MATH 61501 — Combinatorics of crystal bases (Spring 2020) Lecture 8

1 Last time: Root system embeddings and virtual crystals

Assume X < Y is one of the following embeddings of Lie algebras / root systems / Cartan types:
(1) X=C,, <= A1 =Y,
(2) X=B, = Dp1 =Y,
3) X=F,—> FEg=Y,or
4) X=Gy—>D,=Y.

Let AX, AY be the corresponding semisimple weight lattices and let ®X, &Y be the corresponding root

systems. Write a;X, af and @;X, @) for the corresponding simple roots and fundamental weights.
Let IX and I be the indexing sets for the simple roots (and fundamental weights) in each case.

Last time, we specified a particular injective linear map ¥ : AX — AY given by the formula

U(w) = Z w}/ and V()= Z oz;/ for i € I* (1.1)
j€o(i) j€eo(i)

where ~; are positive integers and o is a map I* — { nonempty subsets of I } with I = Llicrx o(i).
We then gave a definition of virtual crystals of type X in terms of v; and o.

Specifically, let Y be a Stembridge crystal of type Y with weight map wt:V — AY, crystal operators €;,
fi, and string lengths &, @; for i € IY. We call V the ambient crystal. Define virtual crystal operators

= [[ @ and |fi= ][ (F)"| forier~

Jj€o(i) j€o (i)

Definition 1.1. A subset V C V is a virtual crystal if for each b € V and i € IX the following holds:
(V1) The string length &;(b) has the same value for all j € o(i) and this value is a multiple of ;.
The string length $;(b) has the same value for all j € o(¢) and this value is a multiple of ;.

This lets us define | ;(b) := %gj(b) € N|and |¢;(b) := %@(b) € N|for any j € (7).

[

(V2) The virtual crystal operators e; and f; restrict to maps V — V U {0} and we have

gi(b) = max{k > 0: e¥(b) # 0} and @i(b) = max{k > 0: fF(b) # 0}.

Assume V C V is a virtual crystal and define wt : V — AX by wt(b) := Z (@i(b) — i (b)) ¥ |.
ielX

We showed last time that W (wt(b)) = wt(b) for all b € V and that V is a seminormal crystal of type X.

The subsets in the image of the map ¢ are the orbits of a certain permutation aut : I¥ — IV that induces
an automorphism of the root system ®¥ and weight lattice AY, which we also denote by aut.

If V and V are both connected, then there exists a bijection V- \7, which becomes an automorphism of
the crystal graph after we permute the edge labels by aut, that fixes every element of V.

Finally, any highest weight element u € V is a highest weight element of Y and v/ﬁs(u) = aut (v/v\t(u)>
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2 Properties of virtual crystals

We start today by leveraging our setup from last time to prove three “Stembridge-like” properties of
virtual crystals. Continue to let X < Y be one of our four Lie algebra embeddings.

Theorem 2.1. Suppose V C Y and W C )7\/\ are virtual crystals for the embedding X — Y.

Then V@W C V@ W is also a virtual crystal for the embedding X — Y.

Proof. We may assume that all crystals here are connected. The tensor product of Stembridge crystals
YV ® W remains a Stembridge crystal, so we just need to check axioms (V1) and (V2).

Fixie IX,v eV, and w € W.

Since the automorphism aut fixes each element of V and W while permuting transitively the edge labels
j € o(i), it follows that aut also induces an automorphism of the crystal graph of VoW after permuting
edge labels. Thus €;(v ® w) and §;(v ® w) take the same value for all j € o(4).

Since V and W are finite type crystals, the definition of ® gives

(v @ w) = §;(v) + max{0, p;(w) — & (v)}

for any j € IY. By axiom (V1) applied to V and W, this means that

@i (v @ w) =i (i(v) + max{0, p;(w) — &i(v)})
whenever j € o(i). The right side is 7; times the formula for ¢;(v ® w) from the definition of ®, so we
get vipi(v @ w) = @;(v®w) for any j € o(i) as needed.
It follows similarly that v,e;(v ® w) = €j(v ® w) for any j € (i), so (V1) holds.
Since tensor products of seminormal crystals are seminormal, to check axiom (V2) it suffices to show that

filv ® w) is either f;(v) ® w or v ® f;(w), and that e;(v ® w) is either e;(v) ® w or v ® e;(w). We just
prove the first property since the argument for e; is similar.

