MATH 2121 — Linear algebra (Fall 2018) Lecture 17

1 Last time: complex eigenvalues

Write C for the set of complex numbers {a + bi : a,b € R}.

Each complex number is a formal linear combination of two real numbers a + bi.

The symbol i is defined as the square root of —1, so that 2 = —1.

We add complex numbers in the following way: (a + bi) + (¢ + di) = (a + ¢) = (b + d)1.

We multiply complex numbers like polynomials, but substituting —1 for 2

(a+bi)(c+ di) = ac + (ad + be)i + bd(i?) = (ac — bd) + (ad + be)i.

The order of multiplication does not matter since (a + bi)(c + di) = (a + bi).
Draw a + bi € C as the vector [ Z ] € R2,
Theorem (Fundamental theorem of algebra). Suppose

p(x) = apa™ + 12"V + . a1z + ag

is a polynomial of degree n (meaning a, # 0) with coefficients ag,a1,...,a, € C. There are n (not
necessarily distinct) numbers r1,rs, ..., 7, € C such that

p(x) = an(x —r)(x —1r2) - (T — 1p).

One calls the numbers r1,rq,..., 7, the roots of p(x).

A root r has multiplicity m if exactly m of the numbers r1,79,...,r, are equal to 7.
vy
vy

Define C" to be the set of vectors v = . | with n rows and entries v, vo,...,v, € C.
Up,

We have R™ C C". The sum u + v and scalar multiple cv for u,v € C" and ¢ € C are defined exactly
as for vectors in R™, except we use the addition and multiplication operators from C. If Aisann X n
matrix and v € C" then we define Av is the same was as when v € R™.

Definition. Let A be an n x n matrix. A number A € C is a (complex) eigenvalue of A is there exists a
nonzero vector v € C" such that Av = Av, or equivalently if det(A — A\I) = 0.

If A is an n x n matrix then A has n possibly complex and not necessarily distinct eigenvalues, counting
repeated eigenvalues with their respective multiplicities.

Given a,b € R, we define the complex conjugate of the complex number a + bi € C to be
a+bi=a—bieC.

If A is a matrix and v € C" then we define 4 and ¥ as the matrix and vector given by replacing all entries
of A and v by their complex conjugates.

Lemma. Let z € C. Then zZ = z if and only if z € R.

Lemma. If y,z€ Ctheny+z=y+zZandyz=7"Z.
Hence if A is an m x n matrix (with real or complex entries) and v € C" then Av = Av.

If 2=a+bi € C then 2z = (a + bi)(a — bi) = a®> + b*> € R.
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This indicates how to divide complex numbers:
1 a—bi a—bi b

— J— . a

a+bi (a+bi)(a—bi) a24b2 @ N

and more generally <4t — —L . (c+ di).

Proposition. Suppose A is an n x n matrix with real entries. If A has a complex eigenvalue A € C with
eigenvector v € C™ then 7 € C™ is an eigenvector for A with eigenvalue .

2 Some final properties of eigenvalues of eigenvectors

Before moving on to inner products and orthogonality, we prove a few remaining properties of the (com-
plex) eigenvalues and eigenvectors of a matrix which are worth remembering.
Lemma. Suppose we can write a polynomial in z in two ways as
A —2) A2 =)~ (A — @) = anz" +ap_ 12"+ arjz +ag
for some complex numbers A1, Ag, ..., Ay, ag,01,...,a, € C. Then
an=(-1D"  and a1 =(D)"T M+ F+--+ X))  and  ag=MAr-- A,
Proof. The product (A1 — z)(Ag — z) --- (A, — ) is a sum of 2" monomials corresponding to a choice of
either \; or —x for each of the n factors, multiplied together.
The only such monomial of degree n is (—z)"™ = (—1)"2™ = a,2™ so a, = (—1)™.
The only such monomial of degree 0 is A\jAs - -+ A, = ap.
Finally, there are n monomials of degree n — 1 that arise:
A (=) 4 (=) ha(=2)" 2 4 (—a)2hg (=) 4o (=) A = (<) g e+ AL
This sum must be equal to a,_12" "1 s0 a1 = (=1)" " 1(A1 + Xa + - + \p). O

Let A be an n X n matrix.

