Mathematical Excalibur

Volume 8, Number 5

November 2003 — December 2003

Olympiad Corner

The 2003 USA Mathematical Olympiad
took place on May 1. Here are the
problems.

Problem 1. Prove that for every positive
integer n there exists am-digit number
divisible by 3 all of whose digits are odd.

Problem 2. A convex polygorP in the
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plane is dissected into smaller convex gz = , x % primm gy AR T AR

polygons by drawing all of its diagonals.

The lengths of all sides and all diagonals

of the polygonsP are rational nhumbers.

Prove that the lengths of all sides of all
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polygons in the dissection are also g @ 3 > 4w S&—FE T B &F

rational numbers.

Problem 3. Letn # 0. For every
sequence of integers= ay, ai, a, ..., a,
satisfying 0< a < i, fori = 0, ..., n,
define another sequentéA) =t (ay),t
(a1),t(az),...,t(an) by setting (&) to
be the number of terms in the sequeAce
that precede the ternasand are different
from g, Show that, starting from any
sequenceA as above, fewer tham
applications of the transformatidnead
to a sequencB such that (B) =B.

(continued on page 4)
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Problem Corner

We welcome readers to submit their
solutions to the problems posed below
for publication consideration. The
solutions should be preceded by the
solver’s name, home (or email) address
and school affiliation. Please send
submissions to Dr. Kin Y. Li,
Department of Mathematics, The Hong
Kong University of Science &
Technology, Clear Water Bay, Kowloon.
The deadline for submitting solutions
is February 28, 2004.

Problem 191. Solve the equation

x3 =3x=A/x+2.

Problem 192. Inside a triangléABC
there is a pointP satisfies ~/PAB =
/PBC= «PCA=¢. If the angles of
the triangle are denoted hy £ andy,
prove that

1 1, 1, 1
sin2¢ sin?a sin?pB sin?y’

Problem 193. Is there any perfect
square, which has the same number of
positive divisors of the formk3+ 1 as

of the form & + 2? Give a proof of
your answer.

Problem 194. (Due to Achilleas
Pavlos PORFYRIADIS, American
College of Thessaloniki “Anatolia”,
Thessaloniki, Greege A circle with
centerO is internally tangent to two
circles inside it, with centeld; andO,,
at pointsSandT respectively. Suppose
the two circles inside intersect at points
M, N with N closer toST. Show tha§

N, T are collinear if and only if
SQ/00, = 00/TO..

Problem 195. (Due to Fei Zhenpeng,
Yongfeng High School, Yancheng City,
Jiangsu Province, ChinaGivenn (n >

3) points on a plane, no three of them
are collinearx pairs of these points are
connected by line segments. Prove that

if

S n(in-1)(n-2)+3
- 3(n-2)

then there is at least one triangle having

these line segments as edges.
Find all possible values of integans> 3

such that h(n-1)(n-2)+3
3(n-2)

is an

integer and the minimum number of line

segments guaranteeing a triangle in the

above situation is this integer.

*kkkkkkkhkhhhhkix

Solutions
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Problem 186. (Due to Fei Zhenpeng,

Yongfeng High School, Yancheng City,

Jiangsu Province, China Let «, 3, y be
complex numbers such that

a+p+y=1,

a2+ﬁ2+y2: 3,

a+pP+y2=7.
Determine the value of*+ '+ y?*.

Solution. Helder Oliveira de CASTRO
(Colegio Objetivo,
Brazil), CHEUNG Yun Kuen (Hong

Kong Chinese Women’s Club College,

Form 6),CHUNG Ho Yin (STFA Leung
Kau Kui College, Form 7)FOK Kai

Tung (Yan Chai Hospital No. 2 Secondary

School, Form 7)FUNG Chui Ying (True
Light Girls’ College, Form 6)Murray
KLAMKIN (University of Alberta,
Edmonton, Canada),OK Kin Leung

(Tuen Mun Catholic Secondary School,

Form 6), SIU Ho Chung (Queen’s
College, Form 5)YAU Chi Keung (CNC
Memorial College, Form 7) andiM Wing
Yin (South Tuen Mun
Secondary Schoal, Form 4).

