MATH 2121 — Linear algebra (Fall 2017) Lecture 19

1 Last time: complex eigenvalues

Write C for the set of complex numbers {a + bi : a,b € R}.
Each complex number is a formal linear combination of two real numbers a + bi.
The symbol i is defined as the square root of —1, so 12 = —1.

We add complex numbers like this:
(a+ i)+ (c+di) = (a+c)+ (b+d)i.
We multiply complex numbers just like polynomials, but substituting —1 for i2:
(a + bi)(c+ di) = ac + (ad + be)i + bd(i*) = (ac — bd) + (ad + be)i.
The order of multiplication doesn’t matter since (a + bi)(c + di) = (¢ + di)(a + bi).

Draw a + bi € C as the vector [ a ] e R2.

b

Theorem (Fundamental theorem of algebra). Suppose
() = anx™ + an_12" . arx + ag

is a polynomial of degree n (meaning a,, # 0) with coefficients ag, a1, ..., a, € C. Then there are n (not
necessarily distinct) numbers 71,79, ..., 7, € C such that

p(z) = (=1)"an(r1 —x)(re — ) -+ (ry, — ).

One calls the numbers r1,rq,..., 7, the roots of p(x).

A root r has multiplicity m if exactly m of the numbers r1,79,...,r, are equal to 7.

Define C™ as the set of vectors with n-rows and entries in C, that is:
U1
V2

Cc" = | rv,ve,. .0, €C

/UTL

We have R™ C C". The sum u + v and scalar multiple cv for u,v € C" and ¢ € C are defined exactly as
for vectors in R"™, except we use the addition and multiplication operations for C instead of R. If A is an
n x n matrix and v € C" then we define Av in the same way as when v € R”.

Definition. Let A be an n x n matrix. A number A € C a (complex) eigenvalue of A if there exists a
nonzero vector v € C” such that Av = A, or equivalently if det(A — AI) = 0.

If A is an n X n matrix then A has n possibly complex and not necessarily distinct eigenvalues, counting
repeated eigenvalues with their respective multiplicities.

Given a,b € R, we define the complex conjugate of the complex number a + bi € C to be
a+bi=a—bieC.

If A is a matrix and v € C" then we define 4 and ¥ as the matrix and vector given by replacing all entries
of A and v by their complex conjugates.
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Lemma. Let z € C. Then Z = z if and only if z € R.

Lemma. If y,2 € Ctheny+z=7+zandyz=79-Z.
Hence if A is an m x n matrix (with real or complex entries) and v € C* then Av = Aw.
If z=a+bi € C then 27 = (a + bi)(a — bi) = a® + b* € R.

This indicates how to divide complex numbers:

1 a—bi a—bi a b

atbi (a+bi)(a—0bi) a2+b2 a2+b2 R

and more generally

c+di ,
m:ﬁ(C“‘dl)

Proposition. Suppose A is an n X n matrix with real entries. If A has a complex eigenvalue A € C with
eigenvector v € C" then v € C™ is an eigenvector for A with eigenvalue .

The real part of a complex number a + bi € C is R(a + bi) = a € R.
The imaginary part of a a + bi € Cis S(a+bi) = b € R.

Define £(v) and I(v) for v € C™ by applying R(-) and J(-) to each entry in v.

Theorem. Let A be a real 2 x 2 matrix with a complex eigenvalue A = a — bi (b # 0) and associated
eigenvector v € C2. Then A = PCP~! where

P=[R@) S()] and CH _ﬂ

2 Some final properties of eigenvalues and eigenvectors

Before moving on to to inner products and orthogonality, we prove a few remaining properties of the
(complex) eigenvalues and eigenvectors of a matrix which are worth remembering.

Lemma. Suppose we can write a polynomial in z in two ways as
M=) =) (A — 1) = anz™ + ap_12" " 4+ a1z +ag
for some complex numbers A1, Ao, ..., An, g, @1, ..,a, € C. Then

an=(-1D"  and  ap1=(=1)"TOM+XF--+N)  and  ag=AA2-- A,

Proof. The product (A; — 2)(Ag — x) - -+ (A, — ) is a sum of 2" monomials corresponding to a choice of
either \; or —z for each of the n factors, multiplied together.

The only such monomial of degree n is (—x)" = (—1)"2"™ = a,a™ so a, = (—1)™.

The only such monomial of degree 0 is A\jAs - -+ A, = ap.

Finally, there are n monomial which arise of degree n — 1:
M(=2)" 7+ (=) he(=2)" 7+ (=) A (2)" 7 4 ()" T A = (D) T A AT

This sum must be equal to a, 12" 71 80 ay,_1 = (=1)" "1 (A1 + Ao + - + \p). O
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Let A be an n X n matrix.

Define tr(A) as the sum of the diagonal entries of A. Call tr(A) the trace of A.

0 7
Example. tr -1 2 8 =14+2+3=6.
4 3

DO = =

Proposition. If A, B are n x n matrices then tr(A + B) = tr(A) + tr(B) and tr(AB) = tr(BA).
However, usually tr(AB) # tr(A)tr(B), unlike for the determinant.

