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Last time :

① Frobenius divisibility thin : The dimension
-

of any irreducible complex representation
of

a finite group divides
the size of the group .

② A group G is solvable if there are
-

normal subgroups {I} = G, O Gad Gg T - - o Gn=G

such that each quotient Git , I Gi is abelian .
Burnside's thin If G is finite with size 101 =paqb
-

for distinct primes p ,971 an
'd integers a,b30 , then G is

solvable .



PI Assume G is a finite group of order paqb that
is not solvable .

( Argue by contradiction)

Assume G is smallest group with these properties.

Then G must be simple (since otherwise any

proper nontrivial subgroup N T G would be solvable, as
would the quotient 01N , implying G is itself solvable)

Last time we proved : Thy Any group with a conjugacy

class of
'

size pk where pot is prime and K>o , is

most simple.

Hence G has no conjugacy classes of size pk or qk
for k 20 . The size of any conj . Class divides I GI , so

each of these sizes must be 1 on a multiple of pq .



But paqb = IGI = E IKI
K conjclass ofG

= I t
E IRI
K nontrivial

conj .Class off

so must have at least one nontrivial conj . class

{is *K with 1121=1 (otherwise we would have

Paqb E l (mod pg) which is impossible
as 6=11)

This means center 2- (G) = I geol gxexgkxc.co]

has size at least two . As GI t z(G)TG, must

have G = 2- Co) as G is simple, but then G is solvable,
a contradiction. O (and abelian)



Representations of product groups
-

Recall that if A and B ane algebras (over some field K)

then the vector space A ④8 is naturally an algebra .

If V is an A- reph and W is a B -nepn then

the vector space V ④W is naturally an A④8 - viepn .

Moreover
,
the operation (V,W)↳ V@W is a bijection

fi:÷÷÷÷sx÷÷÷÷d→v÷÷÷÷ ..)
(we proved this in an earlier lecture . )



For groups G and H
,
the cdirectlprodu-tg.rup

Gxtt is the set { 19,h) Igf G,

he HT with

group product (9 , , h,) (oh, ha) diet (9,92, hi hat .

Over any field K , there is an obvious isomorphism

KC 6*1-17 I KW ④ KAD

( g ,h) l- g ⑤h

so we can view any HCG④ KAM
-

rephas

an ( algebra) repn of K ( GxH) or as a

(group) reph of G x H .



Prof . If G
and H are finite groups

then the operation (V ,
W)↳ V④W is

a bijection

{
in

.

er xli:*:{¥1 - f
'

÷
.)

for any field K .

PI. This is a special case of the statement

for algebras because all irr . repns of finite groups

are finite - dimensional . O
↳ as the associated grasp algebras are

finite -
dimensional



Virtual representations →
formal linear

-
Combinations of reprns
with coefficients in 7L

The (split) Grothendieck group of the
-

category. Repk(G) = ( finite . dim .

repns of a finitegroup G Ik)
is the abelian group generated by the formal

symbols (VT for V C- Reputed subject to

relations Cv④WT = CD this forany W ,VtRepubs

(VI = Cw) if V EW as G-repns.



If kCGT is semisimple⇐ charCk) fl GI)
then the Grothendieck group is a free abelian

group with basis Evil, Nil, - , hit where

V, in , .-Nr represent distinct isomorphism classes

of irreducible G-Rpms.

In this case the Grothendieck group is =-D
"
and

each element is given uniquely bt

§
,

hi Evil where ni C- 7L
.

A virtualreph of G is any element
of the Grothendieck

group
.



Each virtual reph has a well -defined character
-

In particular , the character of

hi Evil is just E. hi Xvi : G→ K

Leming Assume k = Q and W is a virtual

repn of G with character Xw .

If (Xw,Xw) =L and Xwa) > 0 then

W = IN for some irreducible Greph Ve RepelG).



Pf write W = §
,

hi Evil .

