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Lagrange Interpolation Formula  
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Olympiad Corner 
 
Below are the problems used in the 
selection of the Indian team for 
IMO-2010. 

 
Problem 1.  Is there a positive integer 
n, which is a multiple of 103, such that 
22n+1≡2 (mod n)? 

 
Problem 2.  Let a, b, c be integers such 
that b is even.  Suppose the equation 
x3+ax2+bx+c=0 has roots α, β, γ such 
that α2 = β+γ.  Prove that α is an integer 
and β≠γ. 
 
Problem 3.  Let ABC be a triangle in 
which BC < AC.  Let M be the midpoint 
of AB; AP be the altitude from A on to 
BC; and BQ be the altitude from B on 
to AC.  Suppose QP produced meet AB 
(extended) in T.  If H is the orthocenter 
of ABC, prove that TH is perpendicular 
to CM. 
 
Problem 4.  Let ABCD be a cyclic 
quadrilateral and let E be the point of 
intersection of its diagonals AC and 
BD. Suppose AD and BC meet in F.  
Let the midpoints of AB and CD be G 
and H respectively. If Γ is the 
circumcircle of triangle EGH, prove 
that FE is tangent to Γ. 

 (continued on page 4) 
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Let n be a positive integer.  If we are 
given two collections of n+1 real (or 
complex) numbers  w0, w1, …, wn and 
c0, c1, …, cn with the wk’s distinct, then 
there exists a unique polynomial P(x) of 
degree at most n satisfying P(wk) = ck  
for k = 0,1,…,n.  The uniqueness is clear 
since if Q(x) is also such a polynomial, 
then P(x)−Q(x) would be a polynomial 
of degree at most n and have roots at the
n+1 numbers w0, w1, …, wn, which leads 
to P(x)−Q(x) be the zero  polynomial. 
 
Now, to exhibit such a polynomial, we 
define f0(x)=(x−w1)(x−w2)⋯(x−wn) and 
similarly for i from 1 to n, define  
 
fi(x)=(x−w0)⋯(x−wi−1)(x−wi+1)⋯(x−wn). 
 
Observe that fi(wk) = 0 if and only if i≠k. 
Using this, we see 

∑
=

=
n

i ii

i
i wf

xfcxP
0 )(

)()(  

satisfies P(wk) = ck  for k = 0,1,…,n. This 
is the famous Lagrange interpolation 
formula.  
 
Below we will present some examples 
of using this formula to solve math 
problems. 
 
Example 1. (Romanian Proposal to 
1981 IMO)  Let P be a polynomial of 
degree n satisfying for k = 0,1,…,n, 
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Determine P(n+1). 

Solution.  For k = 0,1,…,n, let wk=k and 
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Define f0, f1, … , fn as above.  We get  

fk(k) = (−1)n−kk!(n−k)! 
 

and 
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By the Lagrange interpolation formula, 
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which is 0 if n is odd and 1 if n is even. 

 
Example 2. (Vietnamese Proposal to 
1977 IMO)  Suppose x0, x1, …, xn are 
integers and x0 > x1> ⋯ > xn.  Prove that 
one of the numbers |P(x0)|, |P(x1)|, … , 
|P(xn)| is at least n!/2n, where P(x) = xn + 
a1xn–1 + ⋯ + an is a polynomial with real 
coefficients.  
 
Solution.  Define f0, f1, … , fn using x0, 
x1, …, xn.  By the Lagrange interpolation 
formula, we have 
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since both sides are polynomials of 
degrees at most n and are equal at x0, 
x1, …, xn.  Comparing coefficients of xn, 
we get 
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Since x0, x1, …, xn are strictly decreasing 
integers, we have 
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Let the maximum of |P(x0)|, |P(x1)|, … , 
|P(xn)| be |P(xk)|. By the triangle 
inequality, we have 
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Then |P(xk)| ≥ n!/2n. 
 
Example 3.  Let P be a point on the 
plane of ∆ABC.  Prove that 
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Solution.  We may take the plane of 
∆ABC to be the complex plane and let P, 
A, B, C be corresponded to the complex 
numbers w, w1, w2, w3 respectively. 
Then PA=|w–w1|, BC=|w2–w3|, etc. 
 
