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Olympiad Corner

Eighth Asian Pacific Mathematical
Olympiad, March 19, 1996:

Time Allowed: Four hours.

Problem 1. Let ABCD be a quadrilateral
with AB= BC = CD = DA. Let MN and
PQ be two segments perpendicular to
the diagonal BD and such that the
distance between them is d> BD/2, with
Me AD,N e DC,P € AB,and Q € BC.
Show that the perimeter of the hexagon
AMNCQP does not depend on the
position of MN and PQ so long as the
distance  between them remains
constant.

Problem 2. Let m and n be positive
integers such that n < m. Prove that
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(m-n)!
Problem 3. Let P,, P,, P;, P, be four
points on a circle. and let /, be the
incenter of the triangle P,P,P,, I, be the
incenter of the triangle P P,P,, I; be the
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incenter of the triangle P,P,P,, I, be the
incenter of the triangle P,P,P,. Prove
that /,, I,, L, I, are the vertices of a
rectangle.

Problem 4. The National Marriage
Council wishes to-invite » couples to
form 17 discussion. groups under the
following conditions:

1) All members of a group must be the
same sex, i.e., they are either all
male or all female.

The difference in the size of any two
groups is either 0 or 1.
All groups have at
member.

Each person must belong to one and

only one group.

Find all values of n, n < 1996, for which
this is possible. Justify your answer.

2)
3) least one

4)

Problem 5. Let g, b, ¢ be the lengths of
the sides of a triangle. Prove that

Jarb—c+Jbtc-a+Jcta-b
<Va+b+le

and determine when equality occurs.

Stirling's Inequality

Andy Liu
University of Alberta, Canada

It is useful to have a good
approximation for n!, the factorial of a
positive integer »n. This is given by
Stirling's Inequality which states that for
nx2,

{

N+

1
nt+y 3

<nl< — -
e e

This can be proved using elementary
calculus.

We first deal with the upper bound.
Consider the area under the curve In x
over the interval [1, n]. We divide it into
n — 1 subintervals of width 1. For 1 <k
< n - 1, we approximate the area of the
k-th strip over [£, k+1] by replacing the
curve with the chord joining the left
endpoint (k, In k) to the right endpoint
(k+1, In(k+1)). The area of this trapezoid

+(nk+In(k +1)).
concave down, it is less than the area of
the strip. It follows that

is Since Inx is

J‘lnlnxdx>%(lnl+2ln2+---
+2In(n-1)+Inn).

néo%!
A8 # BB if A8
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Using integration by parts, we have
nlnn-n+1> ln(n!)—%lnn

n" n!
or In| —1>Inl —|.
e n?

The desired upper bound follows from
the fact that In x is increasing.

We now turn our attention to the
lower bound. Consider the area under

the curve In x over the interval [%,r_z].
We divide it into #n ~ 2 subintervals of
width 1 and a final interval [n-1,n].
For 1 <k < n -~ 2, we approximate the
ke
by replacing the curve with its tangent at
the midpoint (k+1, In (k+1)). The area of
this trapezoid is In (k+1). Since In x is
concave down, it is greater.than the area
of the strip. For the last strip, we replace
the curve with a horizontal line through
the right endpoint (n, In #). The area of

this rectangle is —lnn Since In x is

area of the k-th strip over [k +4-

increasing, it is greater than the area of
the strip. It follows that

ﬂ'lnexdx <In2 +In3+---
2
+In(n-1)+ %lnn.
Using integration by parts, we have

3 3 1
Inn-n+=(1-In=)<In(n!)-—=Inn.
nlnn n+2( n2)<_n(n) 2nn

We can drop the term 3(1-In2) since

1> ln%. Hence

n . .
m("_J <2
e nt

The desired lower bound follows from
the fact that In x is increasing.
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Problem Corner

We welcome readers to submit solutions
to the problems posed below for
publication consideration.  Solutions
should be preceded by the solver’s
name, address, school affiliation and
grade level. Please send submissions to
Dr. Kin-Yin Li, Dept of Mathematics,
Hong Kong University of Science and
Technology, Clear  Water  Bay,
Kowloon. The deadline for submitting
solutions is April 30, 1996.