Using the given equations and the

identities

(a+p+y)=a’ + 2 +9+ 2ap + By +ya),

(@ +B+7)(0® + B +y* —ap— By —ya)
=a® +4° +° —3upy,

we getaf + By + ya = =1 andafy = 1.

These imply, S, v are the roots df (x) =

XC-x-x-1=0. LetS=a"+ "+,

thenS, = 1,5 =3,%= 7 and fom > 0,

Sia— S-S -5
=a"f (@) -p 1 () —y"f() = 0.

Using this recurrence relation, we figgl
=11,5=21, ... ,$:=361109.

Problem 187. Definef (n) =n!. Let
a=0.f(Q)f@2f@A)....

In other words, to obtain the decimal

¥ Grade, Sao Paulo,

Government

representation of write the numbers
f(2), f(2), f(3), ... In base 10 in a row.
Is arational? Give a proof. Spurce:
Israeli Math Olympiadl

Solution. Helder Oliveira de
CASTRO (Colegio Objetivo,
Grade, Sao Paulo, BrazilGHEUNG
Yun Kuen (Hong Kong Chinese
Women’s Club College, Form 6),
Murray KLAMKIN (University of
Alberta, Edmonton, Canada) and
Achilleas Pavios PORFYRIADIS
(American College of Thessaloniki
“Anatolia”, Thessaloniki, Greece).

Assumea is rational. Then its decimal
representation  will eventually be
periodic. Suppose the period hatigits.
Then for everyn > 10°, f(n) is nonzero
and ends in at leaktzeros, which imply
the period cannot havedigits. We got a
contradiction.

Problem 188. The lineSis tangent to
the circumcircle of acute trianghBC

at B. Let K be the projection of the
orthocenter of triangl&BC onto lineS
(i.e.K is the foot of perpendicular from
the orthocenter of trianglaBC to S).
Let L be the midpoint of sideAC.
Show that triangleBKL is isosceles.
(Source: 2000 Saint Petersburg City
Math Olympiadl

Solution. SIU Ho Chung (Queen’s
College, Form 5).

Let O, G andH be the circumcenter,
centroid and orthocenter of triangi&C
respectively. LetT and R be the
projections ofs andL onto lineS From
the Euler line theorem (cf.Math
Excalibur, vol 3, na 1, p.1), we know
thatO, G, H are collinearG is between
O andH and 20G = GH ThenT is
betweerB andK and 2BT=TK.

Also, G is on the mediaBL and 2L.G =
BG. SoT is betweerB andRand 2RT=
BT. Then 2BR=2 (BT+RT)=TK+
TB = BK. SoBR =RK SincelLR is
perpendicular to lin& by Pythagorean
theoremBL=LK.

Other commended solver&HEUNG
Yun Kuen (Hong Kong Chinese
Women’s Club College, Form 6) and
Achilleas Pavlos PORFYRIADIS

(American College of Thessaloniki
“Anatolia”, Thessaloniki, Greece).

Problem 189. 2n + 1 segments are
marked on a line. Each of the segments
intersects at leash other segments.
Prove that one of these segments



Mathematical Excalibur, Vol. 8, No. 5, Nov 03- Dec 03

Page 4

intersect all other segmentsSaurce
2000 Russian Math Olympiad

Solution. Achilleas Pavlos
PORFYRIADIS (American College
of Thessaloniki “Anatolia”,

Thessaloniki, Greece).

We imagine the segments on the line as
intervals on the real axis. Going from
left to right, letl; be thei-th segment
we meetwith=1,2, ..., 2+ 1 Let

I, andl" be the left and right endpoints
of I; respectively. Nowl; contains
I, ... , Ind.  Similarly, 1, which
already intersectsl; must contain
I3, ..., I and so on. Therefore the
segmentsy, I,, ... , I intersect each
other.