Define tr(A) to be the sum of the diagonal entries of A. Call tr(A) the trace of A.

Example. tr —

DO = =
=N O

7
8 =1+2+3=6.
3

Proposition. If A, B are n x n matrices then tr(A + B) = tr(A) + tr(B) and tr(AB) = tr(BA).
However, usually tr(AB) # tr(A)tr(B), unlike for the determinant.

Proof. The diagonal entries of A + B are given by adding together the diagonal entries of A with those
of B in corresponding positions, so it follows that tr(A + B) = tr(A) + tr(B).

Let A;; and B;; be the entries of A and B in positions (7, 7). Then

(AB)j; = AijBji  and  (BA);; =Y BijA;i =Y A;Bj

=1 i=1 i=1

SO
n n n n
tT(AB) = Z Z Aiiji and tl“(BA) = Z Z AjiBij.
j=1i=1 j=11i=1
These sums are equal, since if we swap the roles of ¢ and j in one expression we get the other. O
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Theorem. Let A be an n x n matrix (with entries in R or C).

Suppose the characteristic polynomial of A factors as
det(A—2al) = (A —z)(Aa— ) (A, — ).
Then det A = A Ag--- A\, and trA = Ay + Ao + --- + \,,. In other words:

(a) The product of the (complex) eigenvalues of A, counted with multiplicity, is det(A).
(b) The sum of the (complex) eigenvalues of A, counted with multiplicity if tr(A).

Remark. The noteworthy thing about this theorem is that it is true for all matrices.
For a diagonalizable matrix the result is much easier to prove.

If A= PDP~! where D is a diagonal matrix, then
det(A) = det(PDP™!) = det(P) det(D) det(P)™* = det(D) = A Aa--- A\
since det(P) det(P~!) = det(PP~1) = det(I) = 1. Also

tr(A) = tr(PDP~Y) = tr(DP'P) = tr(D) = A + Ao 4 - - - + M.

Before proving the theorem let’s see an example.

Example. If we have

010
A=| -1 0 0
0 0 =
—1i 0 i
then 1 (,] 0 [,and | 1 | are eigenvectors of A with eigenvalues i, 7, and —i. One can check that
0 1 0

det(A—zl) = -2 +iz? —x+i=(i—2)*(—i—x),

so the theorem asserts that (i)(i)(—i) = —i% =i = det(A) and i + i + (—i) = i = tr(A).

Proof of the theorem. We can write det(A — ) = a,z™ + Gp_12" 4+ -+ a1z + a¢ for some numbers
ag,ai,...,a, € C. By the lemma it suffices to show that ag = det(A) and a,,_; = (—1)""tr(A).
The first claim is easy. The value of ag is given by setting z = 0 in det(A — zI), so ag = det(A).

Showing that a,_1 = (—1)""1tr(A) takes a little more work. Consider the coefficient a,_; of "1 in

the characteristic polynomial det(A — zI). Remember our formula
det(A—al) = Y (=1)™P(Z,A - z1) (*)
ZeSn

where II(Z, A — «I) is the product of the entries of A — xI in the nonzero positions of the permutation
matrix Z. The key observation to make is that if Z € S, is not the identity matrix then Z has at most
n — 2 nonzero entries on the diagonal, so II(Z, A — zI) is a polynomial in x degree at most n — 2.

Therefore the formula (*) implies that

det(A — «I) =1I(I, A — «I) + polynomial terms of degree < n — 2.
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Let d; be the diagonal entry of A in position (4,4). Then II(I, A —2I) = (dy — x)(ds — z) - - (d,, — x) and
the coefficient of 7! in this polynomial must be equal to the coefficient of 2"~ in det(A — z1).

