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Olympiad Corner

The XV Asia Pacific Mathematics
Olympiad took place on March 2003.
The time allowed was 4 hours. No
calculators were to be used. Here are
the problems.

Problem 1. Let a, b, c, d, e, f be real
numbers such that the polynomial

PxX) = x® - 4x" + 7x° + ax® + bx*
+oc+d+ex+f

factorises into eight linear factors X — X;,
withx; >0 fori=1,2,...,8. Determine all
possible values of f.

Problem 2. Suppose ABCD is a square
piece of cardboard with side length a.
On a plane are two parallel lines /; and
£, , which are also a units apart. The
square ABCD is placed on the plane so
that sides AB and AD intersect /| at E
and F respectively. Also, sides CB and
CD intersect ¢, at G and H respectively.
Let the perimeters of AAEF and
ACGH be m; and m, respectively.
Prove that no matter how the square was
placed, m; + m, remains constant.
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Problem Corner

We welcome readers to submit their
solutions to the problems posed below
for publication consideration. The
solutions should be preceded by the
solver’s name, home (or email) address
and school affiliation. Please send
submissions to Dr. Kin Y. Li,
Department of Mathematics, The Hong
Kong University of Science &

Technology, Clear Water Bay, Kowloon.

The deadline for submitting solutions
is August 10, 2003.

Problem 181. (Proposed by Achilleas
PavlosPorfyriadis, AmericanCollege
of Thessaloniki “Anatolia”,
Thessaloniki, Greece) Prove that in a
convex polygon, there cannot be two
sides with no common vertex, each of
which is longer than the longest
diagonal.

Problem 182. Let ay, a;, @, ... be a
sequence of real numbers such that

an = a+ 1/5 forall n > 0.

Prove that ./a,, Zar21—5 for all

nxS5.

Problem 183. Do there exist 10
distinct integers, the sum of any 9 of
which is a perfect square?

Problem 184. Let ABCD be a
rhombus with ZB =60°. M is a point
inside AADC such that ZAMC =
120°. Let lines BA and CM intersect at
P and lines BC and AM intersect at Q.
Prove that D lies on the line PQ.

Problem 185. Given a circle of n
lights, exactly one of which is initially
on, it is permitted to change the state of
a bulb provided one also changes the
state of every d-th bulb after it (where d
is a divisor of n and is less than n),
provided that all n/d bulbs were
originally in the same state as one
another. For what values of n is it
possible to turn all the bulbs on by
making a sequence of moves of this
kind?
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Solutions
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Problem 176. (Proposed by Achilleas

PavlosPorfyriadis,AmericanCollege  of
Thessaloniki ““Anatolia”, Thessaloniki,
Greece) Prove that the fraction

mn+1)+1
m(n+1)—-n

is irreducible for all positive integers m
and n.

Solution. CHEUNG Yun Kuen (Hong
Kong Chinese Women’s Club College,
Form5), TAM Choi Nang Julian
(Teacher, SKH Lam Kau Mow Secondary
School), Anderson TORRES (Colegio
Etapa, Brazil, 3™ Grade) and Alan T. W.
WONG (Markham, ON, Canada).

If the fraction is reducible, then m (n + 1)
+ 1 and m (n + 1) — n are both divisible by
a common factor d >1. So their difference
n + 1 is also divisible by d. This would
lead to

I=(m(n+1)+1)-m(n+1)
divisible by d, a contradiction.

Other commended solvers: CHEUNG
Tin (STFA Leung Kau Kui College, Form
4), CHUNG Ho Yin (STFA Leung Kau
Kui College, Form 6), D. Kipp
JOHNSON (Teacher, Valley Catholic
Hiéh School, Beaverton, Oregon, USA),
LEE Man Fui (STFA Leung Kau Kui
College, Form 6), SIU Tsz antf‘; (STFA
Leung Kau Kui College, Form 7), Alexandre
THIERY (Pothier High School, Orleans,
France), Michael A. VEVE (Argon
En(fjneeﬁ_ng Associates, Inc., Virlginia, USA)
anl I)\/Iarla ZABAR (Trieste College, Trieste,
Italy).

