MATH 61501 — Combinatorics of crystal bases (Spring 2020) Lecture 3

1 Review from last time

1.1 Characters of crystals are symmetric
Fix a positive integer n and set [n — 1] = {1,2,...,n — 1}. Our working definition of a crystal:
Definition 1.1. A crystal is a set B with maps wt : B — Z" and e;, f; : B — BU {0} for i € [n — 1],
where 0 ¢ B is an auxiliary element, satisfying some fairly simple axioms, including in particular:

o If b,V € B then e;(b) =¥’ if and only if f;(b') = b, in which case wt(b') — wt(b) = e; — €;41.

o If b € B then wt(b); — wt(b);41 = ¢;(b) — €;(), where

gi(b) := max{k > 0: eF(b) # 0} and @i(b) := max{k > 0: fF(b) # 0}.

Each crystal determines a crystal graph consisting of the edges b AN fi(b) #£0 for b € B.

The weakly connected components of this graph are called full subcrystals.

Example 1.2. There is a standard crystal B,, with weight function wt() = e; and crystal graph

1 2 3 n—1

The character of a finite crystal B is ch(B) = 3", 5 2%t ®) € Z[z7', 23", ... 2.
Crystals have a natural tensor product ®.

If B and C are two finite crystals then ch(B ® C) = ch(B)ch(C).

Proposition 1.3. The character of a finite crystal B is a symmetric Laurent polynomial.

1.2 Signature rule

Last time we described the crystal operators for B™.

Identify tensors wy @ wy ® « -+ @ Wy, in B%m with words w = wiws - - - Wy, .

The value of wt(w) is the n-tuple whose ith entry is the number of occurrences of i in w.

Fix i € [n — 1]. Replace each i in w by a right parenthesis and each ¢ + 1 in w by a left parenthesis:
w= 1223343212 and i =2 ~~» } 1 ); (l S) 4 S ) 1 )

We have the following signature rules for the crystal operators f; and e; in B&™.

e To apply the crystal operator f; of B®™ to w, consider the parenthesized word just described. If
each right parenthesis “)” belongs to a balanced pair, then f;(w) = 0. Otherwise, form f;(w) from
w by changing the letter ¢ corresponding to the last unbalanced right parenthesis to ¢ + 1.

e To apply the crystal operator e; of B®™ to w, again consider the parenthesized word. If each left
parenthesis “(” belongs to a balanced pair, then e;(w) = 0. Otherwise, form e;(w) by changing the
i+ 1 in w corresponding to the first unbalanced left parenthesis to <.

These rules mean that f3(33333) = 33334 and e3(44444) = 34444, for example.
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1.3 Crystals of semistandard tableaux

The Young diagram of a partition A = (A > Xg > --- > X > 0) is the set Dy = {(4,7) : 1 < j < \;}

A tableau of shape A is a map T': Dy — {1,2,3,...}, written (i, j) — Tj;.

A tableau T is semistandard if its rows are weakly increasing and its columns are strictly increasing.
Let SSYT,,(\) denote the set of semistandard tableaux T' of shape A with all entries T;; € {1,2,...,n}.

The row reading word of T is the word voto(T) formed by concatenating the rows of T in reverse order:

22\
3

roto = 322.

Last time: we can always recover T' € SSYT,,(\) from the word toro(T).

Fix T € SSYT,(\) and view vow(T) € BZM . Last time: if we apply e; or f; to voto(T) using the
signature rule, then the result is either zero or the row reading word of another tableau in SSYT,,(A).

Theorem 1.4. The set SSYT,,(\) has a unique crystal structure such that the row reading word is an
isomorphism onto a full subcrystal of IB%%'M.

To compute e;(T) or f;(T), use signature rule to compute e;(voto(T)) or f;(vorw(T)), then split the
resulting word (if nonzero) into the rows of a semistandard tableau:

22} _(|2]3]
3 3

f2(322) =323 ~ fy

The crystal graph of SSYT, ()\) is connected and it has a unique highest weight (an element T with
ei(T) =0 for all i € [n — 1]), given by the tableau of shape A with all entries in row 4 equal to i.

Corollary 1.5. The Schur polynomial sy(x1,x2,...,x,), as the character of SSYT,,()), is symmetric.

2 RSK correspondence

We have shown that SSYT,,(\) is isomorphic to a full subcrystal of B
Goal: show conversely that every full subcrystal of B2 is isomorphic to SSYT,,()) for some partition \.

For this we need some way of turning a word w = wyws - - - Wy, into a semistandard tableau with m boxes.

Definition 2.1. Suppose T is a semistandard tableau and a is a positive integer.

Form a new tableau T <2~ g from T as follows:
e Add a to the end of the first row of T if the result is semistandard.
e Otherwise, there is an entry b = T'; in the first row of 7" with a < b.
Choose this entry such that the column index j is as small as possible.

Let U be the tableau formed from 7" by omitting the first row.

Finally replace b = T, by a and replace the remaining rows of T by U By,

(In this case we say that the entry b is bumped from column j.)

