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Last time: Schur-Weyl duality

* This is a natural correspondence between

prod repns of symmetric groups and general
linear groups that explains why both families

are indexed bt partitions and have similar
character formula,

* Such a duality exists for any pair of

roommuting algebras A,B o Gndcv)
-

↳ means A = { a c.Enda) l ab -bat
6687

B = S be End (
V) I ab -bat afA }



Schur -Weyl duality concretely :

pick a nonzero vector space V def 'd over Q

choose a positive integer n .

① Then Sn acts on V
⑦"
= V ④ V④ . -④U

by permuting factors .

② year) = ( lie algebra Griots) acts
.

"

diagonally
"

on ✓
④h

i g
. (v ,④ vs④ --④ rn) = gu,④ --④gun
for go glow)



① extends to a repn of ①Csn) on V④h

② extends to a repn of Ulgllv)) on V
④n

Let A and B be the images of ① Csn)

and UCglow)) in EndCv⑧n)

Then SchumWeyl duality refers to the following

properties :

Fact A and 0 are commuting algebras of
each other in Endw④n)



Fact A and B are both semisimple
,
and

✓
④n

is a semisimple A④B -reph
,
and

therefore a semisimple Nsn) ④U(glad-reps

( Note: A and 0 are both finite -dim . since End (VOD
is finite- dim, but Ulglad) is infinite -dim .]

Fast As a. Glad ④UCYLWD
-

reµn,

✓
④" ±

n

Vy ④↳ where Vt is the

Specht module of Sn , and ↳
is zero or an irreducible UCyest

.



Moreover, in this decomposition, we have ↳ ¥Lµ
if L, fo

and Liu to and t t µ .

Fact Each nonzero ↳ is also irreducible as

a reph of
GUV) shivertime elements of glas) .

-

Schur polynomials
-

Let t = Ct , Its 3 . - Stk>o) be a partition of n .

Set ti so far i >K and define Ict) = K

choose integer N sect) .



Let DCA ,xz, .- , xn)
=

,

= det ( Xin
-

it.
..
.

. ;sµ

Let ↳Gifs , --HN) = det (x!
- J t

, si
,
N

Det The Schur polynomial of t is the quotient-

St(Xi , xz ,.. ,xn) =
OtHitz,-,xn)
-

D Cti
,
Xz
,
- --

, XN)

claim Each sick ,- ,xn) is a polynomial that is
- symmetric

in the Xi variables, meaning
if we reorder the variables

the polynomial is unchanged .



PI OL x. , xz,n ,xn) divides Dy CH , Xz, -- , XN)

since each factor Xi
-Xj divides £ since setting x!=x⑧

gives zero (as then we're taking dot of a matrix with

two equal rows) .

symmetry of s , follows by noting that reordering
the variables x. . xz, - . , Xv multiplies the value of

DCN onto ↳Cx) by Il Game factor for each dot)

These factors cancel and so

§ (Xiii Xi, - ,Xin) = Sf
( Xi

, Xz, . - , XN)

for any fin , in , is , -→ in] = {112,3 . . . , N) O



EI Suppose t - 13) so n=3, kelt) =L

Take N -2 .

Then

sina.xy.de/xiN-itti/detxYI ,') ×,%,
- =- =

-

dot ( xin'T dot ; )
x-K

T -- --⑤
= xptxixztxixitx} ← itnmmaetaintox

,

= Xxix , t Xixixzt X , Xzxztxzxzxz

In general , Scn, Cx , ,xz,- , xn) =
E Xi

,Xiz.- Xin

is i , sis sis .- sins N



⇐ Suppose t = (l , I , l) ,
Kalt) =3 and n =3

Let N =3
.
Then

xp xix,

Sunn,
Hi ,x,xD =

def fix
XB xp a
-

= XpXzx,
xp x, I

④ dot fxixi)T = Uh tox, I
③
Ui
:

In general , Sci ,in,→y
HH ,-,xn) = E

Xi, xiz .- Xin

is i , Liz Liz L .- -LinSN

g 1,1 × ,
#Entries of TegnaIto ;)