Next letl be the rightmost endpoint
amongly’, 15", ..., It (1 € k< n+l).
For each of then remaining intervals
lne2, Inez, «.. , lones, It Must intersect at
least one ofy, |, ... ,ln+1 Since it has to
intersect at leash intervals. This
means for every = n + 2, there is at
least onen < n + 1 such thatl]' < I,/

< I, thenly intersectsl; and hence
every interval.

Problem 190. (Due to Abderrahim
Ouardini) For nonnegative integer,

let [X] be the greatest integer less than
or equal tax and

f(n) = \/ﬁ+\/n+1+\/n+2]
—I\/9n+1J .
Find the range dfand for eaclp in the

range, find all nonnegative integens
such thaf (n) = p.

Combined Solution by the Proposer and
CHEUNG Yun Kuen (Hong Kong
Chinese Women'’s Club College, Form 6).

For positive integen, we claim that

Joan+8<g(n)</9n+9,
where
g(n) =vn+Jn+1+n+2.
This follows from
g(n)? =3n+3+2(y/n(n+1)
+.J(n+1)(n+2) +,/(n+2)n)
and the following readily verified
inequalities for positive integey
(n+0.4)°<n(n+1)<n+0.5Y,
(n+14f<n+1)n+2)<n+15¥
and A+0.7f<(n+2)n<(n+1Y. The

claim implies the range of is a subset of

nonnegative integers.
Suppose there is a positive integesuch
that f (n) = 2. Then

VOn+9 >[g(n)] >1++/9n+1.

respectively. RaysBA and ED
intersect at~ while linesBD and CF
intersect aM. Prove thaMF = MC if
and only if MBIMD = MC?

Problem 5. Let a, b, ¢ be positive

Squaring the two extremes and comparing, '€al numbers. Prove that

we see this is false for> 1. Sincd (0) = 1
andf (1) = 1, we havé (n) = 0 or 1 for all
nonnegative integers

Next observe that

A/9n+8 <[g(n)] <+/9n+9

(2a+b+c)? N (2b+c+a)?
2a®+(b+c)®> 2b®+(c+a)?

(2c+a+b)?
+— = <
2c’+(a+b)?

is impossible by squaring all expressions. prqplem 6. At the vertices of a regular

So[g(n)] =[v9n +8].

Nowf(n)=1ifandonlyifp=[g(n)]
satisfies[\/9n +1] = p-1 ,i.e.
A/9n+1< p<4/9n+8.

hexagon are written six nonnegative
integers whose sum is 2003. Bert is
allowed to make moves of the
following form: he may pick a vertex

and replace the number written there
by the absolute value of the difference
between the numbers written at the two

Considering squares (mod 9), we see that N€ighboring vertices. Prove that Bert

p’=9n+4or h+7.

If p’=9n+4, thep=%+2o0rk+7. In
the former casa) = 9% + 4k and (% + 1Y
< On+1=8%K+36k+ 1< (k+ 2¥ so that
[Von+1]=9k+1=p-1. In the
latter casen = I+ 14 + 5 and (& + 6)
< 9n+1=8K+ 126k + 46 < (k+ 7Y so
that[/On +1] = 9k +6 = p - 1.

If p?=9n+ 7, therp= %+ 4 or X+ 5. In
the former casa)= 9+ 8+ 1 and (& +
3< On+1=81+7X+10< (X + 4f
so that [\/On+1] =9k +3=p-1.
In the latter casa) = 9+ 1k + 2 and (&
+4¥ < 9n+ 1 =81+ 9k + 19 < (% + 5F
sothaff+/On +1] =9k + 4 = p - 1.

Therefore,f (n) = 1 if and only ifnis of the
form 9@+ 4k or 9+ 14k +5 or ¥+ &
+1or 9+ 10k + 2.
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(continued from page 1)

Problem 4. Let ABC be a triangle. A
circle passing through\ andB intersects
segmentsAC and BC at D and E,

can make a sequence of moves, after
which the number 0 appears at all six
vertices.
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