Now the only polynomial P(x) of 
degree at most 2 that equals 1 at w1, w2, 
w3 is the constant polynomial P(x) ≡ 1. 
So, expressing P(x) by the Lagrange 
interpolation formula, we have 
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Next, setting x = w and applying the 
triangle inequality, we get 
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The inequality (r+s+t)2 ≥ 3(rs+st+tw), 
after subtracting the two sides, reduces 
to [(r–s)2+(s–t)2+(t–r)2]/2 ≥ 0, which is 
true. Setting r= PA/BC, s=PB/CA and 
t=PC/AB, we get 
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Taking square roots of both sides and 
applying (*), we get the desired 
inequality. 
 
Example 4. (2002 USAMO)  Prove that 
any monic polynomial (a polynomial 
with leading coefficient 1) of degree n 
with real coefficients is the average of 
two monic polynomials of degree n 
with n real roots. 
 
Solution.  Suppose F(x) is a monic real 
polynomial.  Choose real y1, y2, … ,yn 
such that for odd i, yi < min{0,2F(i)} 
and for even i,  yi > max{0,2F(i)}.  
 
By the Lagrange interpolation formula, 
there is a polynomial of degree less 
than n such that P(i) = yi for i=1,2,…,n. 
Let   

G(x) = P(x)+(x−1)(x−2)⋯(x−n)  
and  

H(x) = 2F(x)−G(x). 
 
Then G(x) and H(x) are monic real 
polynomials of degree n and their 
average is F(x).  
 
As y1, y3, y5, … < 0 and y2, y4, y6, ⋯ > 0, 
G(i)=yi and G(i+1)=yi+1 have opposite 
signs (hence G(x) has a root in [i,i+1]) 
for i=1,2,…,n−1.  So G(x) has at least 
n−1 real roots.  The other root must 

also be real since non-real roots come in 
conjugate pair.  Therefore, all roots of G(x) 
are real.  
 
Similarly, for odd i, G(i) = yi < 2F(i) 
implies H(i)=2F(i)−G(i) > 0 and for even i, 
G(i) = yi > 2F(i) implies H(i) = 2F(i)−G(i) 
< 0.  These imply H(x) has n real roots by 
reasoning similar to G(x).  
 
Example 5.  Let a1, a2, a3, a4, b1, b2, b3, b4 
be real numbers such that bi–aj≠0 for 
i,j=1,2,3,4.  Suppose there is a unique set 
of numbers X1, X2, X3, X4 such that 
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Determine X1+X2+X3+X4 in terms of the 
ai’s and bi’s.  
Solution.  Let 
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Then the coefficient of x3 in P(x) is 
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Define f1, f2, f3, f4 using a1, a2, a3, a4 as 
above to get the Lagrange interpolation 
formula 
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Since the coefficient of x3 in fi(x) is 1, the 
coefficient of x3 in P(x) is also 
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Next, observe that P(bj)/fi(bj) = bj – ai, 
which are the denominators of the four 
given equations!  For j = 1,2,3,4, setting x 
= bj in the interpolation formula and 
dividing both sides by P(bj), we get  
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Comparing with the given equations, by 
uniqueness, we get Xi=P(ai)/fi(ai) for i = 
1,2,3,4. So  
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Comment:  This example is inspired by 
problem 15 of the 1984 American 
Invitational Mathematics Examination. 
 
Example 6. (Italian Proposal to 1997 
IMO)  Let p be a prime number and let 
P(x) be a polynomial of degree d with 
integer coefficients such that: 
 
 (i)    P(0) = 0,  P(1) = 1; 
(ii) for every positive integer n, the 
remainder of the division of P(n) by p 
is either 0 or 1. 
 
Prove that d ≥ p − 1. 
 
Solution.  By (i) and (ii), we see 
 
P(0)+P(1)+⋯+P(p − 1)≡k (mod p) (#) 

 
for some k∈{1,2,…, p − 1}.  
 
Assume d ≤ p − 2.  Then P(x) will be 
uniquely determined by the values P(0), 
P(1), …, P(p − 2).  Define f0, f1, …, fp−2 
using 0, 1, …, p − 2 as above to get the 
Lagrange interpolation formula 
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As in example (1), we have 
 

fk(k) = (−1)p−2−kk!(p−2−k)!, 
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Next, we claim that 
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This is true for k = 0. Now for 0 < i < p, 
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because p divides p!, but not i!(p−i)!. 
If the claim is true for k, then 
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and the induction step follows.  Finally 
the claim yields 
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So P(0)+P(1)+⋯+P(p − 1)≡ 0 (mod p), 
a contradiction to (#) above. 