General formula : s,Cx, ,xz,.. ,xD = § F

where T varies over all
"

semistandard
"

tableaux of shape t with entries
contained in 11543,-- s,NJ . T rows weakly increasing, columns strictly increasing



⑤onsequence of Schur -Weyl duality :
-

If i = (i , i iz, is, -- ) is a sequence of nonnegative
integers with Sm m

. im =h and Ci E Sh is a

permutation with inn cycles of size m , then

mil, cxintxzmt
.- txnm)
"
= EX,

Cci) six , ,x, ..,×µ
ttnhnf

"

power
-sun

"

symmetric ect) SN f
polynomial character of the

Specht module Vg
(For a detailed proof , see textbook)



Recall from Schur -Weyl duality that we have certain

GUV) - repns ↳ indexed by partitions .

Assume V = ON so GUV) = GLN( Q)

Let go GLNLQ) and suppose its eigenvalues are x. , xz,. .. ,×,

⇒
Sohm polynomials are characters

Thm (
"Weyl character, formula

"

) of inducible Ancel - repns .

The Gln(Q) -repn ↳ is nonzero (and therefore irreducible)

if and only if N sect) , in which
case the value of its

character at g is s, Ca ,
tr
,
- . Xn) E Q

.

In particular,

doing:*
.

sa"" " --is =
, n

c. IN



PI see textbook. Idea
is to compute trace of

g
④he ; acting on V⑦

"
and note that this is equal to

- w

c- End (VOY ESn

g x, Cci) Tr↳19)

by Schur Weyl duality .
Dimension follows from a

more general algebraic identity discussed in textbook . O



Thy These representations L, for partitions

t with la) sN give all irreducible

polynomial representations of GlenCQ)
-

where a polynomial repn is a finite -dim complex

reph
(V , p) where in some basis

of V
,

the matrix of pig) has the form (Pij Ig)) Isi ,jsdimv
where each Pij Ig) is a polynomial function of the
entries of g and I ldetg ( pi; does not depend on g)

peg see textbook . Each Lt is a polynomial re.ph because
its a sub reph of (①

N)⑤" which is a polynomial reph. O



Miscellaneous : Artin
's theorem

Thin Let X be a set of subgroups of a

finite group G, such that
if He X then

gHaj
'

E X for all goG .

The following two

properties are equivalent
:

① Any g EG belongs to some H EX

② Any irreducible complex character 4 t
Irr 10J

belongs to Q-span { Ind d)I &gxIMtD)



PI If gt G has g & H for all HEX

then xgx
"

& H for all HEX (as otherwise g ex
-'
tix c.X)

so
if HEX and off INCH

) then

Ind:(d) Cg) = ↳⇐ 101×5*1=0 A Hex
¢ E INCH)

xgx
-' EH ← sent by

assumption

Thus
,

if ② holds, and g EG does not belong
to any subgroup in X , then 4191=0 for all WE ING)

.

This is impossible : the trivial character of G takes value I

at all g EG .

Hence it ② holds then ① must hold.



To show ① ⇒② : let f be a class function

G → Q with ( f
,
India(d)) so farall to ftrrl

HI

HEX

Bo frobenius reciprocity, ( Res? It) , d) so

tf off INCtl) , HEX, so f must vanish on H fan

every H in
X

. Assuming①
,
this means that f=o .

Using Gram
- Schmidt Process construct an orthogonal basis of

ex-span { Irion lol) I ftp.xtntt"} , say 4,43 .. .. 4k



Then any T C- Irr( G) has

E - 4. t rest . - t
t "

tu
(4k, 4k)

since if
0 is difference of the two sides, then

(O
,
Indi! Cd)) =O V. to E Im HEX , so 0--0 .

Thus ① ⇒ ② . O

⇐ Any irreducible complex character of a finite group
is a rational linear combination of irreducible charactery
induced from cyclic subgroups . PI Take X -

- kg> Igeggsatisfies①
, hence② .


