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Problem 1. Let S be a subset of {1, 2,

..., 9}, such that the sums formed by
adding each unordered pair of distinct
For
example, the subset {1, 2, 3, 5} has this
property, but {1, 2, 3,4, 5} does not, since
the pairs {1, 4} and {2, 3} have the same

sum, namely 5. What is the maximum

numbers from S are all different.

number of elements that S can contain?

Problem 2. Call a positive integer n
practical if every positive integer less
than or equal to n can be written as the
sum of distinct divisors of 7.
For example, the divisors of 6 are 1, 2, 3,
and 6. Since

1=1, 2=2, 3=3, 4=1+3,

5=2+3, 6=6

we see that 6 is practical.
Prove that the product of two practical

numbers is also practical.
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Chao Khek Lun, Cheng Kei Tsi, Chiang Kin Nam (Deputy Leader), Yu Hok Pun, Ip Chi Ho, Leung Wai Ying, Li Kin Yin (Leader).
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Problem Corner

We welcome readers to submit their
solutions to the problems posed below
for publication consideration.
Solutions should be preceded by the
solver’s name, home (or email)
address and school affiliation. Please
send submissions to Dr Kin Y. Li
Department of Mathematics, The Hong
Kong  University of Science &
Technology, Clear Water Bay, Kowloon.
The deadline for submitting solutions
is December 15, 2002.

Problem 161. Around a circle are
written all of the positive integers from
1to N, N = 2, in such a way that any
two adjacent integers have at least one
common digit in their base 10
representations. Find the smallest N

for which this is possible.

Problem 162.

integers is chosen so that among any

A set of positive

1999 consecutive positive integers,
there is a chosen number. Show that
there exist two chosen numbers, one of
which divides the other.

Problem 163. Let a and n be integers.
Let p be a prime number such that p >
la] + 1. Prove that the polynomial f'(x)
=x"+ ax + p cannot be a product of two
nonconstant polynomials with integer

coefficients.

Problem 164. Let O be the center of

the excircle of triangle ABC opposite 4.

Let M be the midpoint of AC and let P
be the intersection of lines MO and BC.
Prove that if /BAC=2./ACB, then AB
= BP.

Problem 165. For a positive integer #,
let S(n) denote the sum of its digits.
Prove that there exist distinct positive
integers ny, ny, ..., nso such that
m+8(m)=ny+8(ny) ="

=nso + S(nsp) -

sk 3k sk sk sk sl kKoK ok skok sk skoskoskosk

Solutions
sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sksk

Problem 156. If a, b, ¢ > 0 and

a’ +b? +¢? =3, then prove that

1 N 1 N 1
1+ ab l+bc 1+ca

>3
2

(Source: 1999  Belarussian  Math
Olympiad)

Solution. SIU Tsz Hang (STFA Leung
Kau Kui College, Form 7) and WONG
Wing Hong (La Salle College, Form 5).

