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Math 5112 - Lecture#a,
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Last time:

Jordan -Holder theorem : any finite dim . repnV of
an algebra has a filtration
with irreducible quotients , and

the lengthand quotients are
uniquely det'd up to ±
and permutation of indes

Krull -Schmidt theorem
: any finite . dim .

"repnV of
unique upto E

an algebra A has Lang, :q÷ggmnt) direct sum decomposition
into indecomposable subrepns .



Comments : statements 1 proofs we gave for these
theorems included assumption that the

ambient algebra A has d im A L N and

is
,
defined overran alg . Closed field K

① Both theorems still hold when dimA = a

PI the statements hold for V viewed as an A -neph
if they hold for V viewed as a repn of the

fin . dim - alg - pv CA) C End(V) .

② Both thins still hold when k is not atg. closed .



Repos of tensor products :
-

If A omnd B are K -algebras then so is A④ B
(vector space

in a natural way . tensor product)

If V is an A- rpm and W is a B -raph

then V ④W is an A④8 -repn.

Thy If
V, W are irreducible and finite -dimensional

then so is
V ④W (as an A④B -repn) ,

up to
E

,
all irreducible finite -dim. trepans of A

arise in this way
.



Coins
: previously, we reduced the proof of this to

case when A and B are semisimple and finite

dim- hence (directsums of) matrix algebras

In this concrete setting , theorem is easy to checkdirectly.

For example Matmlk and Mat ndo) have unique
rived trophy

km and kn , and km④ kn = km
"

the unique
hired Jeph

of thatmilk) I Mat mad ④ MathCH .



New topic : finite group representations

For a K-vector space V recall that GUV
) is group

of invertible linear maps V
→V .

Let G be a group- A (grapheme of G pg

a pair (V , p) where V
is a vector space and

p : G
→ Gun) is a group homomorphism

key fact : we have seen
that repns of G ome the

same thing as terms of the group algebra
K [G) = K -spanlag I g EG]



From now on
,
we will think of elements of kid

as formal (finite) tinier combinations of group elements,

writing qq.ge!!
instead of seq og agg

"

formal symbol
indexed by geo

"

Wee are interested in repens of finite groups G
In this case 1407 has finite Dimension

.

First important question : when is
kGT semisimple?



From now on
,
assume G is a finite group .

Masohketthm Assume chalk) does not

divide 1Gt Et #elements of G.

Then kKd is semisimple .

PI . Let (Vip) be a fin. dim . G
-repn . ( hence also

a KEG) -reps) ..
It suffices to check that ✓ is

a direct sum of irreducible subrepns
. This clearly

holds if µ) is imoduabk so assume
it isn't .

Then V must have an irreducible subrepn W .



It is enough to show that V has another

subreph U such that V = W④U (by inductionandim)

Now it's easy to find a subspace 0 that is not
necessarily a sub repn but that has V = W ⑦ 0

as vector spaces .

Namely , choose a basis wi , Ws ,- ,Wm of
W and

① xtend to a basis wi
,
wz

,

-

,Wm ,
Ui

,uh .- ,Un
forV

and set 0 = K- span fu, ma, - , un)



key idea : let IT : V →W be linear map with

IT ( Wi)- Wi and *( uit = O .

Then define

o = , ggg pl
0 To pig

-t)

Now Take U = Ker lo
) - Claim that

① U is a subrepn ant ② V = W④U

① holds because oplh
) = to, geo Pl a top (g-

'h)

set F' = g-
'

h

⇒ g - hx

= fggplhxlotoplx-Y-plh.jo



Thus ow) so if oplh) (u) so far and hEG
Uf U .

③ Note that imageCd CW as W it subrepn .

Moreover , Gcw) =w tf w EW since Itlwlsw Knew.

⇒ o
'
= o

.

Thus and VEV has

v = (v- ow)) tow)
w

w

C-N EW

cand Wn U = ⑧ since x EW AV has

+ = och =O - thus V = W④U as needed:O



Er Assume chalk) does not divide IGI .

Then there are finitely many isomorphism

classes of irreducible G
-

repass Chik
)
, Nypd

.
...

