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Mathsllrhlecturelslasttime :

Thm If X: G→ Q is a class function on a

finite group G. and (Xix) Etat, xigsxcgt =L

and X Cl) > 0 then X is the character of

an
irreducible G -reps .

Thy If
G, H are finite groups and K is any

field,

then for any
G -repn

V over K and ant H -repnw

over It, the cedar space) tensor product
V ④W is

naturally a GXH -reph via formula
Cgh) : xxottepvlgxxopwlhly



The operation ( yw) ups v④W is a bijection

I x ien:p - Ling:

If H is a subgroup of a finite group G and

V is a G-reps ,
then we write Restful

to denote V viewed as an H - repn via restriction .

Character of Reg:(V) is Xv/ µ (
character

{Dimension of Res ,§cy is dingy
restricted to H)

call Resigns the restriction of V
.

-



Suppose W is an H -reps where HCG is a subgroup

Let Indian) - ff : o-wlfchxfjc.IE?fgH}
I KEEL ④

µ,
VV (where k is ambient

un
w

scalar field )
viewed YTITHEmoraine
as CKCGI , KAM) - bimodale

Indi! (w) is a G -repp (called
the induced) for action

g. f : xtsflxg) for g. c-G, ff Indi! (W) .

Character of Ind#w) is x Ig) = E
xwlgiggi)

ifEliz,--it]

Gi
'

g si ft

where 91,92, - , Sr are a complete set
of coset representatives for G-IH -EgH Ige GT



If char Ck) does not divide lHl ,
then can write this as

X (g) =i§ new Gigx) for g EG

x'
'

gx c-H

Dimension of India (W) is 1¥, dimN)

Restriction and induction usually do not preserve
the property of irreducibility .

Usefulproperty If N C H c G are subgroups and

V is an N -reph then Irion(V) E Ind ,! Ind#Lv) .

(proof is an exercise) similarly , Resf = Result Resf,



Frobenius reciprocity Let 6 be a finite group with
-

a subgroup tt . Suppose V is a G -repn and W is

an H- repn (both over some field K) . Then

Hom
,
CV . Indian) I Homµ ( Res!, as ,w)

(morphisms
of G - repns) ( morphisms of H

- repns)

as vector spaces . ( one can make a more precise
=

claim that there
is a

"natural
"

isomorphism between

these two vector spaces,
in sense that the diagrams

corresponding to morphisms VTV
' and/or W→w

' all

commute.)



Write Res! (Tv) Eet Xuh, and Ind! lxw) for

the characters of Rest CV) and India law) .

for Assuming k = Q, if X if any character of G

and ul is any character of H , then

( x , India(4)) = ( Rest Cx) , 4)
= ¥, g.gg/nldIniI49)

=

¥§
,

Nhl 4th

PI LHS is dim Homo CV , Indi!
Cw)) and

RHS is dim Hompl Res fan) ,w) if x -tr
ul -- XW . O



pfoffrobeniusrecipnoc.it# , a set
of maps G→w

Define § : HomoCV, Indtlw)→ Hom, (Res&yw)
IV Fr

X 1-→ ( v 1- aCbl⇒ =§k)
in

a map o→w f
a map

along with
VI. : HomH

(Res "W)→ HomeCv, Ind,§w)
" → w

p t-utlmfvrslEI.hipi.gl/
-
a map v → { maps G→w]

check that① OI(d) for a e HomoCV, India w) is a thing?,m .
-

bidet
.

as djsoemgrrhiepmns
PI Ela) (putDv) Ea ( Puch)D Ho) = ( h . aus) Ha)by pet. of India

wsaw)

for HEH , v EV =Xlv) ( h . 1g) = Pw th) xHII)
bt deft of h . aw) and since h.to -- so .h s

,
Pw (h) OI (d) (V)O



Now check ② (I (B) as) (hx) = pinch) (B)NDH))
is a
linear

to confirm that VI IB) map V → Ind ,!W

for p e Hom ,
I RestV ,WI

v EV
,
htt , x E G

by def of VI g
since Pv

is a group homomorphism

PI (VICBUD) thx) E B ( pvlhx)v) =p ( puch) pvlxtv)
as B is a morphism of H -iynepns