If v; = 1 then f; is a product of distinct commuting crystal operators fj so the desired claim is easy to
check directly. Assume v; > 1. After reviewing our definitions of 7; and o from last lecture, one finds
that in this case o (i) = {j} always consists of a single element. Therefore

(f) () @w if 3j(w)

Foem = (e = { @ (F;) (w)  if Gj(w)

We cannot have €;(v) < @;(w) < &;(v) + +; since &;(v) and @;(w) are multiples of ~; by axiom (V1).
Thus f;(v@w) € {fi(v) ®w,v® f;(w)} as needed and we conclude that (V2) holds for ¥V @ W. O

Theorem 2.2. Suppose V C V is a virtual crystal for the embedding X — Y.
If V is connected (as a crystal of type X) then it has a unique highest weight element.
Proof. The connected virtual crystal V is contained in a full subcrystal the Stembridge crystal 17, which

has a unique highest weight element. This must also be the unique highest weight element of V' since any
highest weight element for V is a highest weight element for V. O

Theorem 2.3. Suppose V,V’ C V are two connected virtual crystals whose unique highest weight
elements have the same weight. Then V and V' are isomorphic as type X crystals.



MATH 61501 — Combinatorics of crystal bases (Spring 2020) Lecture 8

Proof. Let w €V and v’ € V' be the relevant highest weight elements.
Since wt(u) = wt(u') € AX we also have wt(u) = U(wt(u)) = U(wt(u')) = wi(u/) € AY.

The elements v and v’ are highest weights in the Stembridge crystal ]7, so they belong to isomorphic
(Stembridge) full subcrystals.

This means that V and V' are generated by elements of equal weight in isomorphic full subcrystals with
the same crystal operators, so we must have V =)', O

3 Fundamental crystals

We turn our attention to the classical Cartan types A,, B,, C,, and D,,.

Assume @ is a root system of one of these types and A is a corresponding weight lattice. As usual
write {a; : 4 € I} and {w; : i € I} for the simple roots and fundamental weights. We assume A is
simply-connected is the sense that A = R-span{w; : i € I}.

We have w; = e; +ea+- - +e; in all cases except in type B,, when i = n or type D,, when i € {n—1,n}.
In type B,, one has w,, = %(el + o ten).
In type D,,, one has @, _1 = %(el +---+e,-1—e,) and w, = %(el +--te,1tey).

We refer to these exceptions as spin fundamental weights.

Let B be the standard crystal associated to (®,A) and recall that an element b of a crystal is a highest
weight element of e;(b) = 0 for all i.

Proposition 3.1. Each full subcrystal of the tensor power B®™ has a unique highest weight element.

Proof. In types A,, and D,,, this holds because B is a Stembridge crystal.

In the remaining types, by the theorems in the previous section, it suffices to show that B is isomorphic
to a virtual crystal for the appropriate root system embedding.

In type C,, the standard crystal B can be realized as a virtual crystal for the embedding C,, — Ag,_1
by taking V = SSYT5,,()\) for A = 127722 and letting V be generated by the highest weight element

T = € SSYTs, (A

2n —1

under the crystal operators f; = ﬁfgn,l for1<i<mnand f, = (ﬁL)Q

Applying f; - -+ faf1 to T has the effect of adding 1 to the last ¢ boxes in the first column and adding i to
the second box in the first row. Applying fr,—; - fn—2fn—1 to fn -+ fof1(T) then continues to add 1 to
successive boxes in the first column while also adding to the second box in the first row. We discussed
this construction for n = 2 in the previous lecture.
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In type B,, the standard crystal B can be realized as a virtual crystal for the embedding B,, < D, 41
by taking V to be the tensor product two copies of the standard crystal for type D,; and letting V be
generated by the highest weight element | 1|®|1|under f; = (f;)? for 1 <i <7 and f,. = frfri1.

See Figure 5.4 in Bump and Schilling’s book for an example of this construction when n = 2.

More details are needed to thoroughly check that the virtual crystals just described are in fact isomorphic
to the standard crystals in types B,, and C),. But this is a completely straightforward exercise, using the
signature rule in type C,, < As,_1 or the definition of the tensor product in type B, < Dj,11. O

Our next goal is to construct a “fundamental crystal” B, with unique highest weight w, for each i € I.

This is accomplished for the first fundamental weight by setting B, = B, since in all four classical types,
the crystal B itself has unique highest weight element [1] with weight w; = e;.

