
Maths 112- Lecture# to



Math 5112 - lecture # 10
-

Last time : representations and characters of

(finite) groups.

Let k be an algebraically closed field .

A representation of a group G is an(algebra) repn
(v
, p) of the group algebra KEGT .

This means that p 11467
) s EndLV) all linear maps V -v

p ( G) f GL(
V) invertible linear mapsVN



Assume G is a finite group.

Masohkeheaem The group algebra KCGT is

semis if and only if charCk) does not
divide IGI .[(means all irreducible G - repns are finite-dim ,

and all finite -dim . G -repns are direct sums of irr . repns)
Assume (V , p) is a fin .

dim
.

G- repn .

Then its character is the
linear map Xu

,pg
:KlElek

with g - trace(ptg)) for g EG.



In this case dimv = Xcyp, CI)
sometimes called the degree

Say that Xu ,p, is irreducible
if (Vip) is .

Let Irr ( G) denote set of irreducible characters

of G .

Some things that always hold :

① If (V ,p) E LV 's p') then Xcv ,p --XCupD

② Each X -- X cup) is a class function on G
- l

meaning a map Gsk that is constant on

conjugacy classes ⇒ X ( ghg
') =Xlh) forall

9 ,h EG



When kCGT is semisimple, the following holds :

③ IrrCD is a basis for vector space of class functions
on G

④ If charCk) =o ,
then Xu,p -Xcvipy if and only

if (Vip) I (V
'

, p
') . Doesn't hold if Chanda>a

⑤ E ND
'
= I GI

X E Irr(D

E± If (Vip) is a G -reph with dimV =L , then Xwp, =p

Suppose k -
- G and G is cyclic group of order n

31 generated by ×

Let Xmn be map ①CGT → ④ with X J ↳ J MJ where y , e
"

Then Irr (G) = { Xoixiixz . -
,
Xnif

,



When a finite grasp is abelian (meaning that the

group algebra is commutative)
, every irreducible mph

is 1-dimensional . this
is true of all commutative algebras)

If V is a vector space then V
*
= ( linear wraps Vek)

If f:V→W its linear then f-
*
: W*→✓

*
is map

f-
*

: X te tof

If CV
,pi) is a mph of a group G then the duatrepn

is Whipp) where Pr* la - Cpu Igf)
"

- lpvlgj
'#puts

for gEG.



Fact Xu*
, pp) 19)

= xcv
,pig
15
') t gt G

when dimV CA .
In this case we also have

-
,

Xiv
,p) Ig)

= Xu
,
15
') t gt G if K - g

.

If (V , pv) and LW
, Pw) are G- repns then the

tensarproductepn is (V ④W
, prawn) where

Pv④w Ig) is the linear map V ④W→ V ④W with

v④w ↳ Pr (g)v ④ Pw(g)w for gtG,
VEV

,
wtW

.

Fast If dimV
LN
,
dimmed then Xcvxow ,pv④w) -Xcypv)HmpD



Remand A G -repn is a left KAT -module .

KCA 's often a noncommutative algebra .

Earlier we emphasized that if A is a noncommutative

algebra then the tensor product
of two left A-modules

is not a well -defined left A -modulo in general .

How to explain the tensor product of group rephs ?
Solution :. tensor product of two left A-modules does have

structure of a left A ④A - module . In particular

tensor product of CV
, pv) and (

W
, Pw) is a repn of

K ④KEG) . Special property of group algebras :

klol ④kid has a subalgebra K-spanf g④g I g c-G) ING)



thence any KCA ④ KEG)
-

reph Can be viewed as a

1407 - repn.ms this is how we define (V ,pv)④ Cw, pw)

=L

today : more special properties of characters .

Everywhere today , G is a finite group and K
= Q

.

Given any functions f. , fz
: G e Q

,
define

( fi
,
fo) E ¥, ggg fitg)

fist

This form C- , -) is Hermitian and positive definite
-
-

linear in fi means ( f ,f) ispositive and red
conjugate linear in fz for f -1-0



Thy Irr (G) is an
orthonormal basis for class functions

irreducible chars of G on G under C ' ,
e )

specifically , (x , 4) = {
'

o
!! If, for x.at Inlet

Moreover, for any fin .

dim
.

G - repns (V ,pv)
,

(W ,pw),

we have (Xena, ixcw.my) = dim Homo (WN)
\
---

morphisms of KCET -repns

PI suffices to prove this
✓ W TV

by Schur's lemma.

