9th HKUST Undergraduate Math Competition — Senior Level

Suggested Solutions

Problem 1. By Euler’s Theorem, a®™ =1 (mod n).
Note that ¢(100) = 40, hence we need to know

232" (mod 40)
Since ¢(40) = 16, we need to know
2323 =77 (mod 16)
By direct computation, we get
TT=49x49x49x7T=1x1x1x7=7 (mod 16),

and
323

23237 =237 =232 x 232 x 232 x T=9x9x9xT=7 (mod 40)

hence again by direct computation

32323

23237 =237 =237 x 232 x 23% x 23 =29 x 29 x 29 x 23 =41 x 67 =47 (mod 100).

Therefore the last two digits are 47.



Problem 2. When p = 2, we see that SLy(IF,) has more than 2 = |S)| elements and hence,
such a ¢ cannot exist.

When p > 2, consider

1 1 -1 0
A—[O 1] and B—[O _1]

Observe that A and B have order p and 2, respectively and that they commute. Thus, AB has
order 2p. But there is no permutation in S, of order 2p: only p-cycles have order divisible by
p, and their order is exactly p.



Problem 3. Let T, : f(z) — f(c) be the evaluation map. It is clear that 7, is surjective with
kernel Z., hence the quotient ring C[0,1]/Z, ~ R by the homomorphism theorem. Since R is a
field, so Z. is a maximal ideal.

Conversely, suppose Z is a maximal ideal. We prove Z = Z. by contradiction. Suppose Z # Z.
for any ¢, there exists f. € Z such that f. ¢ Z., so fc(c) # 0. so f.(x) is not 0 everywhere
in an open neighborhood of V. containing c. It is clear that the open sets V. (as ¢ varies over
[0,1]) covers [0, 1]. Because [0,1] is compact, this cover has a finite subcover. That is, there is

ci,...,Cy such that
Ve, U UV, =10,1].

Since f., () is not 0 at any point in V¢,, so fe,(¥)2 > 0 forallz € V.. So F(z) = Y1 fe,(z)? >0
for all z € [0,1]. So ﬁ € C[0,1]. Since f,(z) € Z, F(z) € Z, 1 = % -F(z) € Z, so
Z = C[0,1], this contradicts to the assumption Z is a maximal ideal.

(You must use compactness of [0, 1] since the statement is wrong on e.g. C(0,1).)



Problem 4. It is clear that d is a metric by the triangle inequality of the absolute values.
Let (x,) be a Cauchy sequence in d. Since |z — y| < d(z,y), it is also a Cauchy in R.

We claim that (x,) cannot converge to a rational number: Suppose z, — qx. Then for any
n, there exists m > n such that d(zn,zm) > |7, — zm| + 27F, a contradiction to (z,,) being
Cauchy.

On the other hand, we claim that d(x,y) is equivalent to the Euclidean metric | —y| on R\ Q:
it is clear that the open ball By(p,€) C Bj.|(p,€). We show that for any € > 0, there exists § > 0
such that (R\ Q) N By,(p,d) C Ba(p,e).

We do a rough estimate as follows. For any € > 0, we split the summation in d into ZZ]\L , and
> 2 n- Choose N big enough so that the second summation < QN% < 3.

For the initial terms, if we take § < § such that § < Lqu' for all i < N. Then for |x — p| < J,

1
and fixed ¢ < N both max and max ——— will be dominated by the same choice of
i<i |z — g4 i<i |p — g4
qx; € Q (closest to both x and p and lying on same side) for some k; < i, hence the term in the
lz—pl ) 26
k=g, S Tomanlloman] < T,
such terms with nonzero denommator, the total contribution can be chosen to be < § if J is

small enough.

Since we have only finitely many

summation will be = =

Therefore if a Cauchy sequence (z,) does not converge to rational, it must converge to some
irrational with respect to d, hence (R \ Q, d) is complete.

Alternative Solution (by Ji Wenzhou). We show that d and || - || are equivalent as follows.
As before, lim |z, —z| =0= lim d(z,,z) = 0.
n— o0 n—oo

On the other hand, assume |z, — x| — 0 for x € R\ Q. We show that ILm d(xyn,z) = 0.

Note that the term > 27 %inf () in the definition of d is absolutely convergent, so we can

interchange limit and summation.