Mathematical Excalibur, Vol. 15, No. 2, Jul. - Sep. 2010 Page 3

 
Problem Corner 
 
We welcome readers to submit their 
solutions to the problems posed below 
for publication consideration.  The 
solutions should be preceded by the 
solver’s name, home (or email) address 
and school affiliation.  Please send 
submissions to Dr. Kin Y. Li, 
Department of Mathematics, The Hong 
Kong University of Science & 
Technology, Clear Water Bay, Kowloon, 
Hong Kong.  The deadline for sending 
solutions is October 20, 2010. 
 
Problem 351.  Let S be a unit sphere 
with center O.  Can there be three arcs 
on S such that each is a 300° arc on 
some circle with O as center and no 
two of the arcs intersect? 
 
Problem 352. (Proposed by Pedro 
Henrique O. PANTOJA, University of 
Lisbon, Portugal)  Let a, b, c be real 
numbers that are at least 1.  Prove that  
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Problem 353.  Determine all pairs (x, y) 
of integers such that x5−y2=4.  
 
Problem 354.  For 20 boxers, find the 
least number n such that there exists a 
schedule of n matches between pairs of 
them so that for every three boxers, two 
of them will face each other in one of 
the matches.   
 
Problem 355.  In a plane, there are two 
similar convex quadrilaterals ABCD 
and AB1C1D1 such that C, D are inside 
AB1C1D1 and B is outside AB1C1D1  
Prove that if lines BB1, CC1 and DD1 
concur, then ABCD is cyclic. Is the 
converse also true?   
 

***************** 
Solutions 

**************** 
 
Problem 346.  Let k be a positive 
integer.  Divide 3k pebbles into five 
piles (with possibly unequal number of 
pebbles).  Operate on the five piles by 
selecting three of them and removing 
one pebble from each of the three piles.  
If it is possible to remove all pebbles 
after k operations, then we say it is a 
harmonious ending. 
 
Determine a necessary and sufficient 
condition for a harmonious ending to 
exist in terms of the number k and the 
distribution of pebbles in the five piles. 

 
(Source: 2008 Zhejiang Province High 
School Math Competition)  
  
Solution.  CHOW Tseung Man (True 
Light Girl’s College), CHUNG Ping 
Ngai (MIT Year 1), HUNG Ka Kin 
Kenneth (CalTech Year 1). 
 
The necessary and sufficient condition is 
every pile has at most k pebbles in the 
beginning.  
 
The necessity is clear.  If there is a pile 
with more than k pebbles in the beginning, 
then in each of the k operations, we can 
only remove at most 1 pebble from that 
pile, hence we cannot empty the pile after 
k operations. 
 
For the sufficiency, we will prove by 
induction.  In the case k=1, three pebbles 
are distributed with each pebble to a 
different pile.  So we can finish in one 
operation.  Suppose the cases less than k 
are true.  For case k, since 3k pebbles are 
distributed. So at most 3 piles have k 
pebbles.  In the first operation, we remove 
one pebble from each of the three piles 
with the maximum numbers of pebbles. 
This will take us to a case less than k.  We 
are done by the inductive assumption. 
 
Problem 347.  P(x) is a polynomial of 
degree n such that for all w∈{1, 2, 22, …, 
2n}, we have P(w) = 1/w.  
 
Determine P(0) with proof.   
 
Solution 1.  Carlo PAGANO (Università 
di Roma “Tor Vergata”, Roma, Italy). 
William CHAN Wai-lam (Carmel Alison 
Lam Foundation Secondary School) and  
Thien Nguyen (Nguyen Van Thien 
Luong High School, Dong Nai Province, 
Vietnam). 
  
Let Q(x) = xP(x)−1 = a(x−1)(x−2)⋯(x−2n). 
For x≠1, 2, 22, …, 2n, 
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Since Q(0)= −1 and Q’(x)=P(x)+xP’(x), 
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Solution 2.  CHUNG Ping Ngai (MIT 
Year 1), HUNG Ka Kin Kenneth 
(CalTech Year 1), Abby LEE (SKH Lam 
Woo Memorial Secondary School, Form 5) 
and WONG Kam Wing (HKUST, 
Physics, Year 2). 
 
