MATH 6150F — Coxeter systems and Iwahori-Hecke algebras (Spring 2017) Lecture 15

1 Last time: classification of finite Coxeter groups

Last time, we proved the following theorem, in two parts:

Theorem. The following Coxeter graphs correspond to the irreducible Coxeter groups whose geometric
representations come with a positive definite or positive semidefinite bilinear form:
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Among these, only the graphs in the left column correspond to finite Coxeter groups. The Coxeter graph
of any irreducible finite Coxeter group is given by one of these.

Today, we introduce the Twahori-Hecke algebra of a Coxeter system.

2 Iwahori-Hecke algebras

An TIwahori-Hecke algebra of a Coxeter system (W,S) will be a group ring RW for some commutative
(usually, polynomial) ring R, but with a different multiplication than the usual one. We start with the
most general construction, since the proofs are not much more difficult than in any particular case of
interest.

Let A be a commutative ring with unit 1.

Let H = Ha,w be the free A-module with basis {T}, : w € W}. Here, each T, is just a formal symbol
used to distinguish basis elements of H from elements of W. Every element of H is a linear combination
h =73 ew hwlTw with hy, € A and h,, = 0 for all but finitely many w. Alternatively, one can think of
h € H as a map W — A which sends all but finitely many elements to zero.

Choose elements ag,bs € A for s € S such that as = a; and by = b if s,t € S are conjugate in W.

We’ll spend the rest of today proving the following result:

Theorem. There is a unique associative A-algebra structure on H with unit 77 and such that

T, if
T,T, =4 " iflsw) > (w) e g and we W, (*)
asTy + b5 Ty if £(sw) < £(w)

We call this algebra a generic (Hecke) algebra of (W, S).
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Example. If a; =0 and b; = 1 for all s € S then H = AW is the usual group ring.

Example. Let P = Z[xy,za,...,2,]. For s; = (i,i+1) € S, and f € P, let s;f = f(--+ ,Ziq1,Ti, )
be the polynomial given by interchanging x; and x;41. Define

o f = L=sl for i € [n —1].

Ti—Tif1

The keyword for 0; is divided difference operator.

Claim. 0;f ¢ Pfor fe P

agb,  —x%  zb
Proof. 1t suffice to check this when f = x¢2? | for a,b € N. Then we have 0, f = Tifea %™ This is

Ti—Ti41

?ﬁ € PforallceN. 0

c
T, —x
Ti—%Tq

a polynomial since
So we can view 0; as a map P — P. These operators satisfy the braid relations for S,,:
Claim. 9? =0

Proof. It f € P then (z; — x;41)0;(0:f) = fosif  shi=f . ]

Ti—Ti4+1 Tit+1— T4

Claim. 81'(9]' = 6]'3,' if |Z - j| > 1, and 81824_18@ = 61‘4_18@8“_1 for i € [n - 1]

Proof. The first identity is easy to deduce from the fact that s;s;f = s;s;f. The second identity follows
from a very doable, but slightly tedious calculation (do this yourself!). O

We conclude that if w = s;, 55, - - - 55, is a reduced expression for w € S, then the operator on polynomials
Ow = 0;,0;,---0;, is independent of the choice of reduced expression. This follows since, from the
homework, we know that if w = s;, ---s;, = 55, -+ 55, are both reduced expressions, then one expression
can be obtained from the other by a sequence of braid transformations, which also transform 9;, - - - 0;,
to 9j, - - - 0j, without changing the value of the corresponding map P — P.

Let D = Z-span{d,, : w € S, } where 0 is the identity map P — P.
Claim. D is a free Z-module, that is, the operators 9,, for w € S,, are linearly independent.

