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Last time : K is an algebraically closed field

for integers h> 0, let MatnCk) =§naY§b§{tofu,}
Note if V is n - dim vector space over k

then Endas
I MathCH

suppose A = ¥
,

Mat di Ck
) for some duds

,
..drso

Convenient to view At a MatnCk) for n - d, tdat .- tdr



thnx) for each index i , A has an irreducible

representation Vi E K
di
Cas vectorspaces) and

every finite- dimensional repn of A is a direct sum

of copies of Vi
,
V2
,
- , Vr

Let V be a finite dimensional reps of some algebra A

temme There exists a
finite filtration

O = Vo C V , ok C
-- CVh =L

where each Vi is a subvrepn of V with Vi / Vi, irreducible



Assume d in CA) so ,
the radio of A is

Rad CA) def set of elements in A that act as zero
in every irreducible reps of

'

A

(nontrivial) largest nilpotent 2-sided ideal in A

Thing A finite dimensional algebra A has

finiteto many irreducible representations V , is ,→Vr

up to isomorphism
,

each Vi has finite dimension
,
and

A / RoedlA) I
,
.IQ End (Vi) E ,

Mata, CH

where di - dim (Vi)

Each End(Vi ) has dimension
di = dimwit so

far If dim Aca
then dimA - dim Rad CA) = is

,

dimwits dimA



Examples
① Suppose A = K(XT / (xn) where n> I .

A = K -span{ I , x , X', x
'

, n ,
xn)

+
n so in A ⇒ if (AV) is a finite -din nepnoff

then exists a basis for V in

which matrix of pH) is strictly
upper triangular

⇒ if V is irreducible then pCx) =O
'

and dimV = I

Thus A1 Rad (A) I EndCk) =k
(can

seedirectly that

RadCA) = Cx) )



② Suppose A is subalgebra of upper-triangular
matrices in MathCk)

(et (Vi , pi ) be repn of A in which

Vi sk and pi La) = aii (diagonal
entry of it

for is 1,2, -- ,h .

in now i)

These repns are irreducible and pairwise
-non- isomorphic .

They give all
irred. rephs of A Cup to isomorphism)

since RadCA) = strictly upper
-triangular ← easy to see that this

(matrices in Matnck, / is ageing"potent

⇒ A1BadCA) I kn ⇒ F n isomorphism classes
if irred. A-repns .



Det .

A finite -dimensional algebra A

is called semisimple it RadCA) = O .

Recall that a repn of A is semisimple if it
is a direct sum

of irreducible subrepns .
-

Prof. Assume A
is an algebra l k with dimA car .

0

The following are
equivalent .

① A is semisimple

② §, dimwit =
dim A where kik. . . - Nr are the distinct

isomorphism classes of irreducible A-repns

③ A E it
,

Matdilk) for some di
,
da
,
.. ,
dr>0

④ Any finite-dim. repn of A is semisimple



⑤ The regular repn of A is semisimple

PI
.

① ⇐ ② since dim A - din Rad CA) = §, dimwit

① # ③ by theorems CA) and CB) .

Implication ① ⇒ 3 is then 18) exactly

③ t thmot) ⇒ ② ⇒①

Now we claim that ③ ⇒ ④ ⇒ ⑧ ⇒③
in
btthm CA) tha

W

Ass÷y
Canwrite A = di Vi where Vi Ns

,
- Yr are irreducible

"
and pairwise non isomorphic

(this decomposition exists by ⑤)

consider Enda
CA) = (morphisms ATA as A- repns) = Home. CA ,A)

Sonar 's lemma ⇒ Enda (Vi)
=k so Enda ( divi) E Mata; Ck){Homa CV

,

0 so Hamp Cd .-Vi , do
-Vj) -0 if it j



⇒ EndACA) = Homa CA IA)
= ¥ ttomldivi , d
in

E § Matdick
) so if it j

Exercise : ( Enda CAD
"
EA (or EndaCA) - AOP)

Last time : (§ MataiCKDOP
±

'

④ Mata.lk) via transpose map .

→ A ± Matai Ck) ← this is property ③ so ⑤ ⇒③
.