Problem 177. A locust, a grasshopper
and a cricket are sitting in a long, straight
ditch, the locust on the left and the cricket
on the right side of the grasshopper. From
time to time one of them leaps over one of
its neighbors in the ditch. Is it possible
that they will be sitting in their original
order in the ditch after 1999 jumps?

Solution. CHEUNG Yun Kuen (Hong
Kong Chinese Women’s Club College,
Form5), D. Kipp JOHNSON (Teacher,
Valley Catholic High School, Beaverton,
Oregon, USA), Achilleas Pavlos
PORFYRIADIS (American College of
Thessaloniki  “Anatolia”, Thessaloniki,
Greece), SIU Tsz Hang (STFA Leung Kau
Kui College, Form 7) and AndeFSOQ

TORRES (Colegio Etapa, Brazil, 3
Grade).

Let L, G, C denote the locust, grasshopper,
cricket, respectively. There are 6 orders:

LCG, CGL, GLC, CLG, GCL, LGC.

Let LCG, CGL, GLC be put in one group
and CLG, GCL, LGC be put in another
group. Note after one leap, an order in one
group will become an order in the other

group. Since 1999 is odd, the order LGC
originally will change after 1999 leaps.

Problem 178. Prove that if x <y, then
there exist integers m and n such that

Xx<m+ni2 <y.

Solution. SIU Tsz Hang (STFA Leung
Kau Kui College, Form 7).

Note 0 < /2 —1 < 1. For a positive
integer

log(b —a)

log(+/2 -1)"

we get 0 < (/2 — 1) <b—a. By the

k >

binomial expansion,
x=(~2 - 1) =p+ta2
for some integers p and g. Next, there is

an integer I such that

r-1< a_im <r.
X

Then a is in the interval
I =[[a]+ (r = )x,[a]+ rx).
Since the length of | is x <b —a, we get

a<[a]+rx=(a]+rp)+rq /2 <b.

Other commended solvers: CHEUNG
Yun Kuen (Hon% Kong Chinese
Women’s Club College, Form 5), D.
Kipp JOHNSON (gl'eacher, Valley
Catholic High School, Beaverton,
Oregon, Usg), Alexandre THIERY
(Pothier High School, Orleans, France)
and Anderson TORRES (Colegio
Etapa, Brazil, 3™ Grade).

Problem 179. Prove that in any
triangle, a line passing through the
incenter cuts the perimeter of the
triangle in half if and only if it cuts the
area of the triangle in half.
Solution. CHEUNG Yun Kuen (Hong
Kong Chinese Women’s Club College,
Form 5), LEE Man Fui (STFA Leung
Kau Kui Collle:%, Form 6), Achilleas
Pavlos PORFYRIADIS (American
College of Thessaloniki “Anatolia”,
Thessaloniki, Greece), SIU Tsz Hang
STFA Leung Kau Kui College, Form 7),
AM Choi Nang Julian (Teacher,
SKH Lam Kau Mow Secondary
School), and Alexandre THIERY
(Pothier High School, Orleans, France).

Let ABC be the triangle, s be its
semiperimeter and r be its inradius.
Without loss of generality, we may
assume the line passing through the
incenter cuts AB and AC at P and Q
respectively. (If the line passes through
a vertex of AABC, we may let Q = C.)
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Let [XYZ] denote the area of AXYZ .
The line cuts the perimeter of AABC
in half if and only if AP + AQ = s,
which is equivalent to

[APQ] = [API] +[AQI]
= (AP)/2 + (rrAQ) /2
=rs/2 = [ABC] /2.

i.e. the line cuts the area of AABC in
half.

Problem 180. There are n > 4 points
in the plane such that the distance
between any two of them is an integer.
Prove that at least 1/6 of the distances
between them are divisible by 3.
Solution. CHEUNG Yun Kuen (Hong
Kong Chinese Women’s Club College,
Form 5), D. Kipp JOHNSON
(Teacher, Valley Catholic High School,
Beaverton, Oregon, USA) and SIU Tsz
Hang (STFA Leung Kau Kui College,
Form 7).