Let Q(x) = xP(x)−1 = a(x−1)(x−2)⋯(x−2n). 
Now Q(0) = −1 = a(−1)n+12s, where s = 
1+2+⋯+n.  So a = (−1)n 2−s.  Then P(0) is 
the coefficient of x in Q(x), which is  
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Other commended solvers: Samuel 
Lilό ABDALLA (ITA-UNESP, São 
Paulo, Brazil), 
 
Problem 348.  In ∆ABC, we have 
∠BAC = 90° and AB < AC.  Let D be 
the foot of the perpendicular from A to 
side BC.  Let I1 and I2 be the incenters 
of ∆ABD and ∆ACD respectively.  
The circumcircle of ∆AI1I2 (with 
center O) intersects sides AB and AC at 
E and F respectively.  Let M be the 
intersection of lines EF and BC. 
 
Prove that I1 or I2 is the incenter of the 
∆ODM, while the other one is an 
excenter of ∆ODM.   
(Source: 2008 Jiangxi Province Math 
Competition) 
  
Solution.  CHOW Tseung Man (True 
Light Girl’s College). 

A

B CD
I1

I2

O
F

E

M  
We claim EF intersects AD at O.  Since 
∠EAF=90°, EF is a diameter through O. 
Next we will show O is on AD.  
 
Since AI1, AI2 bisect ∠BAD, ∠CAD 
respectively, we get ∠I1AI2=45°. Then 
∠I1OI2=90°. Since OI1=OI2, ∠OI1I2=45°. 
Also, DI1, DI2 bisect ∠BDA, ∠CDA 
respectively implies ∠I1DI2=90°.  Then 
D, I1, O, I2 are concyclic. So  

.45 2212 ADIIOIODI ∠==∠=∠ o  
Then O is on AD and the claim is true. 
 
Since ∠EOI1 = 2∠EAI1 = 2∠DAI1 = 
∠DOI1 and I1 is on the angle bisector of 
∠ODM, we see I1 is the incenter of 
∆ODM.  Similarly, replacing E by F 
and I1 by I2 in the last sentence, we see 
I2 is an excenter of ∆ODM. 
 
Other commended solvers:  CHUNG 
Ping Ngai (MIT Year 1), HUNG Ka 
Kin Kenneth (CalTech Year 1) and 
Abby LEE (SKH Lam Woo Memorial 
Secondary School, Form 5). 
 
Problem 349.  Let a1, a2, …, an be 
rational numbers such that for every 
positive integer m,  

m
n

mm aaa +++ L21  
is an integer.  Prove that a1, a2, …, an 
are integers.  
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Solution.  CHUNG Ping Ngai (MIT 
Year 1) and HUNG Ka Kin Kenneth 
(CalTech Year 1).  
We may first remove all the integers 
among a1, a2, …, an since their m-th 
powers are integers, so the rest of a1, 
a2, …, an will still have the same 
property. Hence, without loss of 
generality, we may assume all a1, a2, …, 
an are rational numbers and not 
integers.  First write every ai in 
simplest term.  Let Q be their least 
common denominator and for all 1≤i≤n, 
let ai=ki/Q.  Take a prime factor p of Q.  
Then p is not a prime factor of one of 
the ki’s.  So one of the remainders ri 
when ki is divided by p is nonzero!  
Since ki≡ri(mod p), so for every 
positive integer m,  
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which is a contradiction. 
 
Comments:  In the above solution, it 
does not need all positive integers m, 
just an infinite sequence of positive 
integers m with the given property will 
be sufficient. 
 
Problem 350.  Prove that there exists a 
positive constant c such that for all 
positive integer n and all real numbers 
a1, a2, …, an, if  
 

P(x) = (x − a1)(x − a2) ⋯ (x − an),  
then 
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(Ed.-Both solutions below show the 
conclusion holds for any polynomial!) 
  
Solution 1.  LEE Kai Seng. 
 
Let S be the maximum of |P(x)| for all 
x∈[0,1].  For i=0,1,2,…,n, let bi=i/n 
and  
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By the Lagrange interpolation formula, 
for all real x, 
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For every w∈[0,2], |w−bk| ≤ |2−bk| for 
all k = 0,1,2,…,n. So 
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Solution 2.  G.R.A.20 Problem Solving 
Group (Roma, Italy). 
 