By the AM-GM and AM-HM inequalities,
we have

1 1 1
+ +
1+ ab 1+ bc 1+ ca

> 1 N 1 4 1

a?+b? b% +c? c?+a?
1+ 1+ 1+
2 2 2
S

3+a’+b>+c? 2

Other commended solvers: CHAN Wai
Hong (STFA Leung Kau Kui College,
Form 7), CHAN Yat Fei (STFA Leung
Kau Kui College, Form 6), CHEUNG Yun
Kuen (Hong Kong Chinese Women’s Club
College, Form 5), CHU Tsz Ying (St.
Joseph’s Anglo-Chinese School, Form 7),
CHUNG Ho Yin (STFA Leung Kau Kui
College, Form 6), KWOK Tik Chun
(STFA Leung Kau Kui College, Form 5),
LAM Ho Yin (South Tuen Mun
Government Secondary School, Form 6),
LAM Wai Pui (STFA Leung Kau Kui
College, Form 6), LEE Man Fui (STFA
Leung Kau Kui College, Form 6),Antonio
LEI (Colchester Royal Grammar School,
UK, Year 12), LO Chi Fai (STFA Leung
Kau Kui College, Form 7), POON Ming
Fung (STFA Leung Kau Kui College,
Form 5), TAM Choi Nang Julian (SKH
Lam Kau Mow Secondary School, teacher),
TANG Ming Tak (STFA Leung Kau Kui
College, Form 6), TANG Sze Ming (STFA
Leung Kau Kui College, Form 5), YAU
Chun Biu and YIP Wai Kiu (Jockey Club
Ti-I College, Form 5) and Richard
YEUNG Wing Fung (STFA Leung Kau
Kui College, Form 5).

Problem 157. In base 10, the sum of the
digits of a positive integer n is 100 and of
44n is 800. What is the sum of the digits
of 3n? (Source: 1999 Russian Math

Olympiad)

Solution. CHAN Wai Hong (STFA Leung
Kau Kui College, Form 7), CHAN Yat Fei
(STFA Leung Kau Kui College, Form 6),
Antonio LEI (Colchester Royal Grammar
School, UK, Year 12), LO Chi Fai (STFA
Leung Kau Kui College, Form 7), POON
Ming Fung (STFA Leung Kau Kui
College, Form 5), SIU Tsz Hang (STFA
Leung Kau Kui College, Form 7), TANG
Ming Tak (STFA Leung Kau Kui College,
Form 6), and WONG Wing Hong (La
Salle College, Form 5).

Let S(x) be the sum of the digits of x in
base 10. For digits a and b, ifa + 5> 9,
then S(a + b)=S(a )+ S(b)— 9. Hence,
if we have to carry in adding x and y,
then S(x + y) < S(x) + S(»). So in
general, S(x + y) £ S(x) + S(»). By
induction, we have S(kx) < £S(x) for
every positive integer k. Now

800 = S(44n) = S(40 n + n)

IA

S(40n)+ S(4n) = 2S(4n)
< 8S(n) = 800 .

Hence equality must hold throughout
and there can be no carry in computing
4n=n+n+n+n. So there is no carry
in3n=n+n+ nand S(3n) =300.

Other commended solvers: CHU Tsz
Ying (St. Joseph’s Anglo-Chinese
School, Form 7).

Problem 158. Let ABC be an isosceles
triangle with 4B = AC. Let D be a
point on BC such that BD = 2DC and
let P be a point on AD such that ZBAC
= ZBPD. Prove that

~<BAC=24£DPC.

(Source: 1999 Turkish Math Olympiad)
Solution. LAM Wai Pui (STFA Leung
Kau Kui College, Form 6), POON
Ming Fung (STFA Leung Kau Kui
College, Form 5), SIU Tsz Hang (STFA
Leung Kau Kui College, Form 7) ,
WONG Wing Hong (La Salle College,
Form 5) and Richard YEUNG Wing
Fung (STFA Leung Kau Kui College,
Form 5).

Let E be a point on AD extended so that
PE=PB. Since ZCAB=~EPB and
CA/AB=1=EP/PB, triangles CAB and
EPB are similar. Then ZACB=-PEB,
which implies 4, C, E, B are concyclic.
So ZAEC=-4ABC=AEB. Therefore,
AE bisects ZCEB.

Let M be the midpoint of BE. By the
angle bisector theorem, CE/EB =
CD/DB = 1/2. So CE = 'AEB = ME.
Also, PE = PE and PE bisects ZCEM.
It follows triangles CEP and MEP are
congruent. Then Z/BAC = ~BPE =
2/MPE =2/CPE =2/DPC.

