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Math 5112 - Lecture #It
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Lasttimye : Frobenius reciprocity

Let GoH be finite groups .

Suppose V is a G-repn and W is an H- repp,
both over the same field K .

Then dim Homo CV , Indtf tht) = din Homµ(Res:yw)

(This statement about dimensions can be rephrased
as the existence of a natural isomorphism)



Coy If K = Q then

(Xv
,
Indialxw)) = ( Res Itv) , Xw)

where ( f
, g) = ¥, #f INSTA for X - Gar H
-

Goal today : classify irreducible representations
-

of finite symmetric groups over G
.

Recall : a partition t = (t , 3123 . - 31k>o)

is a weakly decreasing sequence of positive integers.
Set la) =K and write 7th if titta .. tt* --n .



The (Young) diagram of t is the set
-

Ot = { Ciii) l is; its}
Viewed as a subset of position in a matrix
(so we can refer to rows

,
columns

,
diagonals, etc .)

If t = 14
, I ,D the O, =

13,D

AA tableau of shape t is a map T : Oy→Z

(think of this as a partially filled in matrix)



A tableau T is standard if its entries are the
numbers 1,2,3, - , h for some n ,

with no

repetitions, such that all rows and columns are increasing.

Some examples of standard tableaux :

Call this Ty for t = (4,41)

Define Ty analogously for other partitions t .



Let n be a positive integer.

Let (n) = { 1,2,3, . - - in}

Define Sn to be the group of bijections

o : an → En) ( ie, permutations of In7)

Call Sn the tricgrap Con n letters)

for t th
,
define

Py = { subgroup of re sa such that
did = j

( infowand ..9H÷f
i and I are in same )



A, = { subgroup of OESn suchthat disif and only if i and j are in same
( column of Ty

facts By E Sy , X Sta x Sy, X --- x Sy,

Q , I sa;
× spa * Stg x -- x Sgp

where tf its number of cells in column i of D,
and p = t ,

t = = 14 , i. is us Hi , ti
,
ti , tink 13 , in,D



There is a unique nontrivial homomorphism

sgn : Sn
→ { til

This map has sgnl ( i , is is .- in)) = Hjk
"

Sgh( Ci j)) = - I

Define Ct = a, by far at =g§p,9 C- ICSD

(Note: defns of at,b,
differ

from textbookby constant factor) bt-gfqssnldgc.HN
Then let Vt = QC c, o ①Csn]

Call this left Sn-module / Sh-nepn a Spechtmodule .
--



(Note: V
,
= G - span foe, I oesn) )

Thin Each Vt for t th is an irreducible

Sh - repn . If V is any
irreducible complex

Sn- repn then V E V, for a unique t th .

Et It t = Cn) so let) =L then

p, = Sn
and Qi - IM so ↳= goal

and OC, = C, V of Sn and so Vin, I 11 trivial
repn ofSn



Eg If t = Cini . .- - it) so htt) in then

p, = (D and Q to Sn so ↳= snsgnlgjg
and Oct = sgnlo) Cy foe Sn and so

Vani
,
- ng
E ( Q

, Sgn) sign reproof Sn .

f f
vector homomorphism
space g. → ever = GL ( Cl)

we will prove the theorem through a sequence of lemmas.

Fact since Pan Q,
= (13

,

if p, ,Pz E B and

q, ,qzE Qt and Pig, = PzEz , then P , = Pz and 91=92
⇒ PIP, = gzqi

'
C- Pth At



Thus any g E P,Qt has a unique factorization gripe

with p C- Pt , EE Qi.

Lemoyne Suppose g E Sn .

① If g e p,Qt
and g -

-

PE for PEPI , qe Qt, then

a
, g by = Sgnlq) a,b, → sgnl9) c,

② If g ¢ p,Q, then aygbt - O .

PI ① is easy : ay gb, = at pqby = sgncq)G .