For a bounded closed interval I and 
polynomial f(x), let ||f||I denote the 
maximum of |f(x)| for all x in I.  The 
Chebyschev polynomial of order n is 
defined by T0(x) = 1, T1(x) = x and 
 

Tn(x) = 2xTn−1(x)−Tn−2(x)  for n ≥ 2. 
 
(Ed.-By induction, we can obtain   

Tn(x) = 2nxn+cn−1xn−1 + ⋯ + c0 
 

and Tn(cos θ)=cos nθ.  So Tn(cos(πk/n))= 
(−1)k, which implies all n roots of Tn(x) 
are in (−1,1) as it changes sign n times.) 
 
It is known that for any polynomial Q(x) 
with degree at most n>0 and all t∉[−1,1],  

           |Q(t)| ≤ ||Q||[−1,1] |Tn(t)|.          (!) 
 
To see this, we may assume ||Q||[−1,1] = 1 by 
dividing Q(x) by such maximum.  Assume 
x0∉[−1,1] and |Q(x0)| > |Tn(x0)|.  Let  
  a = T(x0)/Q(x0)  and   R(x) = aQ(x)−Tn(x).  
 
For k = 0, 1, 2, ⋯, n, since Tn(cos(πk/n)) = 
(−1)k and |a|<1, we see R(cos(πk/n)) is 
positive or negative depending on whether 
k is odd or even. (In particular, R(x)≢0.)  
By continuity, R(x) has n+1 distinct roots 
on [−1,1]∪{x0}, which contradicts the 
degree of R(x) is at most n. 
 
Next, for the problem, we claim that for 
every t∈[1,2], we have |P(t)| ≤ 6n ||P||[0,1].   
(Ed.-Observe that the change of variable   

t = (s+1)/2 is a bijection between 
s∈[−1,1] and t∈[0,1]. It is also a 
bijection between s∈[1,3] and t∈[1,2].) 
By letting Q(s) = P((s+1)/2), the claim 
is equivalent to proving that for every 
s∈[1,3], we have |Q(s)|≤ 6n||Q||[−1,1].  
By (!) above, it suffices to show that 
|Tn(s)| ≤ 6n for every s∈[1,3]. 
 
Clearly, |T0(s)|=1=60. For n=1 and 
s∈[1,3], |T1(s)|=s≤3<6.  Next, since the 
largest root of Tn is less than 1, we see 
all Tn(s) > 0 for all s∈[1,3].  Suppose 
cases n−2 and n−1 are true. Then for all 
s∈[1,3], we have 2sTn−1(s), Tn−2(s) > 0 
and so 
 
     |Tn(s)| = |2sTn−1(s)−Tn−2(s)| 
                ≤ max(2sTn−1(s), Tn−2(s)) 
                ≤ max(6·6n−1, 6n−2) = 6n.  
 
This finishes everything. 
 

 
Olympiad Corner 

(continued from page 1) 
 
Problem 5.  Let A=(ajk) be a 10×10 
array of positive real numbers such that 
the sum of the numbers in each row as 
well as in each column is 1.  Show that 
there exist j<k and l<m such that 

.
50
1

≥+ kljmkmjl aaaa  

Problem 6.  Let ABC be a triangle.  Let 
AD, BE, CF be cevians such that 
∠BAD=∠CBE=∠ACF.  Suppose these 
cevians concur at a point Ω. (Such a 
point exists for each triangle and it is 
called a Brocard point.)  Prove that 
 

.12

2

2

2

2

2

≥
Ω

+
Ω

+
Ω

AB
C

CA
B

BC
A  

(Ed.-A cevian is a line segment which 
joins a vertex of a triangle to a point on 
the opposite side or its extension.) 
 
Problem 7.  Find all functions f:ℝ→ℝ 
such that  

f(x+y) + xy = f(x)f(y)  
for all reals x,y.  
 
Problem 8.  Prove that there are 
infinitely many positive integers m for 
which there exist consecutive odd 
positive integers pm, qm (=pm+2) such 
that the pairs (pm, qm) are all distinct 
and 

2222 , mmmmmmmm qqmppqqpp ++++  
 

are both perfect squares. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