,
Cvr

,Pr)

and these all have finite dimension and

I GI = i. dimVi)?
=

Moreover
KCGT → IQ

,

End (Vi)

via linear map with g↳ ( pig), pals) ,→ Pr Ig))
%



Comfort i Rerpn theory of finite
-din semisimple algebras

is trivial in the sense that everything
is just

sum of matrix algebras.

What makes irepn theory of finite groups interesting

is the distinguished basis of K[GT provided by G
itself. Going from this basis to natural bases of Kfed

viewed as sum of matrix algebras it nontrivial .

Gymerse to Marschke
's than : If Kal is semisimple
-

then ohaww does not divide IGI .



PI . Assume k Cot is semisimple .

The subspace U Et k-span I qq.gg] is a l-dime

subrepn of regular repn off k [GT .

semisimplicity ⇒ there exists a complementary subrepn

V C KCGI with NOT
= UTOV

•
view K as trivial G-mph with g. c-

-

o ttstff

Define lo : KW → K to be linear map

that maps V →0 and send g%9↳ Ik

key insight
: because UN are subroping of is a morphismof

Kat - repns. Thus lol g) = lol go1)
=

g. loud OCD
q

w

rnKH Ek



But this means that

I
.

= d l 9,9)
= foodb) dat - 1610lb

Thus IGI must be invertible (
and nonzero) is k,

so char ad must not divide
lol

. O

-

characters of group repns
-

Assume G is a finite group
. If (Vip) is a G -repn

with dinV ca then
its character is the map Xcrpj Gsk

with formula Xcv ,p (g) - trace pls)



Fact If (Vip) E IV
'

, pl) then Xu , p,
= xcvpy

The conjugacy classes of G are the sets

kg ¥6 ( xg.I
' I xc. G] for geG

A Claxton of G is a map G → k that

is constant on all conjugacy classes
⇒ f is class function if f- ( xgx

"

) = f- Lg) tf x ,g EG

fact characters of G-repns are class functions

Thecharacter Xu ,p is irreducible if (Vip) is .



¥ If ChanCk) does not divide
1Gt then

the irreducible characters of G ane a basis for

the vector space of class functions.

Peg In this case kCGI is semisimple
so irred .

characters are a basis for ( KCEl Hkfa ,
14677)
*

but this is just {"Y?rgmgY / fight - flhg) fg ,he
set x- hg
→ h = xg

"

= (
"7%7411%+51 .-tix, v. x.go}

= class functions on G o



Cg . If I Gl is not
divisible by char Ck)

then # isomorphism classes of irred . G- repp

is # distinct irred . characters of G and also

is # distinct conjugacy classes of G .

Coy If challot -0 then two G
-repens

(V , p) and Nip
') are isomorphic iff

XCup) = Xw
'

, pi ) .



Def . G is abelian if gh - hs fan all g , he G

Fact If G is abelian then all irreducible G-repns

are l -
dimensional

If In this case
K is a commutative algebra

(all irreps . of
commutative algebras are l

-dim 'l)
.

O

-

suppose f- : V TW is "may means vector space of
linear maps V →K

Define ft : W
*TV

*
to be linear map with

formula f
*(t) = to f



If f E Guv) then f * E GUV*)
.

Suppose ( V , pv) it
a G -repn .

Define Prix : G
→ GUV*) by formula

pv* 191 = (prig)*)
"

= (pug5)
*

= pig
-D*

Fact If (Vip) is
a repn then so is (Vt, pv*)

Assume dim V ca .

Fact fr (f)
- tr ( ft) so Xcvxgpxg 19

) -Xcrp,15
')

for all g C-G .



Fact Xw ,pls) is sum of eigenvalues of play,

which must be roots of
units since plgjlb! pcgnay

= pug) = 1

Fact If K
- Q then

Xcypj 15
') = XqpTg) =Xcv*, pix) 19)

for all gEG .

In this case (V , p) I (Vt, ptg
if and only if Xcv ,p, (g) E IR t g .



If IV , Pr )
and (W , Pw) are G-reps then

so is (V④W , pvxow) where

pranks) is linear map vxow 1- putg) a)④pvlgllw)

fact If
dimVLN ,

dmWea then

Xcvxowipvxow) = Xu ,pv)Xcwipw)
ptantnwe multiplication of functions