Proof. The diagonal entries of A + B are given by adding together the diagonal entries of A with those
of B in corresponding positions, so it follows that tr(A + B) = tr(A) + tr(B).

Let A;; and B;; be the entries of A and B in positions (¢, j). Then

(AB)jj = ZAZ]BW and (BA)” = Z BijAﬁ = ZA]ZB,LJ

i=1 i=1 i=1
o)
n n n n
j=1i=1 j=1i=1
These sums are equal, since if we swap the roles of ¢ and j in one expression we get the other. O

Theorem. Let A be an n X n matrix (with entries in R or C).

Suppose the characteristic polynomial of A factors as
det(A—al) =M —z)(Aa—z) - (A — 2).

Then det A = A Ag--- A\, and trA = Ay + Ao + -+ + \,,. In other words:
(a) The product of the (complex) eigenvalues of A, counted with multiplicity, is det(A).
(b) The sum of the (complex) eigenvalues of A, counted with multiplicity if tr(A).

Remark. The noteworthy thing about this theorem is that it is true for all matrices.
For a diagonalisable matrix the result is much easier to prove.

If A= PDP—1 where D is a diagonal matrix, then
det(A) = det(PDP™!) = det(P) det(D) det(P)™* = det(D) = A Aa--- A\
since det(P) det(P~!) = det(PP~1) = det(I) = 1. Also

tr(A) = tr(PDP™Y) = tr(DP7'P) = tr(D) = Ay + Aa 4+ - + An.

Before proving the theorem let’s see an example.

Example. If we have
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—i 0 i
then 1 {,] 0 [,and | 1 | are eigenvectors of A with eigenvalues i, 7, and —i. One can check that
0 1 0

det(A —xl) = —2® +ix* —x +i = (i — 2)*(—i — x),

so the theorem asserts that (i)(i)(—i) = —i% =i = det(A) and i + i + (—i) = i = tr(A).

Proof of the theorem. We can write det(A — ) = a,z™ + Gp_12" Y+ -+« + a1z + a¢ for some numbers
ag,ai,...,a, € C. By the lemma it suffices to show that ag = det(A) and a,,_1 = (—1)""tr(A).

The first claim is easy. The value of ag is given by setting z = 0 in det(A — zI), so ag = det(A).

Showing that a,_; = (—1)""1tr(A) takes a little more work. Consider the coefficient a,_; of "1 in

the characteristic polynomial det(A — zI). Remember our formula
det(A—al) = Y (-1)™P(Z,A - 21) (*)
ZeSn

where II(Z, A — «I) is the product of the entries of A — xI in the nonzero positions of the permutation
matrix Z. The key observation to make is that if Z € S, is not the identity matrix then Z has at most
n — 2 nonzero entries on the diagonal, so II(Z, A — zI) is a polynomial in x degree at most n — 2.

Therefore the formula (*) implies that
det(A — «I) =II(I, A — «I) + polynomial terms of degree < n — 2.

Let d; be the diagonal entry of A in position (¢,4). Then II(I, A —2I) = (dy —x)(dy —z) -+ (d,, — x) and
the coefficient of 2"~ in this polynomial must be equal to the coefficient of "1 in det(A — z1).

By the lemma, the coefficient of 2"~ ! in (dy — 2)(de — )+ (d,, — ) is (=1)""Y(dy +do + - +dp) =
(—=1)""Ltr(A), and so a,_1 = (—=1)""ttr(A). 0

Here’s one way we might use the preceding theorem.

Corollary. Suppose A is a 2 x 2 matrix. Let p = det A and ¢ = trA.
Then A has distinct eigenvalues if and only if ¢? # 4p.

Proof. Suppose a,b € C are the eigenvalues of A (repeated with multiplicity).
Then ab = p and a + b = ¢ so a(q — a) = ga — a® = p and therefore a®> — ga + p = 0.

The quadratic formula implies that

IE VAR _qFVE 4
a—f and b—f

so we have a # b if and only if g2 — 4p # 0. O

Some other useful properties:
Proposition. If A4 is a square matrix then A and A7 have the same eigenvalues.

Proof. In fact, A and AT has the same characteristic polynomial since

det(A — zI) = det((A — 2I)T) = det(AT — zIT) = det(AT — z1).
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Proposition. Let A be a square matrix. Then A is invertible if and only if 0 is not one of its eigenvalues.
Assume A is invertible. Then A and A~! have the same eigenvectors, but v is an eigenvector of A with
eigenvalue ) if and only if v is an eigenvector of A~! with eigenvalue 1/A.

Proof. 0 is an eigenvalue of A if and only if det A = 0 which occurs precisely when A is not invertible.
If A is invertible and Av = Av then v = A7 Av = A= dv = MA v so A~ lv = At O

Corollary. If A is invertible and diagonalisable then A~! is diagonalisable.

