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Problem 1. .LC', X1y X2y Jeey x1997 be reéll
numbers satlsfymg the followmg two
condmons :

< x; <J- 3 (i=1,2,.

a) - . 1997);

J‘

R)x;+x+ - + X1997 = —3181/5

Find the maximum value of

12, .12 12
X Xy Xy .

Problem2. Let AlB 1CiD1 be an
arbitrary convex quadrilateral. Let P be
a point inside the quadrilateral such that
the segments from P to each vertex form
acute angles with the two sides.through
the vertex. . Recursively define Aw B, G,
and D as the points symmetric to P w1th
respect to the _ lines Ap1Biq, Bkhlckhl,
Cr-1 Dk_ 1 and D, ;A k=1 l'eSpeCthCIy
(k=2,3,-). =
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Problem Corner

We welcome readers to submit solutions
to the problems posed below for
publication  consideration.  Solutions
should be preceded by the solver’s name,
address, school affiliation and grade
level. Please send submissions to Dr,
Kin-Yin Li, Dept of Mathematics, Hong
Kong University of Science and
Technology, Clear Water Bay, Kowloon.
The deadline for submitting solutions is
Apr. 5, 1997.

Problem 51. Is there a positive integer n

such that Yn—1++/n+1 is a rational
number?

Problem 52. Let g, b, ¢ be distinct real
numbers such that g° = 3(b*+c?) — 25,
b’ = 3(c*+d®) — 25, & = 3(a*+b%) - 25.
Find the value of abc.

Problem 53. For AABC, define A’ on
BC so that AB + BA’ = AC + CA’ and
similarly define B’ on CA and C’ on AB.
Show that AA’, BB’, CC’ are concurrent.
(The point of concurrency is called the
Nagel point of AABC.)

Problem 54. Let R be the set of real
numbers. Find all functions f: R — R
such that

Sx+y)) = fx+y) + fLORY) — xy

for all x, y € R. (Source: 1995 Byelorussian
Mathematical Olympiad (Final Round))

Problem 55. In the beginning, 65
beetles are placed at different squares of
a 9 X 9 square board. In each move,
every beetle creeps to a horizontal or
vertical adjacent square. If no beetle
makes either two horizontal moves or
two vertical moves in succession, show
that after some moves, there will be at
least two beetles in the same square.
(Source: 1995 Byelorussian Mathematical
Olympiad (Final Round))

dekeoksk sokoksisk etk skeokokoskok

Solutions
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Problem 46. For what integer a does
X~ x + a divide x> + x + 90? (Source:
1963 Putnam Exam.)

‘and
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Solution: CHEUNG Tak Fai (Valtorta
College, Form 6) and Gary NG Ka
Wing (STFA Leung Kau Kui College,
Form 4). ' :

Suppose
x13'+ x+90=0G2-x+ a)q(x),

where g(x) is a polynomial with integer
coefficients. Taking x =-1, 0, 1, we get

88 = 2+a)q(-1),
90 = aq(0)
92 = aq(1).

Since a divides 90, 92 and a+2
divides 88, a can only be 2 or —1. Now
x*-x~1 has a positive root, but
x* + x + 90 cannot have a positive root.
So a can only be 2. We can check by
long division that x* — x + 2 divides
x'* + x + 90 or observe that if w is any of
the two roots of x> — x + 2, then
W=w-2,w'==3w+2 w=3w— 14,
w?=45w—46 and w + w+90=0.

Other commended solvers: CHAN Ming
Chiu (La Salle College, Form 6), CHAN
Wing Sum (HKUST) and William
CHEUNG Pok-man (S.T.F.A. Leung
Kau Kui College, Form 6).

Problem 47. If x, y, z are real numbers
such that x> + y* + 7% = 2, then show that
X+y+z<xyz+2.

Solution: CHAN Ming Chiu (La Salle
College, Form 6).