By the lemma, the coefficient of z"~! in (di — z)(dy — ) --- (d,, — x) is (_1)n71(d1 Ndo ot 4 dy) =
(—=1)""tr(A), and so a,_1 = (—1)""1tr(A). 0

Corollary. Suppose A is a 2 x 2 matrix. Let p = det A and g = trA.
Then A has distinct eigenvalues if and only if ¢® # 4p.

Proof. Suppose a,b € C are the eigenvalues of A (repeated with multiplicity).
Then ab = p and a + b = ¢ so a(q — a) = qa — a® = p and therefore a? — ga + p = 0.
The quadratic formula implies that
_qEVE —4p _9FVE A
=— and b= —>F————
2 2
so we have a # b if and only if ¢2 — 4p # 0. O

a

Some other useful properties:
Proposition. If A4 is a square matrix then A and A7 have the same eigenvalues.

Proof. A and AT have the same characteristic polynomial since det(A —x1) = det((A—zI)T) = det(AT —
xIT) = det(AT — 2I). O

Proposition. Let A be a square matrix. Then A is invertible if and only if 0 is not one of its eigenvalues.
Assume A is invertible. Then A and A~! have the same eigenvectors, but v is an eigenvector of A with
eigenvalue X if and only if v is an eigenvector of A=! with eigenvalue 1/\.

Proof. 0 is an eigenvalue of A if and only if det A = 0 which occurs precisely when A is not invertible.
If A is invertible and Av = Av then v = A~ 'Av = A" dv = A4 v so A~ lv = At O

Corollary. If A is invertible and diagonalizable then A~! is diagonalizable.

Proof. If A is invertible and diagonalizable, then R™ has a basis consisting of eigenvectors of A, but this
basis is then also made up of eigenvectors of A~!, so A~! is diagonalizable. O

Corollary. If A is diagonalizable then A7 is diagonalizable.

Proof. If A = PDP~! then AT = (PDP™H)T = (P HTDTPT = QEQ~! for the invertible matrix
Q= (P HT = (PT)~! and the diagonal matrix E = DT. O

3 Inner products and orthogonality

U U1
Uz V2

Definition. The inner product (or dot product) of vectors u = .| and v = . | in R™ is the
Un Un

scalar u @ v = uq v + UgVg + -+ + Up Uy
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Note that uev =uTv =vTu=veu.

2 3
For example, | —5 | e 2 | =6—-10+3=—-1.
-1 -3

The notation “u e v” means the same thing as what is written as “u - v” in the textbook.

Some easy properties of the inner product.

Let u,v,w € R™ and ¢ € R.
(a) uev=veu.

(b

(c

(

) (ut+v)ew=uew+vew.

)
d) vev=0vi+vi+ - +0v2>0.

)

(cu) ov =c(uev).

() fvev=0thenv; =vy=---=v,=0€ERsov=0€R".

Definition. The length of v € R™ is the nonnegative real number |[v|| = v e v = \/v? +v3 + - + v2.
The distance between two vectors u,v € R™ is the length of the their difference |ju — v|.
Although u e v can be any real number, we always have [jv|| > 0.

For any v € R™ it holds that |[v]|> = v ev and ||cv|| = |c|||v] for ¢ € R.

Lemma. If v € R" then |jv|| = 0 if and only if v = 0.

Proof. The only way we can have ||v]| =0isif vy =ve =--- = v, =0. O
A vector v € R™ is a unit vector if ||v|| = 1.

1

Proposition. If v € R” is a nonzero vector then u = v € R"™ is a unit vector.

Proof. We have ‘

ﬁv” ool = 1. 0

We refer to u = ﬁv as the unit vector in the same direction as the nonzero vector v € R™.

1 1/3
2 —2/3 | . . . o
Example. If v = 9 then [jv]| =3 so u = 2/3 | ™ the unit vector in the same direction as v.
0 0

Definition. Two vectors u,v € R™ are orthogonal if uev = 0.

