1. Below we will write each term axx
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k as a difference of two increasing polynomials.

For ag, let go(z) = x + ag and ho(z) = z, then ag = go(x) — ho(x).

Let k € {1,2,...,n}. For axz® with k odd, if ax > 0, then let g (z) = arx” and hy(z) = 0 Otherwise
ar < 0, then let g(z) = 0 and hy(z) = —axz®. In both cases, we have apz* = gp(v) — hi(z).

For ajx® with k even, observe that the polynomial py(z) = ¥+ 4+ 2% 4 21 is increasing since
pi'(x) = (k+1D)a* + ka*~t + (k — 1)a* 2 = 2F 2 ((k + 1)2® + kx + (k — 1)) > 0 due to the discriminant
of the quadratic factor is k% — 4(k* — 1) = =3k +4 < 0.

If ax > 0, then let g (z) = ag(x" T + 2F + 2%71) and hg(z) = ax (2" + 2%71). Otherwise ay < 0,
then let gr(z) = —ar(z*T! + 2871) and hp(z) = —ar(z*T! + 2F + 2¥~1). In both cases, we have
arz® = gr(x) — hp(z).

Finally f = g — h, where g(x) = go(x) + g1(x) + g2(x) + - - - + gn(x) and h(x) = ho(x) + hi(z) +
ho(x) + -+ hyp(z) are (strictly) increasing.

. Let Q be the set of all rational numbers. For every real number r, define @, = QN (—oo, 7). Since Q is
countable, there exists a bijection f: Q — N. Let S, = {f(z) : x € Q,}. Then S, C N. If ¢ < b, then
Qa C Qp, which implies S, C Sp. So S = {S,. : r € R} is such an uncountable set.

. Let u = (14 xy)~!. Formally, we guess the inverse of 1 + yx by a geometric series argument as follows:

1
1+yx

1
= l—yrtyryr—yryryr+yryryryr—- - - = 1—y(l—zy+zyry—zyryry+- - )x = l—y( )3:
This suggests 1 — yuz should be the inverse of 1 + yz. For this, we just need to check
I+yx)(1 —yuz) =14+ yr —yur — yzyur = 1+ yx — y(1 + ay)ux = 1 + yx —yz = 1,

(1 —yux)(1+yz) =14+ yr — yuxr — yuzyr = 1 + yx — yu(l + zy)z = 1 + yx — yz = 1.

. The probability of getting a first tail on the k-th toss is 1/2*. There are 6% possible sequences that can
result from rolling a fair die k times. The number of non-decreasing sequences of length & using the
numbers 1 through 6 is (k?), as this equals the number of ways to place k identical balls in 6 boxes.

Therefore, the overall odds of getting a non-decreasing sequence of any length are
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If we replace 3 by ¥, then we get for |z| < 1,
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Therefore, the answer is (ﬁ)6 —1.



5. Assume the conclusion is false. Then there exists ¢ > 0 such that there exists z; — +oo satisfying
flzj)/x; > e If 1 < n < f(x;), then since by, is strictly decreasing, by, > by, > 1/x;. Now for every
positive integer N,
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which contradicts Z b, converges.

n=1

6. (Solution based on the work of Pang Lok Wing) Let a;; be the (4, j)-entry of A. Let Ej; denote the nxn
matrix with a 1 in the (k,!)-entry and 0 in the other entries. For M, (R), we will use the ordered basis

B ={FE11,...,Ein, Eo1,...,Eop,...,Ep1, ..., Enn}.

n n
Now Ta(Ey) = AEy A = ZZaikaﬂEij. So, with respect to B, the entry in the (i,j) row, (k,1)
i=1 j=1
column of the matrix of T is a;xaj;. If we divide the n? x n? matrix of T4 into n x n blocks, then the
matrix is

CLllA tee CLlnA

antd - apnd

In particular, the entry in the (4, j) row, (¢,7) column of the matrix of T4 is a;ia;;. So

TI‘(TA) = Z Z QiG55 = Z (4773 Zajj = (TI‘A)2
i=1j=1 i=1  j=1
For determinant, we factor the matrix of Ty as
CLllA cee CLlnA A O CL11] cee CLlnI
antld - apnA 0 A anil - apnl

The first matrix on the right side has n blocks of A on the diagonal and 0 matrix on the other blocks.
Hence, the determinant of the first matrix on the right side is Det(A)™. For the second matrix on the
right side, for all 1 < ¢ < j < n, interchange the (i, j) row with the (j,7) row, then interchange the
(,7) column with the (j,4) column. This will change the second matrix to the first matrix. As this
is an even number of interchanges, we get the determinant of the second matrix is also Det(A)". So
Det(T4) = Det(A)?".

More succintly, in terms of tensor product, the above solution can be simply stated as follows. Let
V' be the vector space of column vectors with n entries, then we can identify M, (R) with V' ® V. The
operator T4 is the operator A ® A on V ® V. Therefore,
Tr(Ty) = Tr(A® A) = Tr(A) Tr(A) = Tr(A)>2.

Det(T4) = Det(A ® A) = Det(A)" Det(A)" = Det(A)*".