Proof. We won’t prove this fact here: the idea is to locate a family of homogeneous polynomials f,
of degree £(w) for w € S,, such that 9, f, = 0y if £(u) > ¢(v). You can check that 9, f, is always
homogeneous of degree £(v) — £(u) or zero, and deduce the desired linear independence from this. We
will return to this family of operators in more detail in a few lectures! O

Claim. D is a Z-algebra, i.e., a ring.
Proof. Let u,v € Sy. If l(uv) = €(u) + £(v) then 0,0, = Oup € D. If L(uv) < L(u) + £(v) then use

the exchange condition to deduce that 0,0, = 0 € D. It follows that D is closed under composition of
operators, which is always an associative product. O

Observe that if s € S and w € W then

) Osw it L(sw) > L(w)
%00 = {o if £(sw) < L(w).

Thus D = H is the generic algebra with A =7, W = S,,, and as = b; =0 for all s € S.



MATH 6150F — Coxeter systems and Iwahori-Hecke algebras (Spring 2017) Lecture 15

We now return to the task of proving the main theorem.

Lemma. If an associative A-algebra structure on # exists in which 73 is the unit and (*) holds, then

T, if
P iflws) > (w) 4 e g and we W, (*%)
asTy + bsTyws if L(ws) < £(w)

Proof. Let t € S. Suppose £(wt) > ¢(w). We proceed by induction on ¢(w). The result is clear if
w = 1. Assume w # 1 and let s € S be such that ¢(sw) < ¢(w). Then ¢(swt) ib bounded above
by ¢(sw) + 1 = ¢(w) and below by ¢(wt) — 1 = f(w), so {(swt) = £(w). It holds by induction that
T Ty = Tsye- Since TsTy,, =T, we get

Tl = TsTsTy = TiTswe = Tt

Conclude that To,T; = Ty if L(wt) > L(w). If L(wt) < €(w), then the identity T, Ty = a:Tyw + beTot
follows since T, T; = Tyt T3 Ty = Toe(ac T + bT1). O

Lemma. Assume there is an associative A-algebra structure on H with 77 = 1 and 15T, = T, for
s €S and w € W with £(sw) > ¢(w). The the following are then equivalent:

1. TsTy = asTy + bsTsy for s € S and w € W with £(sw) < £(w).
2. T? = a,Ts + b,Ty for s € S.

Moreover, if these conditions hold then T\, = T, T, - - - Ts, for any reduced expression w = s152 - - S,

Proof. Clearly (1) implies (2). If (2) holds then (1) follows since if w € W and s € S have £(sw) < £(w),
then Ty Ty, = TsTsTsw = (asTs + bsT1)Tsw = asTy + bsTsw. The last claim holds since if w = sy89+-- s,
is a reduced expression then 0 < £(s,) < €(sp—15n) < L(Sn—28n—18n) < -+ < £(8182 " Spn)- O

Corollary. If a given generic algebra structure on H exists (for a fixed choice of parameters a; and by),
then it is unique.

Proof. Multiplication of any two elements of H is completely determined by the products T,T, for
u,v € W, and we have T,,T, = Ts, ---Ts, T3, --- T}, for any reduced expressions u = s1---$, and
v =1ty - tm. The value of this product in turn is completely determined by the axiom (*). O

With this observation in hand, we just need to prove the existence of our generic algebra structure on .
For this, we take a slightly clever approach which one also encounters when working with the universal
enveloping algebra of a Lie algebra.

Define EndH as the set of A-linear maps H — H. EndH is already an A-algebra with respect to pointwise
addition and composition of functions. It’s hard to show that the product on H is associative directly.
The idea is to instead locate a subalgebra of EndH isomorphic to H as an A-module, and then check
that in this subalgebra (*) holds.

Tow if (sw) > L(w)

Define A\; € EndH as the li ith T, — .
efine )\, n as the linear map wi w {asTw b The if U(sw) < £(w)

Tws if L(ws) > L(w)

Define p, € EndH as the linear map with T, — .
p P {asTw b, Ty if L(ws) < £(w)

The key property of these endomorphisms is that they commute. To show this, we need a technical
lemma about Coxeter groups:

Lemma. Let w € W and s,t € S. If {(swt) = (w) and £(sw) = £(wt), then sw = ws.
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Proof. Let w = s1---s, be a reduced expression. There are two cases:
(a) Suppose £(sw) > (w).