We refer to T ¢~ g as the tableau formed by (RSK) inserting a into T.
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Example 2.2. If T = () is the empty tableau then T B = [a]

Example 2.3. If T = where a < b <c¢<dthen T K g = [a]b]c]d]

Example 2.4. For positive integers a < b < ¢ < d, we have

a
RSK alb|d a|b|d| RSK albl|b alb|b| RSK
b:c |‘and - |‘ b:cd ‘and Tq ‘ a:id

Proposition 2.5. Suppose T is a semistandard tableau. Then T FHK 4 s also semistandard.

Proof. 1t is clear that the rows of T’ K 4 are weakly increasing.
We must check that the columns of this tableau are strictly increasing.
This holds trivially if T' K4 is formed from T by adding a to the end of the first row.

Let U be the tableau formed from T' by omitting the first row and assume a bumps a number b in column
j from the first row of T.

By induction U B s semistandard, and if b bumps any number from the first row of U then this

number will be in a column 7 < j, so it follows that T’ FK o has strictly increasing columns as needed. [

Let T be a tableau of shape A. A pair (j, k) is a corner box of T if (j,k) € Dy but (j+1,k),(j,k+1) ¢ D,.

The corner boxes of T = i g 2] are (1,3) and (2, 2).

If T is semistandard then T <% 4 does not have the same shape as T

But there is a unique corner box of T’ £ 4 we can remove to form a tableau with the same shape as T'.
Definition 2.6. Suppose w = wiws - - - w,, is a sequence of positive integers w;.

Define a pair of tableaux (Prsk(w), Qrsk(w)) of the same shape as follows:

e For the empty word, define Prsk () = Qrsk () = 0 to be the empty tableau.

e For nonempty words, let

Prst(w) = (- (055 wy ) &5y ) L) By,

and inductively form Qrsk(w) = Qrsk(wiws - wy,) from Qrsk(wiws -+ wy—1) by adding a box
with value m to the unique position that makes Qrsk(w) have the same shape as Prsk(w).

The map w +— (Prsk(w), Qrsk(w)) is called the RSK (Robinson-Schensted-Knuth) correspondence.

We call Prsk(w) the insertion tableau and Qgrsk(w) the recording tableau.
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Example 2.7. We have

Prox (45122) — ((((® RSK 4) RSK 5) RSK 1) RSK 2) RSK
_ ((( RSK 5) RSK 1) RSK 2) RSK .,
_ (( RSK 1) RSK 2) RSK .,
_ (11]5] Rrsk RSK
- ([ 2) e
1]2] rsk
415 2
_[1]2]2]
1415
112

and Qrsk(45122) = 5 ‘ Alternatively
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and QRSK(41522) =

It is clear from Proposition [2.5| that Prsk(w) is always semistandard.

A semistandard tableau with m boxes is standard if its entries include each of the numbers 1,2,...,m.
A standard tableau must have strictly increasing rows and columns, and must contain each ¢ € [m] in
exactly one box.

A tableau T with m boxes is standard if and only if T" is empty or if m appears in a corner box of T'
and removing this box yields a (smaller) standard tableau. This inductive characterization makes it clear
that Qrsk(w) is always a standard tableau.

We claim that the RSK correspondence is invertible. To prove this, we need another definition:

Definition 2.8. Suppose T is a semistandard tableau with a corner box (j, k).
Define column indices col; > coly > - -+ > col; = k and entries val; < valy < --- < val; = Ty, as follows:
e Set col; = k and val; = T}.
e For each 1 <4 < j, define val; to be the largest entry in row ¢ of T with val; < val; ;1.
Then define col; to be the largest column containing this entry in row ¢ of T'.
Now set a = val; and form the tableau U from T' as follows:

— First remove box (4, k).
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— Then replace the entry val; in position (i, col;) of T by val;11 for each 1 < i < j.

In this event we write T 22 (U, a).

More generally, if bed - - - z is any word and T' CE2N (U, a) then we write (T,bcd - - z) ——= CL2N (U,abed - - - 2).

We refer to the operations T’ U, (U,a) or (T,w) U0, (U, aw) as unbumping corner box (j, k).

Example 2.9. If T =[a[b]|c[d]then r &Y, ﬂﬂ. d)

ala b‘
Example 2.10. If T =|b|d| wherea <b<c<dand (j,k)=(3,1) then
C
col3 =1<coly =1<col; =2 and val3 =c>valb =b>val; =a

alb
cld

d
2 ‘,b &) (a b|d‘7ab) (1.3) <“ b‘dab)
C C

L2, ([aTe) bdab) 25 ([al, cbdab) =25 (0, acbdab).

so we have T L < b ‘, a> . On the other hand

T (2,2)

’n|o~ o

Lemma 2.11. Suppose T is a semistandard tableau with corner box (j, k).

it 9, (U, a) then U is semistandard and T'= U LEAIP

Proof. 1t is clear that the rows of U are weakly increasing. To see that the columns of this tableau are
strictly increasing, it suffices to check (using the notation of Definition [2.8]) that if col; 41 < col; then box
(i +1,col;) of T is either unoccupied or contains an entry strictly larger than val; .