Problem 31. Show that for any three
given odd integers, there is an odd
integer such that the sum of the squares
of these four integers is also a square.

Problem 32. Let g, = 1996 and a,., =
af(a,+1)forn=0,1,2,.... Prove that
[a,]=1996 —nforn=0,1,2,..., 999,
where [x] is the greatest integer less than
or equal to x.

Problem 33. Let 4, B, C be noncollinear
points. Prove that there is a unique point
X in the plane of ABC such that X4* +
XB* + AB* = XB* + XC* + BC* = XC* +
XA4* + CA®. (A problem proposed by
Germany in the last IMO.)

Problem 34. Let n > 2 be an integer, ¢
be a nonzero real number and z be a
nonreal root of X’ + ¢X + 1. Show that

1
n[n___l :

Problem 35. On a blackboard, nine 0's
and one 1 are written. If any two of the
numbers on the board may both be
replaced by their average in one
operation, what is the least positive
number that can appear on the board
after a finite number of such operations?

|z| =

dhkhhhhhhbhbhhk

Solutions
Khdhhhhhhhhhwhhik

Problem 26. Show that the solutions of
the equation cosmx =+ are all irrational

numbers. (Source: 1974 Putnam Exam.)
Solution: Official Solution.
Assume x = m/n (Where m, n are nonzero

integers and » positive) is a solution of
cos mx = 1/3. Consider a, = cos knx

= cos kmn/n for positive integer k. Since
cosine is 2w-periodic,

Aoy = €08 (kmm/n + 2mn) = a,,

so there are at most 2» different possible
values of a,. Using cos 20 = 2co0s?0 — 1,
we have ’

c
__1 _1 __F
a2 ___5’ a4 _.s_i.’ ey azp ____T, cee
32
where the numerators
- 2 27
a=-7,..., c,,=20,,_|—3 -

are integers not divisible by 3 via
mathematical induction. So the numbers
a,, a,, Qg a, ... are all different, a
contradiction.

Problem 27. Let ABCD be a cyclic
quadrilateral and let /,, Iy, I, I, be the
incenters of ABCD, AACD, AABD,
AABC, respectively. Show that I, [;/1,
is a rectangle.

Solution:

Independent
CHEUNG Cheuk Lun (S.T.F.A.
Leung Kau Kui College, Form 4) and
Henry NG Ka Man (S.T.F.A. Leung
Kau Kui College, Form 5).

solution by

Draw segments A/, Al;,, B, BI;. Since
LADB = LACB, we get

ZDAB+ ZDBA = ZCAB+ £CBA.
Then
ZIAlL, = ZIAB — £1,4B
1 4DAB -3 ZCAB
+4CBA— % Z/DBA
= £I,BA - LI:BA
= ZchID.

So A4, B, I, I are concyclic. Similarly,
A, D, I, I. are concyclic. Now

LI, =360° — (LI eA + LII-A)
= £I,BA + Z1,DA
= L /CBA+124DC
=90°.

Similarly, the other three angles of
LI,1 I, are right angles.

Comments: Surprisingly, this problem is
the same as Problem 3 of the recently
held APMO (c.f. Olympiad Corner on

page 1).

Other commended solver: William
CHEUNG Pok Man (S.T.F.A. Leung
Kau Kui College).

Probtem 28. The positive integers are
separated into two subsets with no
common elements. Show that one of
these two subsets must contain a three
term arithmetic progression.

Solution: William CHEUNG Pok
Man (S.TFA. Leung Kau Kui
College).

Let x be an integer greater than 6. If x +
2, x + 4, x + 6 are in the same subset,
then we found a three term arithmetic
progression there. Otherwise, x and (at
least) one of x +2,x + 4, x + 6 (call itx +
2y) are in the same subset. If this subset
also contains one of x — 2y, x + y, x + 4y,
then again there is a three term
arithmetic progression. If not, then x —
2y, x +y, x + 4y are in the other subset
and they form a three term arithmetic
progression there.

