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Problem 1. N is a four-digit integer, not
ending in zero, and R(N) is the four-digit
integer obtained by reversing the digits
of N; for example, R(3275) = 5723.
Determine all such integers N for which
R(N) =4N + 3.

Problem 2. For positive integers n, the

sequence d, dy, a3, ..., Oy, ... is defined
by

+1
a=1, a, =(-—:{-1—)(al+a2+---+a,,_1), n>1.

Determine the value of a;997.

Problem 3. The Dwarfs in the Land- .

under-the-Mountain have just adopted a
completely decimal currency system
based on the Pippin, with gold coins to
the value of 1 Pippin, 10 Pippins, 100
Pippins and 1000 Pippins.

In how many ways is it possible for a
Dwarf to pay, in exact coinage, a bill of
1997 Pippins?
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s Inverse Sequences and Complementary Sequences

Yau Kwan Kiu Garry
Form 7, Queen’s College

Editor’ s Note: This article is modified
and shortened by the editors.

Consider the sequence
fn=0,0,0,12,3,3,4,5,6,7,10, ...,
ie, 1)=0,(2)=0,f(3)=0,f(4) = 1, etc.

We can construct another sequence f*(n)
according to the definition

f*(n) = k, where k) < n < flk+1).
For our example,
ffm=3,4,57128,910,11,11,11, ...

Note that f*(n) can also be referred as the
“frequency distribution function” of fin)
since f*(n) is the number of terms in the
sequence f that are less than n.

Figure 1 shows the two functions fin)
and f*(n). We note something
interesting: f* is a mirror image of f. If
we compute the frequency distribution of
f¥(n), we obtain fin) again. That is,
f¥*(n) = flin). The sequences f{n) and
f¥(n) are called inverse sequences.
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Figure 1. The functions f(n) and f*(n).

Now we construct two other sequences

F(n) = fin) + n and G(n) = f*(n) + n.
For our example,

Fn)=1,2,3,57,9,10, 12, 14, ...,
Gn)=4,6,8,11,13,15,17,19, 20, ....

Notice anything? The two sequences
F(n) and G(n) together contain each
natural number exactly once. This fact
and its converse were first discovered
and proved by mathematicians Lambek
and Moser in 1954 (c.f. American
Mathematical Monthly, vol. 61, p. 454,
1954). The sequences F(n) and G(n) are
called complementary sequences.

Theorem (Lambek and Moser). fn)
and f*(n) are inverse sequences if and
only if F(n) = An) + n and G(n) = f*(n) +
n are complementary sequences (with
the minor conditions that (i) fn) and
S*(n) are non-decreasing sequences of
non-negative integers; (ii) F(n) and G(n)
are strictly ‘increasing sequences of
positive integers.)

If a formula for the nth term of a
sequence is known, the theorem of
Lambek and Moser can be used to find a
general formula for the complementary
sequence. The following example
illustrates the idea.

Example. We can separate the natural
numbers into two sequences F(n) and
G(n) that contain squares and non-
squares as follows.

F(n)=1,4,9, 16, 25, 36, 49, 64, 81, ..,
Gn)=2,3,5,6,7,8,10, 11, 12,13, ...

We know that a formula for the nth
square is F(n) = n*>. Can we find a
formula for the nth non-square G(n)?

We note that F(n) and G(n) are
complementary and thus the sequences

f)=F(n)-n=0,2,6,12,20, ...,
fM=Gn)-n=1,1,2,2,2,2,3, ...,

are inverse sequences. Now
fin)=F@n)—n=n*-n.
Therefore, f*(n) = k where

flk) < n < fk+1),
B—k<n<k+)? - (k+1) =k + k.

Since both k and n are integers,
B-k+l <n<iB+k+1,
k-1Y<n<@k+1), .
k-1 <n <k+31,
1 1
«/;——<k< n+—.
2 n 2
Consequently,
fro=k=[n+i]
and

Gy =(m) +n=n+ [V +].
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Problem Corner

We welcome readers to submit solutions
to the problems posed below for
publication consideration.  Solutions
should be preceded by the solver’s
name, address, school affiliation and
grade level. Please send submissions to
Dr. Kin-Yin Li, Dept of Mathematics,
Hong Kong University of Science and
Technology, Clear Water Bay, Kowloon.
The deadline for submitting solutions is
January 10, 1998.

Problem 66.

(a) Find the first positive integer whose
square ends in three 4s.

(b)Find all positive integers whose
squares end in three 4’s.

(c) Show that no perfect square ends
with four 4’s.

(Source: 1995 British Mathematical
Olympiad.)