1
lim d(xy, fhm:v —x Zthlnf max ——— — max ———
g, A 2) o HZ ( i< J2n — g ij\ﬂf-%l)
Hence it is enough to argue that for each fixed 1,
1
lim max = max —,
n—oo j<i |zg — g i<i |z — gj

which is clear since max(---) is a continuous function on finitely many terms and the denomi-
nator is nonzero for irrational z,, and x.



Problem 5. Let ¢ : R2>1 — Ry x R<; be given by

Bla,y) = (w,2) = (1oga:1+f§i).

It is invertible with

w = logx logx =w r=ce"
= =
z=1+logy/logx logy = w(z — 1) y = e?1)
e’ 0

(Z _ 1)ew(z—1) wew(z—l) = we

and the Jacobian |D¢~!| = ‘

The joint probability density is then given by

wz

logy 1 1y>1 we
f(w, 2) = (logz)(1+ logx) :; ;; = 1w>01z>1m‘D¢ 1| = ly>olos1we 7.

By the formula of marginal density, the density of W is given by
/ lusolzs1ze” 2 dz = 1y [_efwz] joi = ly>oe "
R

Hence W ~ £(1) is the exponential distribution.

The density of Z is given by

—+00
/ 1y>0l,s1we” Podw = lz>1/ we” dw
R 0

—1 teo +oo
=1, [w X e_wz} 4 =21 / e Fdw
0

z w=0 z
1 -1 teo g
— 0 + Z>1 |: _wz} — Z;l )
z z w=0 z

Hence Z satisfies the Pareto distribution with parameter 2.

Alternative Solution (by Mengchen Xu). Let Fyy(w) = Prob(W < w) be the probability
distribution of W. Then it is supported on z > 1 <= w > 0, and Prob(/W < w) = Prob(log X <
log z) = Prob(X < x), hence

T dt 1
FW(w):FX(x):/ —=1—-—=—=1—-e""
1

Hence W ~ £(1) is the exponential distribution with density 1,~0e™"

Now X,Y > 1 implies Fz(z) = Prob(Z < z) is supported on z > 1. We have
logY
rob(l1 + ——
(14 2 <

bW<XZU

Fz(z) =

1
Hence the density is Z;I and Z satisfies the Pareto distribution with parameter 2.
z



log(1 — x)
T

1
dr = —/ log x log(1 — z)Li}(z)dx
0

Problem 6. Substituting Li,(z) = —

/1 log(x) log?(1 — )
0

xT

, and integration by parts, we have

T 1—z

' -7z ogzx
= —[log:clog(l—x)LiQ(x)]é+/ <log(1 ) log

0

1 . ) log =
:—/0 L12(a:)L12(33)dx—/0 - Ll?( )dz

) Lis(2)dz

0 k=0 n—1
_ 1 2 - 1 - ! n+kl d
= 0@ =2 5 | log (e
n=1 k=0
1 gy P 1
= —2((2)2 il
SRCERD DD DY e

where the interchange of integration and summation is justified by Tonelli’s Theorem (all the
terms are measurable functions and have the same sign).

By symmetry, we can evaluate

1l X1 1Sl S1l &1
PIID Bl DIECD Dl Dl
n=1 k=n+1 n=1 k=1 n=1

) = 2C@P — 5¢4)

a4

1
hence the final answer is —=((4) = ——.
2 180

n

[ee]
Alternative Solution. Writing log(1 — z) = — Z r , we have
n’

/ logazlog 1—x mlogx
0

= — Z / ntm=1o0 rda
nm

n,m=1

B Z nm n+m)

n,m=1

where the interchange of integration and summation is justified by Tonelli’s Theorem.

By partial fraction,

e
— = z
mm:lnm(n—i—m) poZi\n o nAm m2(n +m)
B m2n(n + m) m? (n +m)?
n,m= n,m=1



The first summation by symmetry gives

[e.9] o0 [e.9]

n,m=1 n,m=1 m,n=1

while the second summation is the same as previous solution:
(o)
1 1 1 1
— = ((2)? - =¢(4).
Z m? (n +m)? QC( ) 2€( )

n,m=1

1
Combining we obtain the answer —§§ (4) = ——.

—~End of Paper—

1 1 1 1 1 1
Z m2n(n+m) 2 Z m2n(n + m) * n?m(n+m) | 2 Z m2n?



