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Olympiad Corner

The 2003 International Mathematical
Olympiad took place on July 2003 in
Japan. Here are the problems.

Problem 1. Let 4 be a subset of the set S =
{1, 2, ..., 1000000} containing exactly
101 elements. Prove that there exist
numbers ty, b, ... , t1go Such that the sets

a={x+t|x€d} forj=1,2,...,100
are pairwise disjoint.

Problem 2. Determine all pairs of
positive integers (a, b) such that

2
a

2ab* - b +1

is a positive integer.

Problem 3. A convex hexagon is given
in which any two opposite sides have the
following property: the distance between
their midpoints is /3 /2 times the sum
of their lengths. Prove that all the angles
of the hexagon are equal. (A convex
hexagon ABCDEF has three pairs of
opposite sides: 4B and DE, BC and EF,
CD and FA.)

(continued on page 4)
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NCTM, Springer-Verlag.

IMO 2003

T W. Leung

The 44" International Mathematical
Olympiad (IMO) was held in Tokyo,
Japan during the period 7 - 19 July 2003.
Because Hong Kong was declared cleared
from SARS on June 23, our team was able
to leave for Japan as scheduled. The Hong
Kong Team was composed as follows.

Chung Tat Chi (Queen Elizabeth School)
Kwok Tsz Chiu (Yuen Long Merchants
Assn. Sec. School)

Lau Wai Shun (T. W. Public Ho Chuen
Yiu Memorial College)

Siu Tsz Hang (STFA Leung Kau Kui
College)

Yeung Kai Sing (La Salle College)

Yu Hok Pun (SKH Bishop Baker
Secondary School)

Leung Tat Wing (Leader)

Leung Chit Wan (Deputy Leader)

Two former Hong Kong Team
members, Poon Wai Hoi and Law Ka Ho,

paid us a visit in Japan during this period.

The contestants took two 4.5 Hours

contests on the mornings of July 13 and 14.

Each contest consisted of three questions,
hence contest 1 composed of Problem 1 to
3, contest 2 Problem 4 to 6. In each
contest usually the easier problems come
first and harder ones come later. After
normal coordination procedures and Jury
meetings cutoff scores for gold, silver and
bronze medals were decided. This year
the cutoff scores for gold, silver and
bronze medals were 29, 19 and 13
respectively. Our team managed to win
two silvers, two bronzes and one
honorable mention. (Silver: Kwok Tsz
Chiu and Yu Hok Pun, Bronze: Siu Tsz
Hang and Yeung Kai Sing, Honorable
Mention: Chung Tat Chi, he got a full
score of 7 on one question, which
accounted for his honorable mention, and
his total score is 1 point short of bronze).
Among all contestants three managed to
obtain a perfect score of 42 on all six
questions.  One contestant was from
China and the other two from Vietnam.

The Organizing Committee did not
give official total scores for individual
countries, but it is a tradition that scores
between countries were compared. This
year the top five teams were Bulgaria,
China, U.S.A., Vietnam and Russia

respectively. The Bulgarian contestants
did extremely well on the two hard
questions, Problem 3 and 6. Many
people found it surprising. On the
other hand, despite going through war
in 1960s Vietnam has been strong all
along. Perhaps they have participated
in IMOs for a long time and have a
very good Russian tradition.

Among 82 teams, we ranked
unofficially 26. We were ahead of
Greece, Spain, New Zealand and
Singapore, for instance. Both New
Zealand and we got our first gold last
year. But this year the performance of
the New Zealand Team was a bit
disappointing. On the other hand, we
were behind Canada, Australia,
Thailand and U.K.. Australia has been
doing well in the last few years, but this
year the team was just 1 point ahead of
us. Thailand has been able to do quite
well in these few years.

IMO 2004 will be held in Greece,
IMO 2005 in Mexico, IMO 2006 in
Slovenia. IMO 2007 will be held in
Vietnam, the site was decided during
this IMO in Japan.

For the reader who will try out the
IMO problems this year, here are some
comments on Problem 3, the hardest
problem in the first day of the
competitions.

Problem 3. A convex hexagon is
given in which any two opposite sides
have the following property: the
distance between their midpoints is
/3 / 2 times the sum of their lengths.
Prove that all the angles of the
hexagon are equal. (A convex
hexagon ABCDEF has three pairs of
opposite sides: AB and DE, BC and
EF, CD and FA.)

The problem is hard mainly because
one does not know how to connect the
given condition with that of the interior
angles. Perhaps hexagons are not as
rigid as triangles. It also reminded me
of No. 5, IMO 1996, another hard
problem of polygons.