Problem 67. Let Z and R denote the
integers and real numbers, respectively.
Find all functions f: Z — R such that

Xty _SO+fQ)
3 2

for all integers x, y such that x + y is
divisible by 3. (Source: a modified
problem from the 1995 Iranian
Mathematical Olympiad.)

f(

Problem 68. If the equation
a?+(c-bx+E-d=0
has rc?al roots greater than 1, show that the
equation
a*+ b’ + e +dx+e=0

has at least one real root. (Source: 1995
Greek Mathematical Olympiad.)

Problem 69. ABCD is a quadrilateral
such that AB = AD and £B = £D = 90°.
Points F and E are chosen on BC and
CD, respectively, so that DF 1 AE.
Prove that AF 1 BE. (Source: 1995
Russian Mathematical Olympiad.)

Problem 70. Lines Iy, I, -+, [, are on a
plane such that no two are parallel and
no three are concurrent. Show that we

can label the C{‘ intersection points of
these lines by the numbers 1, 2, .-+, k-1

so that in each of the lines [, I, -+, k

the numbers 1, 2, -+, k-1 appear exactly
once if and only if k is even. (Source: a
modified problem from the 1995 Greck
Mathematical Olympiad.)

ek skokok ok ok ok skok ok sk ko

Solutions
3 st sk sfeoke soke e ol e sk sk ok sk ok

Due to the large number of solutions
received by the editors, we will first
acknowledge the solvers by their schools and
grade levels. The numbers following a
solver's name are the number of the problems
which the solver submitted correct solutions.

Bishop Hall Jubilee School: (Form 4)
CHAN Kin Hang (61, 63, 64, 65). Cheung
Chuk Shan College: (Form 5) CHOW King
Fun (61). Heep Woh College: (Form 7) KU
Wah Kwan (61, 63). Ho Fung College:
(Form 6) TSE Wing Ho (61, 64). HK Taoist
Association Ching Chung Secondary
School: (Form 7) LI Fung (61, 62). HKUST:
CHAN Wing Sum (61, 63). La Salle
College: (Form 3) CHAN Ernest Eason (61);
(Form 5) Vincent LUNG (61). N.T. Heung
Yee Kuk Yuen Long District Secondary
School: (Form 7) CHU Kai Mun (61, 63,
64). Queen Elizabeth School: (Form 4) LAI
Chi Fung Brian (61), LAW Ka Ho (61, 62,
63, 64, 65). Saint Louis School: (Form 7)
SHAM Wing Hang (61). St. Paul's Co-
educational College: (Form 5) CHAN Lung
Chak (61, 62), MAK Shiu Ting (61), NGAN
Chung Wai Hubert (61, 62, 63, 64, 65),
SHEK Ka Wai Wilson (62); (Form 7) CHU
Choi Yam Venus (61). St. Stephen's Girls'
College: (Form 6) WAN Hoi Wah (61).
SKH Kei Hau Secondary School: (Form 4)
WONG Chun Wai (61, 62, 63, 64, 65). Shi
Hui Wen Secondary School: (Form 6)
Jimmy KONG Ka Ho (61, 62, 64, 65).
STFA Leung Kau Kui College: (Form 5)
CHU Chun Yiu (61, 63), IP Man Wai (61),
Gary NG Ka Wing (61, 62, 63, 64, 65), SIN
Ka Fai (61, 62, 64), YUEN Man Long (61,
62, 63, 64, 65); (Form 6) Yves CHEUNG
Yui Ho (61, 62, 63, 64), CHING Wai Hung
(61, 62, 64), WONG Hau Lun (61, 62, 63,
64, 65); (Form 7) William CHEUNG Pok
Man (62, 63, 64). Valtorta College: (Form
6) CHANG Pui Kwan (61), KO Tsz Wan
(61), Ryan LAI (61), LAM Wai Hung (61),
LIN Kai Shuen (61), NG Lai Ha (61), TAM
Ka Kwong (61), TANG Ka Wai (61),
WONG Shu Fai (61); (Form 7) KWAN Yee
Kin (61), LEUNG Pak Keung (62), TSANG
Sai Wing (62), WAN Tsz Kit (61, 62, 64).

Problem 61. Find the smallest positive
integer which can be written as the sum
of nine, the sum of ten and the sum of
eleven consecutive positive integers.

Solution:

Let n be the smallest such positive
integer. Then

n=a+@+l)+ -+ (a+8) =9a + 36,
n=b+ (b+1) + - + (b+9) = 10b + 45,
n=c+(c+1)+ -+ (c+10) = 11c + 55.

These imply # is divisible by
9x5x11=495.

So n 2 495. Letting a = 51, b = 45,
c =40, we see that 495 is possible. So
n =495,

Problem 62. Let ABCD be a cyclic
quadrilateral and let P and Q be points
on the sides AB and AD respectively
such that AP = CD and AQ =BC. LetM
be the point of intersection of AC and
PQ. Show that M is the midpoint of PQ.
(Source: 1996 Australian Mathematical
Olympiad.)