To motivate this definition we consider what it means in 2 dimensions.

Suppose u = [ Z } and v = [ z ] are orthogonal vectors in R?, so that ax 4 by = 0. Assume both v and

v are nonzero (since a zero vector is orthogonal to any vector and so is not very interesting to consider).

Ifa:Othenwemusthaveb#Ozby,soyanndu:{2}andvz[g]:—i[_g].
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b
_ b _| 7Y | _u —b
Ifa;«éOthenx—aysov—[ y} a[ a]'

We conclude the following from these cases:

Proposition. If u,v € R? are orthogonal and u = [ ¢ ] then v is a scalar multiple [ _s ], which is

b
the vector obtained by rotating u counterclockwise by 90 degrees. Thus orthogonal vectors in R? are
perpendicular/orthogonal in the usual sense of lines in planar geometry.

Suppose V' C R" is a subspace. The orthogonal complement of V is the set
Vi={weR":vew=0 foralveV}.

Pronounce “V17 as “vee perp.”

Proposition. If V C R" is a subspace then its orthogonal complement V+ C R" is also a subspace.

Proof. Since v e 0 =0 for all v € R™ it holds that 0 € V.
Ifz,yc V- andccRthenvecr=c(vez)=0andve(r+y)=ver+vey=0+0=0frallveV

so cx and x + y both belong to V. Hence V= is a subspace. O
The operation ()L relates the column space, null space, and transpose of a matrix in the following way:
Theorem. Suppose A is an m x n matrix. Then (Col A)+ = Nul(AT).

Proof. Write A = [ ar as ... ap ] where a; € R™. Let v € R".
Then v € (Col A)* if and only if v e a; = al v = 0 for all i. This holds if and and only if

aj
r,_ | %
Atv= . lv=0eR™,

a;,
i.e., if and only if v € Nul(AT). O
Here is our last result for today:
Lemma. Let V C R" be a subspace . Suppose v, v, ..., v is a basis for V and wy, ws, ..., w; is a basis
for V. Then the concatenated list of vectors vy, va, ..., U, Wi, Wa, . .., w; is linearly independent.

Later, we will show that actually k£ + [ = n so these linearly independent vectors are a basis for R".

Proof. The only way that the vectors vy, vs,..., v, Wy, wa,...,w; can be linearly dependent is if
avy + -+ agvg = bwr + - + by

for some coefficients a1, as, ..., ar,b1,ba,...,b; € R which are not all zero. But then there would exist a
nonzero vector in both V and V=, which is impossible since any v € VN V+ has ueu=0so u=0. [
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4 Vocabulary

Keywords from today’s lecture:

1. Trace of a square matrix.
The sum of the diagonal entries of a square matrix A, denote tr(A).
The value of tr(A) is also the sum of the complex eigenvalues of A, counted with multiplicity.

Example: tr{; 2 ] =1+4=5.

2. Inner product of vectors u,v € R™.

The scalar uev = uTv € R.

1 -1
Example: | 2 | o —-10 | = —-1—-20— 300 = —321.
3 —100

3. Length of a vector v € R™ and distance between u,v € R".

U1
Vo

The length of v € R™ is |[v]| = Jvev = \/v? +v3 + -+ v? where v = )
Un

The distance from u € R™ to v € R™ is ||u — v|].

4. Unit vector.
A wunit vector is a vector in R™ with length 1.
The unit vector in the same direction as a nonzero vector v € R™ is u = %”v.

Il

5. Orthogonal vectors.

Two vectors u,v € R™ are orthogonal if uwev =0.

Example: In R?, the vectors { Z ] and [ _2 ] are always orthogonal.

6. Orthogonal complement of a subspace V' C R".
The subspace V= {w € R" :vew =0 for all v € V}.

Example: If V = R-span{ey, ea,...,¢;} C R™ then V+ = R-span{e;i1,€i42,.-.,€n}-
If V = R” then V- = {0}. If V = {0} C R” then V* = R™.
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