The main idea is as follows. Given a
hexagon ABCDEF, connect AD, BE
and CF to form the diagonals. From
the given condition of the hexagon, it
can be proved that the triangles formed
by the diagonals and the sides are
actually equilateral triangles. Hence
the interior angles of the hexagons are
120°. Good luck.
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Problem Corner

We welcome readers to submit their
solutions to the problems posed below
for publication consideration. The
solutions should be preceded by the
solver’s name, home (or email) address
and school affiliation. Please send
submissions to Dr  Kin Y Li
Department of Mathematics, The Hong
Kong  University of Science &

Technology, Clear Water Bay, Kowloon.

The deadline for submitting solutions
is November 30, 2003.

Problem 186. (Due to Fei Zhenpeng,
Yongfeng High School, Yancheng City,
Jiangsu Province, China) Let a, B,y be
complex numbers such that

atpty=1,
o+ iy =3,
aA+pHy=1T.

Determine the value of o'+ '+ »*' .

Problem 187. Define f'(n) = n!. Let
a=0.f(Mf2)fA3)....

In other words, to obtain the decimal
representation of @ write the numbers
A, £(2), £(3), ... inbase 10 in a row.
Is a rational? Give a proof.

Problem 188. The line S is tangent to
the circumcircle of acute triangle ABC
at B. Let K be the projection of the
orthocenter of triangle ABC onto line S
(i.e. K is the foot of perpendicular from
the orthocenter of triangle ABC to S).
Let L be the midpoint of side AC. Show
that triangle BKL is isosceles.

Problem 189. 2n + 1 segments are
marked on a line. Each of the segments
intersects at least n other segments.
Prove that one of these segments
intersect all other segments.

Problem 190. (Due to Abderrahim
Ouardini) For nonnegative integer n,
let [x] be the greatest integer less than
or equal to x and

f(n)= \/;+\/n+l +\/n+2]
—[\/9n+l].
Find the range of f'and for each p in the

range, find all nonnegative integers n
such that f'(n) = p.

sk sk s sfe sk sk sk sk kool sk sk sk kokoskosk

Solutions

sk ok ok ok ok ok ok sk sk sk ket sk skoskosk

Problem 181. (Proposed by Achilleas
PavlosPorfyriadis, AmericanCollege of
Thessaloniki “Anatolia”, Thessaloniki,
Greece) Prove that in a convex polygon,
there cannot be two sides with no common
vertex, each of which is longer than the
longest diagonal.

Proposer’s Solution.

Suppose a convex polygon has two sides,
say AB and CD, which are longer than the
longest diagonal, where 4, B, C, D are
distinct vertices and 4, C are on opposite
side of line BD. Since AC, BD are
diagonals of the polygon, we have AB >
AC and CD > BD. Hence,

AB+ CD>AC+ BD.

By convexity, the intersection O of
diagonals AC and BD is on these
diagonals. By triangle inequality, we have

AO+ BO > AB and CO + DO > CD.
So AC + BD > AB + CD, a contradiction.

Other commended solvers: CHEUNG
Yun Kuen (Hong Kong Chinese
Women’s Club College, Form5), John
PANAGEAS (Kaisari High School,
Athens, Greece)), POON Ming Fung
(STFA Leung Kau Kui College, Form 6),
SIU Tsz Hang (CUHK, Math Major, Year 1)
and YAU Chi Keung (CNC Memorial
College, Form 6).

Problem 182. Let ay, a;, a», ... be a
sequence of real numbers such that

apy = a,+1/5 forall n > 0.

Prove that 4/a, .5 = an2_5 forall n>5.
(Source: 2001 USA Team Selection Test)

Solution. CHEUNG Yun Kuen (Hong
Kong Chinese Women’s Club College,
Form5) and TAM Choi Nang Julian
(Teacher, SKH Lam Kau Mow Secondary
School).

Adding a,.; — a> >1/5 for nonnegative
integersn=k, k+1,k+2,k+3,k+4,we
get
k+4
2 2
agys = X (ay —ay)—aj 1.
n=k+1
Observe that
X2 —x+1/4=(x-1/2)>20
implies 1/4 > —(x2 —Xx). Applying this
to the inequality above and simplifying,
we easily get a; 5> a,f for nonnegative
integer k. Then aj,jy > a,%+5 > af{1 for

nonnegative integer k. Taking square

root, we get the desired inequality.

Other commended solvers: POON
Ming Fung (STFA Leung Kau Kui
College, Form 6) and SIU Tsz Hang
(CUHK, Math Major, Year 1).

Problem 183. Do there exist 10
distinct integers, the sum of any 9 of
which is a perfect square? (Source:
1999 Russian Math Olympiad)

Solution. Achilleas  Pavlos
PORFYRIADIS (American College
of Thessaloniki “Anatolia”,
Thessaloniki, Greece) and SIU Tsz
Hang (CUHK, Math Major, Year 1).