Proof. If A is invertible and diagonalisable, then R™ has a basis consisting of eigenvectors of A, but this
basis is then also made up of eigenvectors of A~1, so A~! is diagonalisable. O

Corollary. If A is diagonalisable then A7 is diagonalisable.

Proof. If A = PDP~! then AT = (PDP~1)T = (P~1)TDTPT = QEQ~! for the invertible matrix
Q= (P~ HT = (PT)~! and the diagonal matrix £ = DT O

3 Inner products and orthogonality

We return (for the most part) to the setting of vectors in R™ and matrices with real entries.

Definition. The inner product (also called the dot product) of two vectors

U1 U1

U2 V2
u= . and

Unp Un

in R™ is the scalar
UV = ULV + UV + - + Up Uy

Note that vev =u"v =vTu=1veuw.
2 3
For example, | —5 | e 2 | =6—-10+3=—-1.
-1 -3

In the textbook, the inner product is printed more like “u - v.”

This means the same thing as what I’'m writing here as “u e v.”

Some easy properties of the inner product.

Let u,v,w € R™ and ¢ € R.

(a) uev=veu.

(b
(c
(d
(e

(ut+v)ew=uew-+vew.
(cu) o v =c(uev).
ov:v%—i—v%—i—---—i—vizo.

v
ifvev=0tenv; =vy=---=v,=0€Rsov=0¢cR".

)
)
)
)
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Definition. The length of a vector v € R™ is the nonnegative real number

loll = Voou = y/v} + 03+ 402,

Although u e v can be any real number, we always have ||v| > 0.

For any v € R™ it holds that ||[v]|? = v ew and ||cv| = |¢||[v]| for ¢ € R.

Lemma. If v € R” then ||v|| = 0 if and only if v = 0.

Proof. The only way we can have ||v]| =0isif vy =ve =--- = v, =0. O
A vector v € R™ is a unit vector if ||v|| = 1.
Proposition. If v € R” is a nonzero vector then u = ﬁv € R” is a unit vector.
1 - 1 —
Proof. We have ‘ HvHUH = mylvll =1 O
We refer to u = ﬁv as the unit vector in the same direction as the nonzero vector v € R™.
Example. If
1
| -2
T2
0
then [jv]| = vV1+4+4+0=+v9=35%0
1/3
_| —2/3
a 2/3
0

is the unit vector in the same direction as v.

The distance between two vectors u,v € R™ is the length of the their difference |ju — v||.

Definition. Two vectors u,v € R™ are orthogonal if uev = 0.

To motivate this definition we consider what it means in 2 dimensions.

Suppose u = [ C;) } and v = [ z ] are orthogonal vectors in R?, so that az +by = 0. Assume both u and

v are nonzero (since a zero vector is orthogonal to any vector and so is not very interesting to consider).

Ifa:Othenwemusthaveb;éO:by,soyzoandu:{2}andv:[g]:—fg{_g].

b
— =b _| ey | _u|
Ifa;éOthenx—aysov—[ y} a[ a]'

We conclude the following from these cases:
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Proposition. If u,v € R? are orthogonal and u = [ CZ ] then v is a scalar multiple [ _2 ], which is

the vector obtained by rotating u counterclockwise by 90 degrees. Thus orthogonal vectors in R? are
perpendicular/orthogonal in the usual sense of lines in planar geometry.

Suppose V' C R” is a subspace. The orthogonal complement of V is the set
Vi={weR":vew=0foralvecV}.
Pronounce “V=+” as “vee perp.”

Proposition. If V C R" is a subspace then its orthogonal complement V+ C R™ is also a subspace.

Proof. Since v o0 = 0 for all v € R™ it holds that 0 € V.
Ifr,yc V>t andceRthenvecr =c(vexr)=0andve(z+y)=vexr+vey=0+0=0foralveV

so cx and x + y both belong to V. Hence V= is a subspace. O
The operation (-)* relates the column space, null space, and transpose of a matrix in the following way:
Theorem. Suppose A is an m x n matrix. Then (Col A)+ = Nul(AT).

Proof. Write A = [ ai Qs ... ap ] where a; € R™. Let v € R"™.
Then v € (Col A)* if and only if v e a; = alv = 0 for all i. This holds if and and only if

aj
r,_ | %
A v = . |lv=0eR™,

a;,
i.e., if and only if v € Nul(AT). O
Here is our last result for today:
Lemma. Let V C R™ be a subspace . Suppose vy, vs, ..., 0 is a basis for V and wy,ws, ..., w; is a basis
for VL. Then the concatenated list of vectors vy, va, ..., Uk, W1, Wa, ..., w; is linearly independent.

Later, we will show that actually k + [ = n so these linearly independent vectors are a basis for R™.

Proof. The only way that the vectors vy, vs, ..., vk, w1, wa, . .., w; can be linearly dependent is if we could
write
av1 + -+ agvg = bwr + - + by

for some coefficients a1, as,...,ax,b1,bs,...,b; € R which are not all zero. But then there would exist a
nonzero vector in both V and V*, which is impossible since any w € VN V+ has ueu=0sou=0. [