The following proposition covers almost all of the remaining weights:

Proposition 3.2. If k € {1,2,...,n} and wy, is not a spin fundamental weight in types B,, or D,,, then
B®* has a full subcrystal with a unique highest weight element of weight wy, = e; + - - - + ey
Proof. We need to exhibit u € B®* with wt(u) = @), =e; + ey + -+ ey and e;(u) = 0 for all i € I.

Since we dealing with seminormal crystals, the second condition is equivalent to &;(u) =0 for all i € I.
The element u = |k |® --- ®|2|®|1| € B®* has the right weight, and one can show by induction that
J Jj—1
i(u) = max (Z (RS gai()) .
h=1 h=1
Since ¢; () = 0 we can rewrite this as €;(u) = maxi<j<x (Zfl;ll (EZ- () - 901()>> . This expres-

sion is always zero, as needed, since 61() = gol() € {0,1} in all of our standard crystals.

No full subcrystal of B®F has highest weight @), when w;, is one of the spin fundamental weights in type
B,, or D,, because all weights for B®* are in Z", which does not contain either of the spin weights. [J

To complete our construction of fundamental crystals for all fundamental weights, we need to identify
“spin” crystals corresponding to w, in type B, and to w,_1 and w, in type D,,. We will provide such
crystals using minuscule weights, which are defined as follows.

A weight A € A is minuscule if (A, a¥) € {—1,0,1} for all a € ¢, where a¥ = <a2,‘:¥>.
Here is the classification of the minuscule fundamental weights in the irreducible Cartan types:
e In type A,, all fundamental weights are minuscule.
e In type B, only the spin fundamental weight w, = %(el + -+ +e,) is minuscule.
e In type C,,, only w; = e; is minuscule.
e In type D,,, both w; = e; and the spin fundamental weights %(el +---+e,_1 te,) are minuscule.
e In type Fjg, there are two minuscule fundamental weights (w1, wg in Bump and Schilling’s notation).

e In type E7, there is just one minuscule fundamental weight (w7 in Bump and Schilling’s notation).

e In types Fy, G5, and Ejg, there are no minuscule fundamental weights.
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Suppose A € AT is a minuscule dominant weight. We define an associated crystal M as follows.
Recall that W = (s; : i € I) where s; =74, : x — x — (2, ) ).
As a set, M consists of elements v, indexed by the weights ¢ € {w- A : w € W} in the W-orbit of .

The crystal operators f;,e; : My — My U {0} for ¢ € I are given by the formulas

' )= i vy
filvu) = {Uuai if (g, af) =1 and ei(v,) = {Uﬂ‘i’ai if (u, o) 1

0 otherwise 0 otherwise.
The weight map for M is wt(v,) = p.

Example 3.3. Let’s consider the B,, case of M) where A\ = w,, = %(el +--tep).
The weights that can appear in the W-orbit of A are y = % S, €ie; where €; = =.

Write this weight as the sequence of signs €€z - - - €, and the element v, € M} as .

For example, denotes v, for u = %(el +es —e3).

The crystal graph of this example for n = 3 is shown below:

+__
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Proposition 3.4. Continue to assume A € AT is minuscule. Then there is a unique seminormal crystal
structure on M for the crystal operators and weight map just given. In this structure, vy is the unique
highest weight element.

We omit the proof of this proposition, which is a routine exercise

Proposition 3.5. Continue to assume A € A% is minuscule. Let B be a seminormal crystal with a
highest weight element u such that wt(u) = A. Assume B has the property that no two elements have
the same weight. Then there is a unique crystal morphism ¢ : My — B with ¥ (vy) = u.

Proof. By results in Lecture 5, these assumptions imply that B has a unique element b, of weight u for
every p in the W-orbit of . The desired morphism is the map v (v,) = b,,. O

Proposition 3.6. Suppose ® is a simply-laced root system and A € At is a minuscule dominant weight.
Then M, is a Stembridge crystal.

Proof. One must show that every branched subcrystal of My of types As or Ay x A; is a Stembridge
crystal. The connected components of such subcrystals satisfy the conditions of the previous proposition,
so they are isomorphic to twists of minuscule crystals of types As or A7 x Aj.