Solution: WONG Chun Wai.
Let [XYZ] denote the area of AXYZ. Then
MP _[PAC] “4g[ABC]
= =4
MQ [QACI “2(4pc]
_ CD-AD[ABC]
AB-BC-[ADC]

_[ADCI-[ABC] _,
[ABC)-[ADC]

Problem 63. Show that for n > 2, there is
a permutation a, as, ..., a,0f 1,2, ..., n
such thatla, — kl=la; — 1120 for k = 2,
3, ..., nif and only if n is even.

Solution: LAW Ka Ho.

Suppose for some n, the condition is
possible. Let d = la; — 1, p be the
number of times a, > k and g be the
number of times a, < k. Thenp +g=n
and

O=(@-D+@—-2)+--+(,—n)

= pd — qd.
So p = g and n is even. If n is even, then
the permutation 2, 1, 4, 3, ..., n, n-1

satisfies the condition with la, — 11=1.

Comments: This was a problem on the
1996 Australian Mathematical Olympiad.

Problem 64. Show that it is impossible
to place 1995 different positive integers

(continued on page 4)
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Problem Corner
(continued from page 3)

along a circle so that for every two
adjacent numbers, the ratio of the larger
to the smaller one is a prime number.

Solution: William CHEUNG Pok Man.

Suppose this is possible. Let a;, ay, ...,
ajees be the numbers in the clockwise
direction. Then a,,/a, is a prime or the
reciprocal of a prime for £k = 1, 2, ...,
1995 with ao = aig99s. Suppose m of these
are primes and 1995 — m of these are
reciprocals of primes. Since

(a_o)(a_l). . .(.__.aww ]= .
a; \G2 Q1995

this means the product of m primes will
equal to a product of 1995 — m primes.
Unique prime factorization implies m =
1995 — m, which is impossible as 1995 is
odd.

Comments: This was a problem on the
1995 Russia Mathematical Olympiad.

Problem 65. All sides and diagonals of
aregular 12-gon are painted in 12 colors
(each segment is painted in one color).
Is it possible that for any three colors
there exist three vertices which are
joined with each. other by segments of
these colors?

Solution: LAW Ka Ho.

There are 12 sides and 54 diagonals.
With 12 colors, there is a color, say X,
which is used to paint at most 5 of these
segments. For each X colored segment,
10 triangles can be formed having this
segment as a side (using the remaining
10 vertices). So there are at most 50
triangles with at least one side colored X.
However, if any three colors are the
colors of the sides of a triangle, there
would be C,' = 55 triangles having at

least one side colored X, a contradiction.

Comments: This was also a problem on

the 1995 Russia  Mathematical
Olympiad.
OO~
Olympiad Corner

(continued from page 1)

Problemd4. Let ABCD be a convex
quadrilateral. The midpoints of AB, BC,

Page 4
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CD and DA are P, Q, R and S,
respectively. Given that the quadrilateral
PQRS has area 1, prove that the area of
the quadrilateral ABCD is 2.

ProblemS. Let x, y and z be positive
real numbers.

@) Ifx +y + z =23, is it necessarily true
that ~+2+1<39
Xy z

) If x + y + z £ 3, is it necessarily true
that 1+ 111539
Xy z

Round 2 (February 27, 1997)
Time Allowed: 31 hours.

Problem 1. Let M and N be two 9-digit
positive integers with the property that if
any one digit of M is replaced by the
digit of N in the corresponding place
(e.g., the ‘tens’ digit of M replaced by
the ‘tens’ digit of N) then the resulting
integer is a multiple of 7.

Prove that any number obtained by
replacing a digit of N by the
corresponding digit of M is also a
multiple of 7.

Find an integer d > 9 such that the above
result concerning divisibility by 7
remains true when M and N are two
d-digit positive integers.

Problem 2. In the acute-angled triangle
ABC, CF is an altitude, with F on AB,
and BM is a median, with M on CA.
Given that BM = CF and ZMBC =
ZFCA, prove that the triangle ABC is
equilateral.

Problem3. Find the number of
polynomials of degree 5 with distinct
coefficients from the set {1, 2, 3, 4, 5, 6,
7, 8} that are divisible by x* —x + 1.

Problem 4. The set
S={1/r:r=1,2,3,...}

of reciprocals of the positive integers
contains arithmetic progressions of
various lengths. For instance, 1/20, 1/8,
1/5 is such a progression, of length 3
(and common difference 3/40). Moreover,
this is a maximal progression in S of
length 3 since it cannot be extended to
the left or right within -S (-1/40 and
11/40 not being members of 5).

(1) find a maximal progression in S of
length 1996.

(i1)Is there a maximal progression in §
of length 19977
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