- in
=at = sgnlqjb,

( assuming g c- BQ,)



② is harder . If there exists a transposition t.ci ,j) C- Sn

where is iejsn such that t E P, and g-
'

tg e Q, ,

then a, g by = 0 because

a,g
b, = a,

tgbt = a + g g-
'

tgb, = - a,gb, .
in

= - by

It suffices to show if there are no such transpositions
then g C- Px Qt .

Let T = T, and T
'
= gI, =

tableau formed by(applying g to eachentryofTJ
⇐ If 9=1135167

) and T =µ3C④ then T
'
= §J#⑧



A transposition t -Ciii) has the properties noted above

iff i and j are in same row of
T and same

column of T! ( Take t = IS ,
D in example)

Suppose no such i , j exist .
Then any two elements

in first row of T belong to different columns of T!

Hence I p, E P, and qi e g Q, 5
'

such that pit
and ou'T

'

have same first now .

Now just repeat this argument
for second, third , - ,

row

→ conclude by induction on
# of rows that there are{

pep, and q
'

e g Q,g
"

such that pT = q'T
'



But this means that PT = e'gt.ggT

for q = g-
'

q
'

g E Q,

Observe : 91T = 92T ⇒ 9 ,
= gzf Sh .

Thus p - gq ⇒ g =pE
'

C- BQ, V 0

The lexicographical on partitions is the

total order with t > µ iff Bj such that

Mj < tj and lui = ti for all I sidj , where

we set lui -0 for i 7dm) .



Lemma Assume t,µ I-n and t > µ Then
I

s

a, QCsn
) b

µ
= O

.

If suffices to show that for any g C- Sn,

there exists a transposition t = (
i
, j) esh with

+ e p, and g-
'

tg E Oyu as then

agg bµ → a,
t g b , = a, g g-

'

tg bµ = - a, g bµ .

Let T = II and T
'
=

gTu .



Claim :There are numbers a 2b appearing in same
-

row of T and same column of T!

Let j be first
index with pig

. - tg .

So this ti for l s iej
.

If jet then our claim must hold by pigeonhole

principle . If j >I and any two elements of

first row of Tane in different columns of Tl,

then we can find pep, and q't g Q, g
"

such that

PT and 9'T
' have same first row.



Repeating this argument
for second , third , ... , row /

by induction on j , conclude
that our claim is true ..

Now, given claim, the transposition to carb)

has the desired properties ⇒ a, ① Csn) by-
-

og
nI

⇐ c: a-¥÷:::::¥
PI East to see that cis key for some K E 21101

Since CI = a, (b>a,)b, and
a
, g b,

is ± a,b, or O

-

for each g C-Sn
.



So fat g)
"

= tf Ct' - Ici is an idempotent .

In some basis of ④ (Snl ,

the Matrix of ¥4
acting by left multiplication

is the idempotent matrix

dinh lffl
Thus trace itG) = dimvt = I traceLg)

and it's east to see that the trace
of c, acting

by left multiplication on QCsn) is n !

This means ¥ = dmvt = dmnvt ⇒ k = I 0
tracelot) n ! dining



tem suppose A is an algebra with idempotent

e se
' EA . If M is a left A.

module
,

then e M E Hana (Ae ,
m)

c-em X I→ f. × : a tax
effed = flee) = f(e) ←I f

PI can deduce this directly, or by noting that

(I -e)
'
- I-e and A = Ae ④ A Ct-e)

and HomaCA ,m) E M . O



Pfofthm Let t
, µ th

with t z µ .

Then Homsn CH ,
Yu) = Homs! Glad G , QCad gu)

by previous lemma

E c, GCsn) cµ = {0
if t >µ lbs lemma)

Clc, it t =µ

So this Hom.

-space is l
- dimensional if t.fr and

zero otherwise . Bt Schur's lemma, this means

V., is
irreducible and V, ¥ Yu if t flu .

finally, the Vt's give
all isomorphism classes of irr. complex

Sh-repns because # portions of n
is # conj . classes of Sn



which is # isomorphism classes of irred . repns / G
. O


