
Math 5112- Lecture#4



Math 5112 - Lecture
# 4

-

i

Review : last time we saw two categories
of representations that are equivalent

to subcategories of algebra repns
"

→ motivates us to study
repns of algebras
( which we'll begin next time)

① Introduced notions of quivers Q = (I ,
vertices

( directed graphs with self -loops and multiple edges allowed)
,

quiver repns and the path algebra of Q



repnnof a quiver Q
E a choice of a vector

space Vi for each
vertex i c- I and

a linear map

Pij : Vi sVj for
each edge i→ j inn Q

path algebra of a ⇐ vector space with
basis the set of
oriented paths in Q

,

multiplication given by
concatenation



ketfats : if Q has finite set of vertices
then path algebra has a unit and
quiver

repnqs
of algebra repns

of path algebra

-

② Introduced notion of a Lie algebra
( a vector space of with a bilinear form ftp.gxgsg
satisfying (x ,D -O V-xc.cz and

[Cathal t Atid , Itt ( Cz. It ,517=0 Vx ,



Also discussed Lie algebra morphisms

( linear maps Of : g→ N such that

to knit) = [ AH , DAD t at Eg)
and Lie algebra representations

( pairs (
V
, p) where V is a vector space and

p
: g → gear) is

a morphism of Lie algebras)

Here gllv ) is the lie algebra
of linear maps:L :vav

with bracket Child
= 40 Lz- LaOL,



keys facts : la) If A is any associative algebra
-

then A becomes a Lie algebra
for bracket laid = ab - ba

ylw) is a special case of this
(take A = End Lv))

(b)
"

Lie algebras
"

are not
"

algebras
"

For us , algebra E associative t unital

but the Lie bracket is neither

(c) for any Lie algebra y , there is a
related algebra

called the universal enveloping algebra
U (g) such that

Lie algebra repns of y F. algebra reps of U ly)



today's fundamentals of tensor products
much of algebra (or maybe all pure math) is
subsumed by a precise understanding of tensor products

Basic setup. i suppose V andW ane k - vector

spaces . (K can be any field for now) .

The direct product of V and W as sets is

V xW = f laid 1 aEV and b EW?

This is just a set; no vector space
structure .

Define V *W to be the vector space with Vxwas
a basis

.



Each element of V # W is expressed uniquely as

a finite K- linear combination of pairs (a.b) EVXW .

Def the tensorproduct V ④W
is the quotient of Vt w by the subspace

spanned by all elements of the form

( v, tvz , W)
- ah

,w) - da ,W)
( V , witwz) - CV ,WD - LV , wz)

(av ,
w) - alvin)

( naw) - a Cv ,w)

for all a Ek , vi.kN EV , Miwa
,
weW



• V ④W is a Nectar space

• for any x EV and y c.W we write

x④y for the image of (x , y) under

the quotient map V *w → V ④W

• call xxoy a pure tensor Elements of
-

.

✓ ④W are sums of one or more

pure tensors.

• Can have x ④ y = x' ④ y
' when x tx'

y # y '

Take x
'
= - X and y

'
=
-

y

For any ab Ek, we have ax ④ by = ab (x⑤y)



HWExr-erc.ie i If { Vi) if I is a basis forV

and I w ; ) ; c.j is a basis for W then a

basis for V ⑤W is & Vi④WIT Ci . ;) e IxJ

q::÷::÷.in:c:::::c.:::: ..isomorphism N ④ CV ①W) → ①④V)@W that

sends a ④ (b④o) to Ca④b) ④e taEV
,
BEV

,
cc.W

for this reason, we can consider n- fold tensor products
v ,④

Vr ④ ---④Vn if each Vi it a vector space ,

without worrying about the need for parentheses.



We also have a notion of the tensor product
of linear maps .