Letay, ay, ..., ajo be distinct integers and
S be their sum. Fori=1,2, ..., 10, we
would like to have S — a;= k& for some
integer ;. Let T be the sum of )
kio®. Adding the 10 equations, we get 95
=T Thena;=5—(S—a;)=(T19) — k.
So all we need to do is to choose integers
ki, ko, ..., ki so that T is divisible by 9.
For example, taking k;=3i fori=1, ...,
10, we get 376, 349, 304, 241, 160,
61,-56,-191, 344,515 for ay, ..., aj,.

Other commended solvers: CHEUNG
Yun Kuen (Hong Kong Chinese
Women’s Club College, Form 5).

Problem 184. Let ABCD be a
rhombus with /B =60°. M is a point
inside AADC such that Z4AMC =
120°. Let lines B4 and CM intersect at
P and lines BC and AM intersect at Q.
Prove that D lies on the line POQ.
(Source: 2002 Belarussian Math
Olympiad)

Solution. John PANAGEAS (Kaisari
High School, Athens, Greece), and
POON Ming Fung (STFA Leung Kau
Kui College, Form 6).

Since ABCD is arhombus and ZABC =
60°, we see 2ADC, «DAC, «DCA,
ZPAD and #DCQ are all 60°.
Now
ZCAM+2MCA = 180° —2AMC =60°
and

24DCM+ #MCA=2DCA= 60°
imply £CAM = 2DCM.

Since 4B || CD, we get
ZAPC = 2DCM = 2CAQ.
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Also, «PAC = 120° = 2ACQ. Hence
AAPC and ACAQ are similar. So PA/AC
=AC/CQ.

Since AC=AD = DC, so PA/AD = DC/CQ.
As £PAD = 60° = «DCQ, so APAD and
ADCQ are similar. Then

£4PDA+ 24ADC+ 2CDQ
=/PDA+ «PAD+ #APD = 180°.

Therefore, P, D, Q are collinear.

Other commended solvers: CHEUNG
Yun Kuen (Hong Kong Chinese Women'’s
Club College, Form 5), Achilleas Pavlos
PORFYRIADIS (American College of
Thessaloniki “Anatolia”, Thessaloniki,
Greece), SIU Tsz Hang (CUHK, Math
Major, Year 1), TAM Choi Nang Julian
(Teacher, SKH Lam Kau Mow Secondary
School).

Problem 185. Given a circle of n lights,
exactly one of which is initially on, it is
permitted to change the state of a bulb
provided one also changes the state of
every d-th bulb after it (where d is a divisor
of n and is less than n), provided that all n/d
bulbs were originally in the same state as
one another. For what values of # is it
possible to turn all the bulbs on by making
a sequence of moves of this kind?

Solution.

Let w = cos (2n/n) + i sin (2n/n) and the
lightsbe at 1, w, w?, ..., ®""" with the
one at 1 on initially. If d is a divisor of n
that is less than n and the lights at
a)a ,a)a+d ’a)a+2d o _’a)a+(n—d)

have the same state, then we can change
the state of these n/d lights. Note their sum
is a geometric series equal to

o’(1-0")/(1-w%)=0.
So if we add up the
corresponding to the lights that are on
before and after a move, it will remain the

same. Since in the beginning this number
is 1, it will never be

numbers

l+to+o’ ++0"" =0.

Therefore, all the lights can never be on at
the same time.

Comments: This problem was due to
Professor James Propp, University of
Wisconsin, Madison (see his website
http://www.math.wisc.edu/~propp/ ) and

was selected from page 141 of the highly
recommended book by Paul Zeitz titled
The Art and Craft of Problem Solving,
published by Wiley.

-

The 2003 Hong Kong IMO team from left to right: Wei Fei Fei (Guide), Leung Chit Wan (Deputy Leader), Chung Tat Chi, Siu
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Problem 4.

£4ADC meet on AC.

Problem 5. Let n be a positive integer and
., X, be real numbers with x; < x,

X1, X2, -

<o < X
(a) Prove that
2
n n
(Z z |xl~ —XJU
i=lj=1
2
<2(n -z

< 33 (g -x;)

O |

(b) Show that equality holds if and only if
., X, 1s an arithmetic sequence.

X1, X2, -

Problem 6. Let p be a prime number.
Prove that there exists a prime number g
such that for every integer n, the number

n? — p is not divisible by ¢.

Tsz Hang, Kwok Tsz Chiu, Yu Hok Pun, Yeung Kai Sing, Lau Wai Shun, Leung Tat Wing (Leader).

Let ABCD be a cyclic
quadrilateral. Let P, O and R be the feet of
the perpendiculars from D to the lines BC,
CA and 4B respectively. Show that PQ =
OR if and only if the bisector of #4BC and