It is easy to work out the latter crystals explicitly: in type Ay they are isomorphic to twists of SSYT3(\)
for A = (1) and A = (1, 1), and something similar happens in type A; x A;. In either cases all crystals in
sight are Stembridge crystals. O
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We can now list explicit constructions of fundamental crystals:

Definition 3.7. For the spin fundamental weights wy, in types B,, and D,,, we take By, = My, to be
the corresponding fundamental crystal. We refer to B, in these cases as a spin crystal.

For the other fundamental weights wj, we take B, to be the full subcrystal described in Proposition
The crystals By, will be called the fundamental crystals of classical type.

If cy, is not a spin weight then B, is a Stembridge crystal or a virtual crystal (as full subcrystal of B®F).
If @y is a spin weight for type D,, then B, is a Stembridge crystal by the previous proposition.
Finally, if wy, is the spin weight for type B,, then B, is a virtual crystal:

Proposition 3.8. Let Y= Bs, ® B, ., be the tensor product of the spin crystals for type Dy 1.

Let YV C V be the subset generated by applying the virtual crystal operators
fi=(fi)ffor1<i<n and  fo=fufan

to the highest weight element v, @V, ,. Then ¥V C Vis a virtual crystal for the embedding B,, — D, +1
and this crystal is isomorphic to the spin crystal of type B,,.

Proof. One checks using the definition of minuscule crystals that ;(b) = 3&;(b) for 1 < i < n and
en(b) = En(b) = €,41(b) for all b € V', and similarly for ;. It follows that V is a virtual crystal.

One can also check that the map W : AB» <3 APwi1 has W(wBn) = wh ™t + wf_ﬁf.

Therefore V is a virtual crystal with the same highest highest weight as the spin crystal of type B,,. Using
Proposition (3.5} one can now deduce that V' is isomorphic to this spin crystal. O

Corollary 3.9. Each fundamental crystal B, has a unique highest weight element with weight @}, and
is either a Stembridge crystal (in types A, and D,) or a virtual crystal (in types B, or C,).

4 Adjoint crystals

Let @ be any root system with weight lattice A and simple roots {«a; : ¢ € I}.

We define an adjoint crystal that is an analogue of the adjoint representation of the corresponding Lie
algebra. This crystal Bagjoint consists as a set of formal elements v, for each root o € ®, along with an
element ¥; for each i € I. Define wt(v,) = o and wt(?;) = 0. The crystal operators f; are given by

Vo, Hfa—a;, €P "y )
B . - V_q, ifi=yj
Ji(va) =< ¥ if @ =y and fi(9;) = a )
. 0 otherwise.
0 otherwise
The crystal operators e; are given by
Vota, Hfa+a, € i
_ Vg, 1=
ei(va) = < ¥4 ifa=—q and ei(v;) =4 " J.
. 0 otherwise.
0 otherwise

The string lengths €; and ¢; are given in terms of the crystal operators by the usual seminormal formulas.

Proposition 4.1. The set Bagjoint is @ seminormal crystal with respect to the operators just given.
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Lemma 4.2. Assume ® is simply-laced and let o, 5 € ®
If a4+ kB € ® for an integer k > 1, then k =2 and a = —f.
Proof. Consider the maximal string of roots
a,a+ B,a+206,...,.a+ kB €.

Then if rg is the reflection in the hyperplane orthogonal to 8V, we have rg(a) = a + kp.

Therefore k = (o, 8V). The intersection of ® with the vector space spanned by « and 3 is a root system,
and since a and § have the same length, this intersection is of type Ay or Ay x A; or A; (when a = £5).
One checks that in these cases (o, 8Y) < 2, with equality only when o = —f. O

Proposition 4.3. Assume ¢ is simple-laced. Then Bagjoint is a Stembridge crystal.
Proof. By the lemma, the length k of the maximal string of roots
a,a+ B,a+28,...,a+kBed

is bounded by 1, except when a@ = —f when k = 2. Thus ¢;(vs) + €;(ve) < 1 except when a = +a;.

On the other hand ¢;(v,) — €i(va) = (@, ) so we have

2 fa=q 2 ifa=—q
0i(va) =<1 if (o, ) =1 and  g(va) =41 if (o, ) =—1.
0 otherwise 0 otherwise

From these identities, the Stembridge axioms are easy to verify.

For more details, see Section 5.5 in Bump and Schilling’s book. O

Question / exercise: in type A,_1, what is Bagjoint in terms of crystals of tableaux SSYT,,())?
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