Ifoneofx,y, zis nonpositive, say z, then
2+xyz—x~y~z=(2-x-y)—z(1-xy) 20

because

x+y< 1/2(x2+y2)s2

<@ +yHRr<1

and

So we may assume x, y, z are positive,
say0<x<y<z Ifz<1, then

2+xyz—x-y-—z2
= (1-0)(1-y) + (1-2)(1-xy) 2 0.
Ifz>1, then ’
(x+y)+2< 2((x+y)2 +2%)

= 2\xy+1 <xy+2<xyz+2.

Comments: This was an unused problem
in the 1987 IMO and later appeared as a
problem on the 1991  Polish
Mathematical Olympiad.

Problem 48. Squares ABDE and BCFG
are drawn outside of triangle ABC.
Prove that triangle ABC is isosceles if
DG is parallel to AC.

Solution: Henry NG Ka Man (STFA
Leung Kau Kui College, Form 6), Gary
NG Ka Wing (STFA Leung Kau Kui
College, Form 4) and YUNG Fai
(CUHK).

From B, draw a perpendicular line to AC
(and hence also perpendicular to DG.)
Let it intersect AC at X and DG at Y.
Since ZABX = 90° — ZDBY = /BDY
and AB = BD, the right triangles ABX
and BDY are congruent and AX = BY.
Similarly, the right triangles CBX and
BGY are congruent and BY = CX. So AX
= CX, which implies AB = CB.

Comments: This was a problem on the
1988 Leningrad Mathematical
Olympiad. Most solvers gave solutions
using pure geometry or a bit of
trigonometry. The editor will like to
point out there is also a simple vector.
solution.  Set the origin O -at the

- -
midpoint of AC. LetOC=m, OB=n
and k be the unit vector perpendicular to

- -
the plane. Then AB=n+m,CB=n— m,
- -
BD=—(n+m) xk, BG=_(n—-m)xk

- o
and DG= BG—BD =2nx k. I DG is
parallel to AC, then n X k is a multiple of

- -
m and so m =0C and n =0OB are
perpendicular. Therefore, triangle ABC
is isosceles. ‘

Other commended solvers: CHAN
Wing Chiu (La Salle College, Form 4),
Calvin CHEUNG Cheuk Lun (S.T.F.A.
Leung Kau Kui College, Form 35),
William CHEUNG Pok-man (S.T.F.A.
Leung Kau Kui College, Form 6), Yves
CHEUNG Yui Ho (S.T.F.A. Leung Kau
Kui College, Form 5), CHING Wai
Hung (S.T.F.A. Leung Kau Kui College,
Form 5), Alan LEUNG Wing Lun
(STFA Leung Kau Kui College, Form
5), .OR Fook Sing & WAN Tsz Kit
(Valtorta College, Form 6), TSANG Sai
Wing (Valtorta: College, Form 6),
WONG Hau Lun (STFA Leung Kau
Kui College, Form 5), Sam YUEN Man
Long (STFA Leung Kau Kui Collgge,
Form 4).

(continued on page 4)
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Problem Corner
(continued from page 3)

Problem 49. Let u;, up, us, ... bea
sequence of integers such that u; = 29,
Uy =45 and Uniy = Upyi* — u, forn=1, 2,
3, .... -Show that 1996 divides inﬁnitely
many terms of this sequence. ~ (Source:
1986 Canadian Mathematical Olymplad
with modification)

Solution: William CHEUNG Pok-man
(STFA Leung Kau Kui College, Form 6)
and YUNG Fai (CUHK). :

Let U, be the remainder of u, upon
division by 1996, i.e.,

U, = u, (mod 1996).

Consider the sequence of pairs ( +1)
There are at most 1996° distinct pairs.
So let (Up,Upat) = (U, U,41) be the first
repetition with p < g. If p > 1, then the
recurrence relation implies (U1, U,) =
(Ug, Up) resuling in an earlier
repetition. So p'= 1 and the sequence of
pairs (U,,U,.1) is periodic with period g
— 1. Since u; = 1996, we have 0 = U, =
U3+k(q~1) and so 1996 d.lVldCS u3+k(q_1) fOI'
every positive integer k.