If f : V →V
'

and g : Wow
'

are linear maps then we define f-④ g to be the

linear map V ④W → V
'

④W
' with

④ ④ g) ( a ④b) = fla)④ gas) for a EV , beW

tooheokthatthrsrswelldefine.to#
d- ④g) ( Cintra) ④W - V ,④W

-Va⑧w)

= Cf④g) ( (Vitry ④W) - lfxog) (Vixow) - Cf⑤g) (Vz⑧w)

= faith) ④ glw)
- fu) ⑤glw) - flu)④GIN = O ✓
-

= @wilt FWD)④ gun)
V u ,
KEV

,
WEW

= flu)④ gas t far)④gun)



One checks similarly. that we also got zero when applying
f ④g fo g

v@ (with) - V⑤Wi - V ①Wz tf v EV , w , ,w, EW

@V)@W - a CVXOW) taek
,
v EV

,
new

✓ ④ Caw) - a CVXOW) taek
,
VEV

,
weW
-

Appian : the tensor algebra of a vector space

Given a K-vector space V and an integer n so
,

let v
⑦ O Et k and V

④n dit v ④V ④V ④ -④V
-

Then set this is
:{fit;pace

It becomes an algebra with unit 7-e k = V CTV for

the bilinear multiplication satisfying ab KI a ④b for a EV
①
Y be pom



Here
, we

identify

④ (Mtn)

von ¥⑧ V
④m
= (v④V④ . - ④V ) ④ ( v④V④ . -④V) ⇒ V

un
--

n factors
m factory

call this structure TV the tensoralgebra on✓

Fast suppose {Vi , Va, Vn) is- ai basis fan V
.

Then there is a unique algebra isomorphism
TV → KSXii Xz, - - , XNY that sends each ↳ x:

free algebra in non - commuting
variables

(and more generally each tensor vi.④Vir④
--④Vik t Xi,Xia. - Xie)

this means that free algebras are
"

the same thing
"

as

tensor algebrasTV with a chosen basis for V



The tensor algebra TV has several notable quotients.

Pgf The quotient of TV by the two
-sided ideal

generated by the set fv@w-wx0vlv.w c-V]

is called the symmetric algebra SV

fast If luis , -- Naw? is a basis for V then

there is a unique isomorphism Sv → KG . ,xz .- , xD
polynomials in commuting variables

that sends each v .

- tsx :

polynomial algebras are
"

the same thing
"

as symmetric algebra,

SV with a chosen basis for V .



Def the quotient of TV by the two-sided

ideal generated by the set { v④v l veVI is

called the exterior algebra AV

($ iwedge V'$)

In AV we have (atb) ④ (atb) =O
= t a④b t b②at b④b/
= a ④b t b④a forall aEV ,BEV

so a④b = - b④ a

Thus we can think
of elements of A V as sums of

n -fold tensors where we can rearrange factory in each tensor

by introducing sign changes
.



Choosing a basis for V lets us identify
u

nv E
"

polynomial algebra in which
the variables anti-commute,

meaning Xi Xj = -xjxi

Finally :

Det . If V is a Lie algebra then its

universal enveloping algebra is

q
U (V) = TV Ifv④w-w④v - Cv ,w7/ v.weV)

intersection of all two -sided ideals containing
this is analgebra all of these elements



Tensor products of modules
-

Let A ,8 , C be K
- algebras ( k is any field)

supposeVi8e and

Wisaleft8-modukL
Thenwe can form the tensor product

✓④ow
diet (V ④W) kvbxoiv-vxobwlvwf.tw be8)

tensor product subspace of *④Wth"

tensor product of vector
of Vana w over B

"

spaces spanned by the given elements

without more structure, V ④ow
is just

a vector space : not a module for O



already a right B-module

Y is an (Aib) -bimodule if V is also

a left A-module such that car)b= a cub) ta
already a left O -module VEV

b

w is a ( B ,C)-b.module if W is also

a right C -module such that lbw)c = b Cwo) f. buff
w fW

Props Assume V is an CAD
-bmodule and

W is a CO, -bimodule . Then V ④ow

has a unique CA
,
C) -bimodule structure
def

in which a CV ④④w) # Cav) ④ •W{ cvxgwsc tee v ④• cwo,

for Iff y



Here
,
we write X ④

o.
Y for the image of

x ⑤ y f
V ④W under the quotient map

VxOWsVxOoVV@ogr.rIf B is a commutative algebra , then

( left O -modules) ⇐ ( right 8-Modules)
⇐ ( 10,8) - bimodules)

so we can form the tensor product of two

B-modules (by. regarding ing
these as 10,0) -b.modules)

and the result will have a B
-module structure



(A) If B is an algebra that is not

commutative, then there is no natural

definition of a tensor product for

two left O -modules (or two right B-modules)