Comments: This problem is a special
case of Van der Waerden's Theorem,
which asserts that for every m > 1 and n
> 2, there is a least integer w(m, n) such
that no matter how the numbers 1, 2, 3,
..., w(m, n) are separated into m subsets
with no pairs having any common
element, there will be at least one subset
having an » term arithmetic progression.
Two solvers, Chan Wing Sum and Alan
Leung Wing Lun, independently
pointed out that w(2, 3)=9.

Other commended solvers: CHAN
Wing Sum (HKUST), KU Yuk Lun
(HKUST), LEUNG Wing Lun
(S.T.F.A. Leung Kau Kui College, Form
4) and Henry NG Ka Man (S.T.F.A.
Leung Kau Kui College, Form 5) and
POON Wing Chi (La Salle College).

Problem 29. Suppose P(x) is a
nonconstant polynomial with integer
coefficients and all coefficients are

(continued on page 4)
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greater than or equal to —1. If P(2) = 0,
show that P(1) # 0.

Solution: Independent solution by
William CHEUNG Pok Man (S.T.F.A.
Leung Kau Kui College), Bobby
POON Wai Hoi (St Paul’s College) and
WONG Him Ting (HKU).

Since P(2) =0, P(x)=(x-2)(ax"+ -+ +
a,), where n 2 0, a, # 0, a,, ..., q, are
integers. We may assume » > 0 as the
case n = 0 is easy. Since the coefficients
of P(x) are at least -1, we have —24a, >

-1,a,,-2a;2-1fori=1,...,nanda,>
—-1. So ai(< 1/2) is 0 or a negative
integer. Inductively, if a;, < 0, then g,
< (a;, + 1)/2 < 1/2 will also be 0 or
negative. Hence, a,, ..., a,<0. Thenag,=
-land P(1)=—(a,+... +a)2-a,=1.

Comments: This is a variation of a
problem on the 1988 Tournament of the
Towns.

Problem 30. For positive integer n > 1,
define f{n) to be 1 plus the sum of all
prime numbers dividing #» multiplied by
their exponents, e.g., £40) =f(2° x 5") =
1+ (2x3 +5%x1)=12. Show thatif n> 6,
the sequence n, f{n), Afn)), AAAN))), ...
must eventually be repeating 8, 7, 8, 7,
8,7, ...

Solution: Independent solution by
Bobby POON Wai Hoi (St Paul’s
College) and WONG Him Ting
(HKU).

Considering the factorizations of n, we
see that f{n) < 6 if and only if n < 6.
Clearly, A7) =8, f(8) =7. For n> 9 and
not prime, we will first show f{n) <n-2
by induction.

We have f{9) = 7. Suppose it is true for 9
to n — 1. For n> 9 and not prime, there
are positive integers r, s > 1 such that n =
rsand (r — 1)(s — 1) 2 4. (This is because
(r-D(E-1)<3impliesrs <2 x4=8.)
If2 <r<8 orrprime, then r) <r+1.
Otherwise, 9 < r < n and r is not prime,
which imply by the induction step that
fr)<r-2<r+1. Similarly, fs) <s+1.
From the definition of £, we get
fn) =fr) +fis) -1
Sr+D+(+1D)-1

=n+2-(r-1)(s-1)
<n-2,

which completes the induction.

Now suppose the problem is true for n =
7,8, ..., m— 1, i.e., the sequence n, f(n),
S(fn)), Affn))), ... eventually repeats 8,
7,8,7,8,7, ....For the case n=m, if m
is not prime, then 7 < fm) < m — 2. By
the induction step, the case f{m) is true,
so the case m will also be true. If m is
prime, then f{mm) =1 + m is not prime and
so 7 < f{fim)) <fm) -2 =m— 1. By the
induction step, the case f{{m)) is true, so
the case m will also be true.
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