Other commended solvers; CHAN Ming
Chiu (La Salle College, Form 6), CHAN
Wing Sum (HKUST) and Gary NG Ka
Wing (STFA Leung Kau Kui College,
Form 4).

Problem 50. Four integers are marked
on a. citcle. .On- each' step we
simultaneously replace each number by
the difference between this number and
next number on the circle in a given
direction (that is, the numbers a, b, ¢, d
are replaced by a — b, b ~ ¢,
a). Is it possible after 1996 such steps to
have numbers a, b, ¢, d such that the

numbers |bc — adl, lac - bdl, lab -
cd| are primes?  (Source: unused
problem in the 1996 IMO.)

Solution 1: Henry NG Ka Man (STFA
Leung Kau Kui College, Form 6) and
Gary NG Ka Wing (STFA Leung Kau
Kui College, Form 4). ‘

If the initial numbers are a = w, b = x,
¢=y, d = z, then after 4 steps the
numbers will be

a=2(w-2x+ 3y-22),
b=2(x—2y+ 3z -2w),

c—d,d—

c=2y=2z+ 3w~ 2),
d=2(z-2w+ 3y—-22).‘

From that point on, 4, b, ¢, d will always
be even, so |bc-ad)|, |ac~bd], |ab-cd|
will always be divisible by 4.

Solution 2: Official Solution.

After n > 1 steps, the sum of the integers
willbe 0. Sod=-a-b-c. Then

bc—ad =bc+a(a+b+c)
“=(a+b)a+o).
Similarly,

ac—bd =(a+b)b+c)
and : S
—cd =(a+c)b+o).

Finally |bc-ad|, |ac—bd|, |ab-cd]
cannot all be prime - because their
product is the square of (a+b)(a+c)(b+c).

Other commended - solvers: Calvin
CHEUNG Cheuk Lun (S.T.F.A. Leung
Kau Kui College, Form 5) and William
CHEUNG Pok-man (STFA Leung Kau
Kui College Form 6).

Olympiad Corner
(continued from page I)

Consider the sequence of quadrilaterals

AJBJC]'DJ (j=la 2”"’-’);
(1) Determine which of the first 12

* quadrilaterals are’ similar to the
1997™ quadrilateral.

() If the 1997" quadrilateral is cychc,
determine ' which of the first 12
quadrilaterals are cyclic.

Problem 3. Prove that there are infinitely
many natural numbers n such that
1,2,---,3n

can be put into an array

a d; - a,
bl b2 ves b"
CL C3 ** Ca

satisfying the following two conditions:

D) aiby+ey = aytbrtcy =« = atb,+c,
and the sum is a multiple of 6;

Q) artart-- +a,=bptbrt- - +b,=crtert -+,
and the sum is a multiple of 6.

Part II (8:00-12:30, January 14, 1997)

Problem 4 Let quadrilateral ABCD be
inscribed in a circle. Suppose lines AB
and DC intersect at P and lines AD and
BC intersect at Q. From Q, construct the
two tangents QF and QF to the circle
where E and F are the points of
tangency. Prove that the three points P,
E, F are collinear.

Problem 5. Let A = {1, 2, 3, ..., 17}
For a mapping f: A — A, denote

U@ =rw,

I = £ PW) k=1,2,3,

Consider one-to-one mappings f from A
to A satisfying the condition: there exists
a natural number M such that
Dform<M,1<i<16, :
MG+ D - G £ 41 (mod 17)

M= F"MA7) £ +1 (mod 17);

Q) for1<i<16; :
MG+ - fM () ~Tor-1 (mod 17),
FMIO- A7) =101 @od 17).
For all mappings f satisfying the above

condition, determine the largest possible
value of the corresponding M’s '

Problem 6. Consider a sequence of
nonnegative real numbers az,
satisfying the condition

pom < ap+ d,,, m,ne N.
Prove that for any n > m,

(n
a, <ma, +| ——

n -
\m

1 la -
J

Kigk W

AL &3
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AN R FE FE M AL Feuerback s Theoremn. .