The claim that T LJ—% (U,a) implies T =U B s easy to verify. O

Theorem 2.12. The RSK correspondence w — (Prsk(w), Qrsk(w)) is a bijection from words to pairs
(P, Q) of semistandard tableaux of the same shape with @ standard.

If w has length m then Prsk(w) and Qrsk(w) both have m boxes, and wt(w) = wt(Prsk(w)).

Proof. Suppose (P, Q) is a pair of semistandard tableaux of the same shape with @ standard.
Assume each tableau has m boxes. Write Q71 (4) for the position of the box containing i € [m] in Q.

Define P;_; and w; for ¢ € [m] such that P; i> (P;—1,w;) where P, = P.

Then Q~1(4) is always a corner box of P; and Py = (), so we have

Q '(m) Q '(m-1)

L L
P p ) L (P v wy,) 2 2O

(0, wiwz -+ wy).

By the previous lemma (P, Q) — wiws - - - wy, and w — (Prsk (w), Qrsk(w)) are inverse maps. O

Corollary 2.13. The number of pairs (P, Q) of semistandard tableaux of the same shape with @ stan-
dard, such that P has m boxes with all entries in {1,2,...,n}, is n™.

Proof. Such pairs are in bijection via RSK with words wjws - - - w,, where each w; € {1,2,...,n}. O
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Corollary 2.14. The number of pairs (P, Q) of standard tableaux of the same shape with n boxes is n!.
Proof. Such pairs are in bijection via RSK with words wyws - - - w,, where {w1,...,w,} ={1,...,n}. O

Returning to crystals, we have an important complement to the previous theorem.
Here, we will omit ® symbols and write elements of B®™ as words w = wiws -+ * Wy,.

Write | | for disjoint union. The disjoint union of an arbitrary collection of crystals is itself a crystal.

Theorem 2.15. The map w — Prsk(w) is a crystal morphism BE™ — | |, SSYT,(A).
More strongly, suppose w = wiws - - - Wy, € BE™ and i € [n — 1]. Then:

(a) If e;(w) = 0 then e;(Prsk(w)) = 0, while if e;(w) # 0 then
ei(Prsk(w)) = Prsk(ei(w)) and Qrsk(w) = Qrsk(e;(w)).
(b) If fi(w) =0 then f;(Prsk(w)) = 0, while if f;(w) # 0 then

fi(Prsk(w)) = Prsk(fi(w)) and Qrsk(w) = Qrsk (fi(w)).

The slightly subtle details of the proof of this theorem will be carried out in our first homework assignment.

We note some consequences of this result.

Corollary 2.16. The full subcrystals of BY™ are the subsets of the form {w : Qrsk(w) = T'} where T
ranges over all standard tableaux with m boxes and entries in {1,2,...,n}.

Proof. The theorem shows that {w : Qrsk(w) = T’} is at least a union of full subcrystals of B®™, and
that w — Prsk(w) defines a crystal isomorphism {w : Qrsk(w) = T} — SSYT,,(A) where X is the shape
of T. Since SSYT,,(A) is a connected crystal, {w : Qrsk(w) = T'} must be a full subcrystal. O

We define a crystal to be normal if each of its full subcrystals is isomorphic to a full subcrystal of some
tensor power of the standard crystal B®™.

Corollary 2.17. The character of a finite normal crystal is Schur positive, that is, a finite linear com-
bination of Schur polynomials with nonnegative integer coefficients.

Proof. Every full subcrystal of a normal crystal is isomorphic to SSYT,,(\) for some . O

Corollary 2.18. A connected normal crystal has a unique highest weight element. The weight of this
element is a partition (after omitting trailing zeros) and determines the crystal up to isomorphism.

Proof. This is true for SSYT,,(\), whose unique highest weight has weight A, and therefore also for any
connected normal crystal. O

Lemma 2.19. The tensor product of two normal crystals is again normal.

Proof. The tensor product of subcrystals of BZ? and B is isomorphic to a subcrystal of B%“’ 0O

Finally, we recover the second nontrivial theorem about Schur polynomials from our first lecture.
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Corollary 2.20. For each triple of partitions A, i, v, there are nonnegative integer coefficients S such
that sx(z1, 22, ..., 2n)su(21, T2, ..., Zn) =), CKMSV(ZEl,CCQ, cey ).

Proof. The product sx(z1,22,...,2n)su(1,22,...,2,) is the character of SSYT,, (A) ® SSYT,, (1), which
is a normal crystal. We therefore have sx(x1,%2,...,2n)su(21,22,...,2n) = Y, ciusu(xl, Xy ey Ty)
where cf, is the number of highest weight elements in SSYT,,(A) ® SSYT,, (1) with weight v. O



	Review from last time
	Characters of crystals are symmetric
	Signature rule
	Crystals of semistandard tableaux

	RSK correspondence