¥ pinch) B ( Pdx
)v)

bt def of IT

E- pwlh, IB)WIKI) O



Next check that③ IIIB) for p e Hom, (Resf,
Yw)

is a morphism of G - repns .

pg . suffices to compute, definitions
d

⇐ lol man)ki - plainmoor)as gpu
is grasp homomorphism

V-gc.co , v EV ,
x c- G

= p ( pv (xg)v)
by def

⇐ films) ( xg)
by def

¥ ( g . Etsu))Cx)
and this shows that Ilp) ( puledv) +(g. VIIBDIV) o



finale check ④ OI OUI = identity map
bijdet

PI (El BD) as = EtcDas)Ha)
" %
, peg) =p CD

⇒ OIHEIBD =p o

And check ⑤ VIO OI = identity map
f-
def

if # I EKD) HI - otldlpucxsv)
by del.

t.la/pvcxwDl1a)
follows that b-fat
old xD =L = ( * . aus) ( Io) -- ah)Cx)

O



Combining ①-⑤ shows that I and VI are

inwell-defined inverse isomorphisms of vector spaces . O

Eg If H = ED and W ok then Ind
,}W IKKD

This is equivalent (when K = Cl) to saying that

*) (x ,
Ind!(ht)) = Xd) for all X E Irr (G)

where IN (G) = set of
irreducible characters for C , and

1 : ID → Ilk) is trivial character. Indeed

( Res! TD , ht) = 'T §,,,xN ICD
excl) V

so by Frobenius reciprocity CH) holds



Representations of symmetric groups
-

Let n be a positive integer

Let CN = Eli33, - - - in}

Let Sn = (group of bijection fi → aid)
call this the symmetric group (on n letters)
-

A partition of n is a sequence of integers

f = (t, plz . - , tic)
where 43123 .- 3¥,so

and t
, tht - - t tk =D

Here k can vary from 1 (t - (n)) to n ( ti (1,1 , I , - -- , I ))



write t tn to denote that t is a partition of n

Define htt) -k if t.lt , it, .- ,tie)

set t i = 0 if i sett)

The (Young) diagram of t th is the set of
-

positions Ot - { list) t 7L xD I I j s, ;)
View Of as a subset of positions in an nxn matrix

⇐ If t = 1332) then Ot
=

= (! ! :)(
(Then we can refer to roust columns / etc of Ot like in a matrix)



A lstandomdtaeng-to.by of shape t th is a

map T
: Ot te En) such that rows are

increasing left to right
and columns are increasing toptobottom

Tci
, 5) L TCiti , j )

Tci ,
-

DcTci , jtl)

E± If t
- 12 ,# th -4 thenT canid be either

or n
Let Ty be the particular

tableau of shape t

whose entries
in now i are t, tht -- tf ,-y tj

for I sj s ti



Ex If ft gyri) then Tt
Given tth ' def

= subset of o e Sn such that ifdefine Pt (a;) ,j then i and j are in same%! O)
Q sub.set of of Sn such that if

oci) - j then i and j are in same

L column of tf
!

Facts p, and Q, are both subgroups and P,n Q,-41?



Finally
,
define the Youngproj-e.to in a Csn) tobe

def I

at = is,
g
? p,

9 E ICSD

de't I
bt = §, qq.gg?snl9Jgf7LGn)

where Sqn
: Sn → EID is the Signeph whose

value at g
is -l iff g is a product of an odd

number of transpositions Ci , j) .

Let c.+

d
a
+
b, and Vy

Et Nsn) ↳ QED



Thy The subspace V, C QGn) it an irreducible

Sh - repn I called a Specht
le) and each

irreducible (complex) reph of Sn is isomorphic

to Vt for a unique partition t th .

÷÷÷÷÷÷÷÷n:÷n¥::n:÷:::
meaning there

exists
a

basis
such that

matricescorresponding to allha 9harp denyive entries in IQ