Other commended solvers: CHAN Yat
Fei (STFA Leung Kau Kui College,
Form 6), CHEUNG Yun Kuen (Hong
Kong Chinese Women’s Club College,

Form 5) and Antonio LEI (Colchester
Royal Grammar School, UK, Year 13).
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Problem 159. Find all triples (x, &, n) For k = 5, it is always possible. We % ﬁ E % ﬁ
of positive integers such that equalize balloons 1 to 5, then 6 to 10, and (ME—H)

3F 1= x".

(Source: 1999 Italian Math Olympiad)

Solution. (Official Solution)

For n = 1, the solutions are (x, k, n) =
(3F=1,k, 1), where k is for any positive
integer.

Forn>1,if nis even, then x" +1=1
or 2 (mod 3) and hence cannot be 3* =
0 (mod 3). So n must be odd. Now
x" +1 can be factored as

(x+D(x"" = x" +- 4 1).
If 3¥ = x" + 1, then both of these factors
are powers of 3, say they are 3°, 3/,
respectively. Since
x+1 <X o

sos < t. Then

0=3=(C1)y"—(1)y?+--+1

=n(modx+1)

implying » is divisible by x + 1 (and
hence also by 3). Let y = x"">. Then

F=pP+1=@+1) (P —y+1).
Soy+ 1 isalso a power of 3, say it is 3"
Ifr=1,theny=2and (x, k&, n) = (2, 2, 3)
is a solution. Otherwise, » > 1 and

3= )34 =33 3ty g

is strictly between 3" and 3, a
contradiction.

Other commended solvers: LEE Pui
Chung (Wah Yan College, Kowloon,
Form 7), LEUNG Chi Man (Cheung Sha
Wan Catholic Secondary School, Form 6),
POON Ming Fung (STFA Leung Kau
Kui College, Form 5) and SIU Tsz Hang
(STFA Leung Kau Kui College, Form 7).

Problem 160.

balloons, the air pressure inside each of

We are given 40

which is unknown and may differ from
balloon to balloon. It is permitted to
choose up to k of the balloons and
equalize the pressure in them (to the
arithmetic mean of their respective
pressures.) What is the smallest k& for
which it is always possible to equalize
the pressures in all of the balloons?

(Source:1999 Russian Math Olympiad)
Solution. CHEUNG Yun Kuen (Hong
Kong Chinese Women’s Club College,

Form 5) and Antonio LEI (Colchester
Royal Grammar School, UK, Year 13).

so on (five at time). Now take one balloon
from each of these 8 groups. We have
eight balloons, say a, b, ¢, d, e, f, g, h. We
can equalize a, b, ¢, d, then e, f, g, h,
followed by a, b, e, fand finally c, d, g, h.
This will equalize all 8 balloons. Repeat
getting one balloon from each of the 8
groups for 4 more times, then equalize
them similarly. This will make all 40
balloons having the same pressure.

For k <5, it is not always possible. If the
i-th balloon has initial pressure p; = 7,
then after equalizing operations, their
pressures will always have the form ¢, p,
+ -+ c40 pao for some rational numbers
1, ..., C40. The least common multiple of
the denominators of these rational
numbers will always be of the form 2" 3°
as k=1, 2, 3 or 4 implies we can only
change the denominators by a factor of 2,
3 or 4 after an operation. Socy, ..., ¢4 can
never all be equal to 1/40.

Olympiad Corner

(continued from page 1)

Problem 3. Prove that for all positive
real numbers a, b, and c,
3,3 3
a4 L +S >atb+e
bc ca ab

and determine when equality occurs.

Problem4. Let I be a circle with
radius . Let 4 and B be distinct points on
T such that 4B < \3r . Let the circle
with center B and radius 4B meet I' again
at C. Let P be the point inside I" such
that triangle ABP is equilateral. Finally,
let the line CP meet I" again at Q. Prove
that PQ = r.

Problem 5. Let N = {0, 1, 2, ...}.
Determine all functions f: N —> N such
that

)+ f () =+ ) f (2 +p7)
for all x and y in V.

OO T~
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BN+ 1Y, BF2E
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