We will first show that for any 4 of the
points, there is a pair with distance
divisible by 3. Assume A, B, C, D are 4
of the points such that no distance
between any pair of them is divisible by
3. Since x = 1 or 2 (mod 3) implies X* =
1 (mod 3), AB?, AC%, AD?, BC? BD? and
CD?are all congruent to 1 (mod 3).

Without loss of generality, we may
assume that < ACD = a + [, where o =
~ACB and f=~-BCD. By the cosine
law,

AD’*=AC*+ CD*~2AC-CDcos .~ ACD.

Now
cos Z/ACD = cos(a+ )
=cos 0, cos B —sin a sin .

By cosine law, we have

2 2 2
sy o ACZHBC-AB® 4

2AC -BC

BC*+CD?*-BD?
2BC -CD

Using sinx=v1- cos? X, we can also

find sin o and sin . Then

cos f =

2BC*AD? =2BC? (AC*+ CD?)
—(2AC-BC)(2BC-CD) cos .~ ACD
=P+Q,

where

P =2BC? (AC*+CD?
— (AC*BC*-AB?%(BC*+CD*-BD?)
and
Q*>=(4 AC*BC*— (AC*+BC*- AB??)
x (4 BC>CD*- ( BC*+ CD*- BD??).
However, 2BC2 - AD? =2 (mod 3),P =0

(mod 3) and Q =0 (mod 3). This lead to a
contradiction.

For n > 4, there are C ! groups of 4
points. By the reasoning above, each of
these groups has a pair of points with
distance divisible by 3. This pair of points
is in a total of C -? groups. Since

cq/ci ! = Lch, theresult follows.

1
6
OO~

Olympiad Corner

(continued from page 1)

Problem 3. Letk > 14 be an integer, and
let pg be the largest prime number which is
strictly less than k. You may assume that
px> 3k/4. Let n be a composite integer.
Prove:

(a) if n = 2py, then n does not divide
(n-k)l;
(b) if n > 2py, then n divides (n—k)!.

Problem 4. Let a, b, ¢ be the sides of a
triangle, witha + b +c =1, and letn > 2
be an integer. Show that

Q/a”+b”+§/b"+c” +”\/c”+a”
V2

<1+ .
2

Problem 5. Given two positive integers
m and n, find the smallest positive integer
k such that among any k people, either
there are 2m of them who form m pairs of
mutually acquainted people or there are
2n of them forming n pairs of mutually
unacquainted people.

O T~

% J& B F= Turan & 2

(continued from page 2)

ERERFES Pl Bl R ERE

do A —ENEWE > RVA S Y
i A TUARERA—B=ZAW
(K3) R—18 Ky (mBseh[E > £ 2k
HARik) > RFEW® H—HEIE 0 BA
—EnBEZAH = AT BB &
30 % VR FF TR EMN
) 3h 4 2 ARk B 2h o BB RIS R A
AeHy

Mantel &£ 28 (1907): 2% n Z:49 # £ 1)

oKy MR A A ]

(@i

(B [X] R R Xk 3
#o Bl b > B 5 (L)

LR LTI ELEERY
LB T IR AR o
P R nSeBA qikid s A

4q(q-")

BESH ™ B=AF o

Bl EREEA21E% > P
Z BB E B SPT AR A A B R
%4 110 B KA 1207 o

BE . W RREEE SRS RS
BB RHH120° > B Bhid AR >
BE BB SEEAAZAT

- 2
ﬁbﬁﬁﬂi%ﬁ{%}:[%] = 110

o A& %A 11048544 5 k65 E
AR 120° o

o L PE 0 E & Kp & —18 p B2
TAE > B p 18 2L R ZEAR AR 18 5 ¥
A—ANEYE G R XA S
Kp > 281G REA S VIEBRY?
Turan £ (1941): 4= —18 n B84
G &Ky AlZERSA

p-2 2 r(p-1-r) . .u , a
TR TE i > Hdr 2

wn=k(p-D+r,0<r<p-1prE %
#9 o 4o Mantel FFZ9H N » BEE
72T Fi o [ o 09 — B AL BE o

Paul Turan (1910-1976) %K % & F
A A RE— RN R
R E— AR ERAR !



