;) 5)

<P <sup sup max | 12[@(@)—&(@)} | > ;)

&EB eV (&) Isn<oo Py

+Zp< sup |E[L(0)— L] = )

0V (&)

I<n<oo

+ZP ( max | 12[1,(5,)—E1,(5,)]| > ;) <e
j=1 =1

as [ is large enough and A is small enough, where the last inequality holds by Equa-
tions 3 and 4 and the uniform continuity of E/,(0).

As E[l,(0)] has a unique maximum at 0y, ® is compact, and E/,(0) is continuous,
there exists a constant ¢>0, such that

x| E[1(0) — 1(B0)] < —c, (6)

for any #>0. By Equations 5 and 6, it follows that

P(max sup {i[l,(@) 1,(00)] + }>0>
Isn<oo 90y |20 | ;23

=P ( max  sup {Z[lt(e) — EL(0)] Y _[(60) — El,(60)]

Isn<co ) g—gy )2y | i3 =1

+AlEL(O) — EL 00+ 5 } >0) (7
<P <lgnli)éo s%p {2 | ;[lt(f)) — EL(0)] ] —cn+ czn} >0>

1 n
<P <;32&<”<§o Sup { = > T4(0) — EL(O)] | } > Z) —0,

t=1

as [ — oo. By Assumption 2(i) and Markov’s inequality, it follows that
© 2010 The Authors. Journal compilation © 2010 VVS.
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]lirgloP (Ig}ai);nZsup |l (O)—1,(0)| >e>

. 1 - )
< leglop (Z 05 Sgp 11(0)— 1,(0)| >el®? ) (®)
t=1
IR oy 1
lhn;) €]0-5v Z t1-0.5v Esup U (9) o lt(e)' h  €]0-5v $1+0.5v _0’
t=1 =1

for any ¢>0. By Equations 7 and 8, we have

P ( max  sup » [1,(0)—L(0p)]+ % >o>

Isn<co 19—y (|20 25

<P < max  sup Z[lt(o) —11(0o)]

I<n<oo [ 6—6o | >0

~ cn
+2l$i§o;sgp [1(0)—1,(0)| + y >0>

<P ( max  sup Y [4(0)—L(00)]+ >o>

Isn <o | 90y || 20 ;=
+P (12%3)( stup | 1,(0)—1,(0) | >> -0,
as [ — oo. By this equation, we can see that the conclusion holds. |

LEMMA A2. If Assumptions 1(iii)and 2 (iii) hold, then for any >0,

En:[ﬁ,(e) -3 H > e> =0.

t=1

. 1
lim P | max max —
[—00 I<n<oo Vo(n) N

ProoF. Let X;(n)=supy,, || P:(0)— P;(0p) || . By Assumption 1(iii), as n is small
enough, EX,(n)<e/d. As {X,(n)} is strictly stationary and ergodic, by Lemma 1 in
CHow and TeICHER (1978, p. 66) and the ergodic theorem, we have

lim P ( max ZX,(n)>e> < hm P ( max — (n)— EX,(n)) H > 6) =0,
I<n<co N 2

l—00 I<n<oco N

for any e>0. By Assumption 1(iii) and the ergodic theorem, it follows that

> [Pi(0y) - 2] H > ) =0,

I—o0 I<n<oco N =1

lim P ( max l

for any €>0. By the preceding two equations, there is #>0 such that
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lim P | max max -
l—00 I<n<oo Vo(n) N

ZW@) 3] H > ) =0 ©)

Let X, =supy, |l P,(0)— P,(0)| . By Assumption 2(iii), we can show that

I<n<oo
=

n
P<max )?,/n>e>—>0 as [ — oo, for any e>0.

Note that r}/l&(n)( | SS[P(0)— P(0)]|| <> X,. Furthermore, by Equation 9, the con-
o) =1 =

clusion holds. O

ProOOF OF THEOREM 2.1. By Lemma Al, for any ¢>0, we have
lim P ( max ||, — 0| >e>
[—00 I<n<oo

=limP{ max. 10, — 60| >e, max Z[i,(én)—it(eo)]zo}
n<OOI:1

[—00 I<n<

<lim P { max  sup > [1(0)—1,(60)] > o} =0.

S G (Y 2y
Thus, (a) holds. Applying Taylor’s expansion to ol1,(0,)/00 and using Lemma A2,

= [;zméb
t=1

ZD(@O)— [Z+o(1)]” ZDt(eo)as

where 6; lies between 0, and 0, and (9: — 0 a.s. By Assumption 2(ii) and using a
similar method as for Equation 8, we can show that

Z [D/(60) — D,(60)] H ze) =0,

for any €>0. Thus, we have

l—00

lim P ( max ——

0y —00=—~[Z+o(D]"" > D(Bo)n+o(n"'?) as.

=1
By the law of iterated logarithm, we can claim that
0, — 0y = O((loglogn)/n)'?) a.s.

By Assumption 1(ii) and the central limit theorem, (b) holds. O
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Appendix B: Proof of Theorem 3.1

Proor. We verify Assumptions 1 and 2 with /,(0) = —&2(0). For simplicity, we only
consider the case with p=¢ =0, while the general case can be similarly verified.

