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Abstract 

 
 

Onsager’s variational principle (OVP) provides a thermodynamically consistent 
foundation for the Cahn-Hilliard equation, where the dissipative dynamics is described 
by the phase field c, chemical potential 𝜇𝜇, and flux 𝐽𝐽 through a conservation law and a 
linear constitutive relation. To overcome the neural network training difficulty caused 
by fourth-order spatial derivatives, we propose an energy splitting architecture in which 
the free energy is decomposed into a convex and a concave components, which further 
lead to the corresponding splitting of 𝜇𝜇  and 𝐽𝐽  under independent supervision. This 
allows the network to learn the dominant linear (concave) part and the nonlinear 
residual (convex) part separately. Numerical experiments show that the proposed 
method can successfully capture the full coalescence process of twin elliptic droplets 
– being rounded, approaching each other, merging, and coarsening. In comparison, the 
standard PINN will be trapped in a state in which the two ellipses remain separated. 
Such a state is approximately metastable, and the system cannot escape from that state 
by the standard PINN. This work provides a variational framework for systematic deep 
learning simulation of interfacial dynamics with conservation law. 
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