O

-

2-

characters Let A be an algebra .

Let (V , p) be a finite
-dimensional repn of A .

The character of
(Vip) is the

linear map Xcrpg
: A → k

with the formula rxcyp, la)
= trace ( pla)) for a c- A .



How to compute trace of de Enda) ?

Choose a basis e, ,ez, . - ,en
of V .

Then trace lol) = ;§, ( coefficient
of ei in cflei))

① This defn does not depend
on choice of basis

② Always have trace ( didD= trace ( oh for d
, .dz C-Grid W)

⇒ trace ( d , choli) = trace lolz) if d, is invertible .

③ IYIIITY.LY?u7.,fmitedmA-manstheng
If p is implicit , often write Xv instead of Xcypg

.

Let CA ,AT = k
- span { laid

Eet ab -bat a.be AT

Fact CA ,AT S kernel ( Xiv ,p)

PI Let X - x cup .

Then X lab-ba) = trace ( pleb))
- trace (pl bat)

= trace lplatplb))- trace Cpc b)plat)-00



Thy characters of any list of non- isomorphic
irred . fin .- dim .

A - repns are linearly independent

"
{
t not returned nbep.fm;

man
,
are distinct) .

Pt . Assume (Vil A) fth , R)
,
*

,
Nr

, pr) are

pairwise non-isomorphic
,
irreducible

, finite - dim . A - repns .

The map p , ④ Pz④ . - ④ Pr
: A → EndWi) ④ End lb)④ . . .④EndHr)

is surjective .

Thus if I tixwr.p.la) -0 for all at A
↳bxy↳ it

for some ti z, . - , tr E
K
,
then i.ti traceCmi) -0

for any Mi
een
!
Crr) chosen independently . only possible if tito

.



Say that a character X cup
is irreducible if (Yp) is irreducible

Thy Assume A is semisimple and dimAc N .

Then the
irreducible characters of A are

a basis for (A / CA ,A7)
*

linearmaps A / CA ,AT
→ K

PI Each character X has CA ,A) C KerCX)

so X belongs to CA / CA ,AT)
*
.

we have A = Mat d,LH④ -- ④ Matar (H

⇒ CA ,AT = iQ (Mat diCH , Matdich)



Claim that [mat dad , MataCKD = slack)
in

dxd matrices 1k

AA sunning the claim , we have with zero trace

A ICA ,AT E Kr since Matlock
) / slack) E K

But we know that A has r distinct irreducible

characters (by ThmCA)) and these are linearly

independent elements of CA ICA ,AT)
*
so must

be a basis (as dim ( AHA ,A)
*
= dmCAVANI) er)

to prove claim
: note that Eij = (Eik, fkj) for itj

-

CfiY = ( Ei
,
in

,

Eiti
,
i) where Eij is

elementary matrix with 1 in entry Ci is) , O elsewhere . O



Twogeneralresults Assume dimAs a

Jordan- Holder thin : Let V be a finite
-dim

.

¥¥psewe have filtration
0 = Vo CV , ch

C - Cvn -V and

O = vd ou
'
CVic .- cVrh =V

where each Vi and Vi
' is a subreph with

Wi Eet Vrtvi., and Wi
' Et VilVil, irreducible .

Then n =m and F permutation o of 1,2,3, -. ,n

such that Wai, I w ! for
all i

.



PI (when charCk) -0) *
to

check that Xv = Et,Xwi = ;§,Xwi'
Wj showing that Xu ⇐xwtxviw for any subrepnW .

Deduce them by linear independence of characterso

(proof doesn't work for charCk) =p so

because multiplicities of irrod . chars .
Could be

multiples of p . Can handle
this case by more involved

inductive argument→ see textbook .)

call the common length mm =p of these filtrations the

length of the repn V .



Krull - Schmidt thm

g
-

It V is an A-repn

Assume with
d 1mV LA then there is a

tint decomposition of V , which is unique up to
<
q

isomorphism and rearrangement of factory,

as a direct sum of in decomposable A-repng
-

proof next time . (Uniqueness claim it nontrivial part)