First, Assumption 3 ensures that {y,} is strictly stationary and ergodic with
Ey? <00, and the following expansions hold:

=Y cogi and e(0)=(1—B)y =Y a0y i, (10)
i=0 i=0

where coo=ag(0)=1, co;=0(""*%) and a;(0)=0("""9). As @ is compact, there
are d and d such that 0<d <d <d <0.5. Thus, we have

sup |a;(0)| = 0@~ 9),

0c®

and hence it follows that

=1
<l +0MY gyl

i=1

Z ai(0)yr-i

i=0

sup | (0)[ =sup
(C] &)

By the Cauchy-Schwarz inequality, we have E supg | s,(0)|2 <oo. It is not difficult
to show that —E[¢2(0)] has a unique maximum on ®. Thus, Assumption 1(i) holds,
and

2

0:9) +2¢,(0)

od

8e,(0)
ad>

D(0)=~26,(0) e

and P,(0)=2l 3

where

02/(0)10d =log(1 — B)(1 ~ BY'y, = Y a(O)y; and

i=1

0%e/(0)/0d” =log’(1 - BY(1 = BY'y,=> _ay(0)y, s, with
i=1

sup |a;(0)| =079 asj=1,2.
0O

Using these, it is straightforward to show that Assumption 1(ii) and (iii) holds.
We next consider Assumption 2. For simplicity, let Y=(0,0,...). By Equation

(10),

Efsup | (0) = &(0)| F=E sup | > a0y |

i=t

2 2
200: 1 _ -2d
SCE< i1+d|y’i|> _0(t 7)-

i=t

It is readily shown that F supg 5%(9) is bounded uniformly in z. Thus, by the Cauchy—
Schwarz inequality, we have

Esup | e2(0) — £(0)| <{E[sup | e(0)+&(0)| PE[sup | e(0) — £(0) | P} =0(t79),
(€] e (€]

so that Assumption 2(i) holds. Similarly, we can show that Assumption 2(iii) holds.
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108 S. Ling and M. McAleer

We now verify Assumption 2(ii’). Denote

Ar=e(00)—&(00)=>_ ai(00)y:—i»

i=t

9e,(0o)  0&,(0o)

A="54 od
Oe, (0 >~ 1
Ay= cf)(d())_ t——i:[fer—zs
where i

Uy = — E 8t,j/l..

i=1
We first make the following decomposition:

86;(90) 0&(90)

D(00) — Dy(09) = 2¢,(6y) 2,(60)

9&(bo) , (11)
od
=2¢(00)A1; +2A0, +2A4, Ay — 24, Ay,

=2¢,(00)A1,+2

As EGyigr)=O(]r| 7' 72), we have

EA7=Y"a}(00)Ey; | ;+2> > ai00)ais(00)Ei-1—iyi-i—i—r)
i=t i=tr=1

[ o

=0(1) Z 12(1+clo) ZZ 11+d0(l+r)1+d0r1 2{10]

Li=t i=tr=1

(12)

1

S| o 1
S 0(1) Z i2(1+d0) +ZZ l'l+d0 /1 (i+x)1+d0x1_2d0 dx

1
<o) le(l+do)+ Z,z/ (14 2) +dos1— —2a, 42

=0(™).

Using a similar method, we can show that
EA2=0(t"") and E(4,4;,)=01"") asi=1,2. (13)

As in the proof of Equation (8), using Equation (13), we can show that

IILTOP</$3§[Z|A A,t|>e> =0, asi=1,2. (14)

We next show that
n
Zs,Al,/\/fzzo(l) a.s. as n— o0,
=1

which is equivalent to
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1
lim P
it (123{2@ Vn

n
E e A1
t=1

By the Kronecker lemma in HALL and HEYDE (1980, p. 31), it is sufficient to show
that

>e> =0. (15)

k
1
Sk = Z ﬁAhs, converges a.s. (16)
(=1

By Equation 13, it follows that

k
2=0(1)<Zl

for any integer 0 <s <k and some a>1, where O(1) holds uniformly in k£ and s.
Consider the subsequence {S, :k=0,1,...}. By Equation 17, we have

2k+1
1 1
ESZ/(+1—SZ;(|§O(1)< > 11+6>§0<2d«>’

=241

| =

E

[

k o
>=0<1><Zl11+v> , (17)

t=s

1
tz::s %Altgt

for some €>0. By this equation and the monotone convergence theorem, we have
o0

SO(Z;?><OO.

n—oo n—oQ

E lim Z ’SW — Sy | = lim EZ ’SW Sy
k=0 k=0

Thus, Y _ | Sor+1 — Sy | converges a.s. as n— oo, and hence

n—oo

n
lim Sy1 = X1+ lim ) ~(Syi1 — Sy) converges a.s. (18)
k=0

By Equation (17) and theorem 12.2 in BILLINGSLEY (1968), it follows that, for any
A>0,

2k+1 o
1 1
— > < E -0 = Fyws
P<2k<n;llg§k+l |Sn S2k| _A> —0(1)<t—2k+1 tl+v> 0(2€]k),

for some €; >0. By the Borel-Canteli lemma, we can claim that

max |.S, — Sx
2k <n§2k+l

—0 a.s. as k—oo. (19)

By Lemma 2.3.1 in StouT (1974) and Equations 18 and 19, we know that Equation
16 holds.
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Note that v, is independent of 41, as s >2, so that

k&
ZE‘ ZZ E(Alenl)E(v[v,l)’
t=s

—om@,lim>2=oa><z,¢v><

for any integer 0 <s <k, where O(1) holds uniformly in k£ and s. Using this equation
and a similar method as for Equation 15, we can show that

> 6) =0. (20)

By Equations 11, 14, 15 and 20 we can show that Assumption 2.2(ii") holds. O

. 1| <&
lim P (lg;aggo W ’ ;U,A,

l—00
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