Then Xw = %, hiXvi and (Nw,Xw) - §,hi

If this is 1 then we must have

w = I HiT for some i

and if Awa) = hiXvi (D 70 then must have

W = Evil . 0

Remark when G is finite and KH semisimple,
-

Grothendieck group I additive group
of class functions on G

.

No meaningful distinction between
virtual repro and class fns.

But when G is infinite, or 1467 not semisimple, this
identificationbreaks

down
.



Restriction and induction
-

Suppose H is a subgroup of G .

Let CV
, p) be a G

-repn.

Det The restriction
of this G-nepn is the H-reph

Resf, CV ,p)
Eet (V

, pl,)
w

p : G→ owns restricted to a map H→Guy

Often write Res ! as if p = Pr is implicit.



There is an adjoint operation
called induction :

Def . Let (Yp) be an H -repn .

Define India (Vip) = India
(V) to be the

set of all maps f : G→
V such that

f- thx) =p Ch) f Cx) H
htH , V x EG .



Clearly India Chp) is a vector space .

It is also a repn of G for
the action

g. f = (
map G →

V given by f
x ↳ flxg) ) call this

the repn of G
for g EG, f f India (Vip). induced fromV

.

PCs check that (g. f) thx) = fchxg)

= f (hcxg)) = plhjflxg) =pth) ( g.f) Ix)

so g -of C- India (Vip) . Moreover , we have

(god. . f)Xx) = 4g,gz) . f)by = fl * qgz) for
Si FG ,
XEO . O



Another construction of India ( Vip)
:

vector space
tensor product

consider the tensor product -

y §
. quotient of KCET ④V

by subspace spanned by"a """ la!:÷÷÷. :c:
This space is

a G-mph for linear action

g ,
o (92④K) = Gigs)④Vx for gi

EG
, KEV



If 9, ,9e, - , 9r are representatives for the

distinct coset Gl H - I g H Ige G] and

v , is, -Ns is
a basis for V ,

then at basis

for KCo7xOksmyVisl9i@vjIisjE.r,

Here r = 1¥ and s = dimV
.

Prof Ind! Hp)
I klol ④⇒

V as G-repns

whenever G is a finite group .



PI check that the map

ge Irion
NiP) e

1467@Kaif

→ E x ④ f- ( E
')

X EG Tg w
EV

is an isomorphism . In particular , note that

g. ( fax ④ fix)) = ¥, gx ④
fix

' )

= E x ⑤ fixg)

/
Xto

some

details left to fill in = §,
X ④ ( g.f) (x

") O



Gogo dim ( Indiatrip)) = 1¥, dim as
if G is a finite grasp and dim a) LA -

PI This is the size of the basis given for

k lol ④ Kay
V

.

O

Prof Assume G is finite and dimly LN .

Let x be character
of IV

,p) and let

India Cx) be character of Ind! (Vip) .



Then for each gt G , we have

Indi! (x) (g) = E
Abi's sit = ¥, ,§fksxY

ie EIR,-r] f xgxt EH

gig gift only holds
y if oharck) does not91,9, - , gr are the divide IHH

distinct coset reps of 6/1-1=191-11%63
.

PI
.

Consider 6 acting a KID ④
Ken
V

Basis for this space
is { g .- ④ Vj)



Coefficient of g .-④Vj in g ( gi ④Vj) = Cgg;)④Vj
as in this case

is

go
if 99 if gift 19: sin;

Coe of Vj in

Alg; gg ;) v ;
it 99 ,

- E gift
⇐ giggift

summing over j e 11,2, - , s) gives { 0
if 9799 ,- GH

xlgiiggi) else

summing this over
i Ellis -

- it gives the first

desired formula. for India Cx) (g) .



If chaxlk) X Htt then Hl is
invertible in K and

X 19799D= E X ( ti
' gigs ih) = ti §

, gµxW9×
)

h ⇐H un

= xlgiggi)

whenever gig g ; GH . Summing over i gives

Irion th lab 1¥, E xtxgx) =

, !q E xlxgx
-

y
XfG XEG

x'gxttl Xg EH

since gig gift if Iga E H t XE gift .O


