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Last time:

① Let V be a finite. dim. repn of a group G

( defined over G)

The complex if i cation of V is

- requires dimV L N

t
def

Vg = ④ ④
*
V E V① V* IV ④f

t t r f
viewed viewed

as complex co- repng

as trivial repn as a IR -reph



V E G - span{ I ④IRV - i V I EV) C Vg

J E Q -span { I ④put i ④psi v l v EV) a Vg

② Frobenius character t hook length dim formulas

(for irred. repns of symmetric grasp / Q)

Let pmCx) = Xin t XTt ..- t xNm for each m = I ,2,3, .-
Let pµ

Cx) =
'

pµ!x) for a partition µ- (prisms ..)

called the power sum symmetric polynomials.



Fix t th and N Htt) = # of nonzero parts off
(apartition)

thm The value of the irreducible character

x, of Sn
at ant permutation of cycle type

pith is the coefficient of the monomial

N p;TN -jIT X

jet U

in the polynomial III;
i-xD . pµCx)



Thy Given 7th let hi; Ct
) be the hooktergth

of position Ciij) in the Young diagram of
t
. J

best defined by
example

. Ifi÷÷him. ÷÷÷÷÷÷.



today : Schur-Weyl duality

(A fundamental relationship
between irred. rephs of

symmetric groups and general linear groups .)

Below, all algebras & terms are defined over an alg. closed field

Thin Let E be a finite dimension vector space .

Let A and B
be subalgebras of End(E) = Chinea. maps se}

Assume A is semisimple and B = {be End(E) / ab -ba Vac
.A}

( In other words we assume B
= Enda (E) )
%.namemain:p:?)



① A = { a e End(f) I ab -ba tbf8) = Gndo CE)

In this situation we say that A and B are commuting
algebras of each other.
I

② B is also semisimple

③ E is a repn of A④8 for the linear action

a④b : e↳ a(bled = b la leD for aEA
bfo

eEf
.

(this makes a reph because C9i@bDCazxObD-a.a
, ④ b

, b)
There are irreducible A -repns {v ;} ,e,

as A - repns

and irreducible B-repns {WitieI such that E Vi-④Wi



④ Each irreducible repn of A (respectively, B) is

isomorphic to Vi (respectively Wi) for a unique ii.I.

Thus
,
the map Vi ⇐

Wi for it gives a bijection between

the isomorphism classes of irreducible A - and 8- repng

Call this map the correspondent defined by E .

PI since A is semisimple, E I¥,Vi
④Wi where

{vis ieI represent all distinct isomorphism classes of irred. A-repng

and Wi Et Homa (Vi ,E) ; and A I ¥,
End (Vi)



Once we make these identifications
,
Sohar's lemma

tells us that 8 (which is assumed to be the commuting
algebra of A in End(f)) is I ¥, End (Wi) .

This implies that B is semisimple .

Schur's lemma then implies A is the commuting algebra
of B in End(f)

.

The remaining assertions are now clear from writing

A = End Wi)
,

C- =
,!¥Vi④Wig B = , End (Wi )

. o



Application : Assume the ambient field is I
-

(nonzero)

choose a finite -dim. Q - vector space V and

let he {It,3--3. Set E = V⑤n=V④ . . -④v

Let A be the image of ACsn) in
End(f)

where the action of o c-Sn oh f is by permuting
tensor factors 0 : V ,④Vr④ --④Vn↳ Vo-yi,④Voy,④

-④Fyn,

Let gl!Y) be the Lie algebra of endomorphisms of V
Endw) with CAD = xx -yx .



finally let 8 = Enda(f) = ( b f 6ndlftlab.bg,,}
Thin In this setting B is the image of

of the universal enveloping algebra Ulgllv))
in fndlf)

where the action of g C- gem) on f is

g :
v, ④ V2⑤ -- ④ Vn th GT ④ gvz⑤-⑤ gun

UlylLV)) =/ yllv) although this is also an(associative unital)( algebra containing the
lie algebra gear) )



Also, B is generated by elements of the form

On (b) ¥ b ④ I ④ -④I t I④ b④ I④ --④I

far be glow) t I ④ I ④ b④ I ④ .-④I t .. .

+ I④ .-④ I ④b E End(VIOLENCE)
as C- = ✓ ①n

PI Image of UCglad) is certainly contained in 8 .

Need to show that B is contained in image of a Igad.

We may identify B = Snffndv) = Span of the n -fold

symmetric tensors of

End Cy



§
"

U is an
imed . repn of GLAD for U = EndV

( or more generalH for any finite dim . Q -vector

space - HW exercise) and so it is spanned by

elements of the form a ④ u④ -④u fautU

(since such elements span a nonzero sub repn)

(n - fold : 2-fold tensor product is V ④v
z -fold " "

is V ④V@V

fold
" "

is V ④ v④V④V )
thus 8 is spanned bt { b④ b ④ .- ④b ) b fgllv))



But the elements On lb) to be0 generate this

spanning set . Fundamental thin of symmetric functions

(another exercise) says that there is a polynomial

p with coeffs in Q such that

P ( on Cb) , onlb'T , . .
Dnlbn)) = b④ 8×0 .-④b

for each b f yl LV) . Thus B is generated by

the DnCb) elements , each of which is contained

in the image of U (glad) , so B is also contained
in this image. O



The algebra Q Csn) is semisimple bt

Mas ohke's theorem , so A is also semisimple.

Thus aw first theorem implies :
t
as A ±

Gail

sohur-weylduality-lgllbke.rsion)
① Images of G Csn) and U (glad in End (von)

are commuting algebras of each other, and both

are semisimple.

② V
⑦"

is a semisimple Ulyllv))
-module and

Q Csn) - module.



③ As Q Csn) ④UlylWD -modules, we have

v④n±¥nVt
where sum is over partitions of n ,

V, is the Specht module for QCsn) defined

earlier, and each ↳ is either zero or

an irreducible repon of glow) and ↳ ¥Lµ
if t flu and Lpr toThe

"

duality" -

hero refers to the ↳ tocorrespondence V
, ⇐ Ls



Proplfxercise Image of Guv) =L imma bungling)

in Grid ( V
⑤n) spans End (v④Y

pfsketuh Want to show that any b④ .- ④b

for be yllv) is a linear comb. of tensors

g⑤ -④g for g E GUV
)
- can show this using

fact that E Itb C- GUV) for all sufficiently smell e>og



Schur -Weyl duality ( Gta) version)
-

As a reph of Sh X C-UH
,
we have

✓
④n

⇐ ④ if ④ Lt
tth

where ↳ = Homsn
(Vt

,
V
⑤n) are distinct

non-isomorphic GUV) -repns or zero .

Mga) : Schur
-Weyl duality gives a canonical correspondence between

Sh-repns
and GUV) -repnf which provides a consistent way of indexing both

by partitions
.


