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Abstract 
 

While the existing reinforcement learning (RL) theory and algorithms have been predominantly developed for 
discrete-time Markov decision processes (MDPs), real-world problems abound in which RL agents can and 
indeed need to interact with environments in ultra-high frequency or outright continuously in time. Algorithms 
devised for MDPs often become unstable in the high-frequency regime and there seems to lack a rigorous and 
overarching theoretical foundation to guide the design and analysis of RL algorithms in this case. In this talk, I 
will report a series of recent work that endeavor to fill this gap. The research is characterized by a unified 
martingale perspective to study RL in continuous time and spaces under the entropy-regularized exploratory 
formulation. Through this martingale lens, we can recover and interpret many well-known RL algorithms, but 
more importantly can motivate new problems along with their solutions. The first part of the talk introduces the 
martingale characterization of policy evaluation and temporal-difference errors as a fundamental step for model-
free learning. The second part explains why policy gradient is mathematically a policy evaluation problem.  The 
third part presents the continuous-time counterpart of the Q-learning theory.   As the conventional Q-function 
collapses in continuous time, we consider its first-order approximation and coin the term “(little) q-function”. 
We jointly characterize the q-function and the value function by martingale conditions and, consequently, policy 
evaluation algorithms can be applied. The last part reports the results of extensive experiments on applying our 
RL algorithms to financial asset allocation, including simulations, backtesting and real-time portfolios that 
demonstrate outstanding performance of the resulting data-driven investment strategies.   
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