Then (w) = ¢((sw)t) < £(sw) so the exchange condition implies that sw = w't where w’ is either
w or 881 -8 -8 for some i. The second case would imply that w = s(sw) = $1+--8; -+ - Syt 80
wt =818 -+ 8t < w, contradicting the fact that £(wt) = £(sw) > £(w). Therefore sw = wt.

(b) Suppose {(sw) < l(w) = £(s(sw)).

Applying (a) with sw in place of w gives s(sw) = (sw)t so again sw = wt.

Proposition. For all s,t € S, it holds that A\sp; = pAs € EndH.
Proof. This is the most difficult part of the proof of the main theorem, and reduces mostly to a rather
long, technical calculation.

Fix w € W. We will compute As(p:(Tw)) and pi(As(Tw)) and show that in either case we get the same
thing. There are six (!) cases according to the relative lengths of w, sw, wt, and swt. This looks a little
intimidating at first, but (*) and (**) will let us compute each case explicitly, and then lemma will let
us handle any ambiguities.

1. If l(w) > L(wt) = L(sw) < L(swt) then Aspe(Tw) = As(Twt) = Towt = ptAs(Tw)-
2. If {(swt) < L(wt) = £(sw) < ¢(w) then
/\s,otTw = )\s (atTw + thwt) = at)\s (Tw) + bt)\s (th)
= at (asTw + bsTsw) + by (CLsth + bsTswt)
= asatTw + atbsTsw + asthwt + bsthswt-
It follows by symmetric that this is equal to psAs(Tyw).

3. If l(wt) = L(sw) < L(swt) = L(w) then it follows by the lemma that sw = wt so s and ¢ are
conjugate in W, hence as = a; and bs = b;, and so we compute that the expressions

)\spt(Tw) = asatTw + atbsTsw + thsu)ta
pt)\s (Tw) = asatTw + asthwt + bsTswt

are equal.
4. If L(wt) < l(w) = L(swt) < L(sw) then Agpi(Ty) = asTsw + bt Tswr = peAs(Tw).
5. If £(sw) < £(w) = £(swt) < L(wt) then Agpt(Tw) = asTuwt + bsTswt = pers(Tw)-

6. Finally, if £(w) = £(swt) < £(sw) = £(wt) then, using the lemma, we similarly compute

)\spt(Tw) = asth + bsTswt = athw + thswt = pt)\s (Tw)

We can now prove the existence of part of the main theorem.

Proof of main theorem. Let L = (A : s € S) C EndH be the subalgebra generated by the left-translation
operators A;. Define ¢ : £ — H as the clearly linear map with ¢(\) = A(T1).

This map is surjective since ¢p(As; - -+ As, ) = Ty -+ Ts,, = Ty, for any reduced expression w = 81 - - $p,.

To show that ¢ is injective, suppose ¢(A) = 0 for some A € L. We want to show that A = 0. For this it
suffices to show that A\(T},) = 0 for all w € W. This holds by definition for w = 1.
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If w+# 1, let t € S be such that f(wt) < ¢(w). Then
AMTw) = AMTweye) = Mpe(Twt)) = pe(MTwt)) =0

by induction, using the preceding proposition in the third equality.

Thus ¢ : L — H is an isomorphism of A-modules. It follows that £ is free with an A-basis given by
Aw = ¢ HTyw) = Ag, -+ Ag,, for any reduced expression w = sy -+ - s, € W.

Let s € W and w € W. If £(sw) > £(w) then AsAyy = Ay by definition. Likewise, we have

(T = AMTsw) = asAs(Tw) + bsTow if sw > w

s As(asTy + bsTsw) = asAs(Tw) + 05Ty if sw < w.
Thus A2 = agAs + bsA1. Setting TT' = ¢ (¢~ ()¢~ (T")) for T, T’ € H defines an associative product
on H since composition of functions is always associative, and what we have just shown proves that this
product satisfies (*), which completes our proof. O
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