Let Xv = Xlv ,pv) and Xw = X (w, pw) ,

then cxrixw) -
- tag.TK?.yI.IY='EigeEM?.IIILgff-Xvxow*lT)



where we define it Et IIT g§g9 E KCGT
.

Note that GIT = IT for all gEG .

is a subrepnofx

If X is any G- repn and × c.X then d

itx e Xo Ket
"

f veX l gu -v Age G] .

If X is irreducible then X
G
is either for 0

Thus IT acts on any G-repn X at projection X→×?

⇒ Xx (t) = dim(XG) for any fin .dim. G -reph X .

Now to compute Xv④w* (IT) = dim (V ④W
*)
G

observe that (elements of V④W*¥ (linear maps Wtf



( identity ? vi ⑤ti
with map w te ft ; Cw) vi) and

(o .i%q%w¥emen*) correspond tofdeanmegntgw
Thus dim hi ④W'T! dim Homo CW,V

)
. o

Actually (V④W*)G I Homo Cw ,V) as vector spaces
( should check this

!)

Forge G let Zg =/ heGI ghehglfseuntbgrdj.gg)
Fast size of kg Etf xgx

" txtG) is 1¥,



Them Let g ,he G.
Then

& Imf
4th = { kgl

if kg.ph

0 otherwise
.

Pfskeyteh Since GIGI is semisimple, we have

① QQ I ⑦ End (Vy) where he is an irred .

4 C- Into G-repn with character 4 .

② Can identify End (V ) E V ④ v
*

Now interpret f.*right. .,a÷, trace off!!:I÷!÷9II.



This trace is just # ( x E G l x = gxh
" I

= # TxEG l g = ×hi') = f O
if 9th not conjugate

12g! otherwise . O

mnVnitartrepA finite dim repn ( V , p) of a group
G (over K- o) is unitary if there is a positive definite

Hermitian form C-
.
.) : VxVI Q with

( p Ig) x , pls) x) x (x , y) tx , t EV , g EG



prog If IGI L N then any finite . dim. G -repn is

unitary .

PI Pick any basis Ivi) for V .

Consider the positive def . Hermitian form a
V with

⇐⇒ it ::
Then the form (µ , y) def % ( Pv G) x, pv lady)

makes V unitary . O



prog If (V ,p)
is a fin . dim .

unitary pepn of

(not necessarily finite
) group G, then (V , p) is

semisimple / completely reducible ( direct
sum of irreducible

subrepns )

PI choose an irreducible subvepn
V of V .

If U *V then let Ut = ( v eVI luv) so V-uc.lt

Then V =U ④Ut and both V ,Vt one subreps , so

result follows by induction on dimension . O



Matrixelements Assume G is a finite group

and K -- G (as we have been doing so far) .

Let CV
, Pr) be an imed . G -reps.

Choose a positive def . Hermitian formC- ,
-) on V

that is G -invariant , making (
V
, pv) unitary .

Let Evil ifI be an orthonormal basis
-of V

ie with lui , v; ) = f d '
'

it ! ! Hi , j EI
entry in position Ci ,j) of

Define tis (g) = ( prodvi.Vj) = (mintrib resisting. Pay
( for g c-G)



Each tij is a map G→ Q , called a matricide .

Prod .

The rescaled matrix elements

firm ti
: G → g

(as V ranges over all
isomorphism classes of irred.

G -repns and i ,j range over
the indices of an orthonormal

basis of V) give an orthonormal basis
of the

space of a1 functions G
→Q ( for the form

(fi
,
fr ) = tgggfilg) 6219T)



PI (see textbook)

Note that # of such matrix
elements is § ( d.my

! lol

-

Charaotertables Suppose G is a finite group .

Choose representatives 1=91
,
92
,
--

,
Sir for distinct

conjugacy classes in G. Suppose

It = X , pz, . - ,Xr are the elements
of Irr(G)

the character
with g. to 1



Then everything you want to know about Irr to)

is encoded by the Matrix

IMG) 1=9, 92 - - - Sr

l l l⇐÷÷i.
.

i

Xr Xrll) TrGr) . -- Xrlgr)

called the character table of G
-



Ex If G = Sg symmetric group on 3 letters
,
then

the character table is

Irr(S3) (I 2) C l 23)1-
X l l l

xp /2 O t

x I - l l

Using the character tablet orthogonality relations from today ,
you can compute sizes

of all conjugacy classes / centralizer subgroups
in G ,

and boompose products of characters into irreducible .


