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Last time :

( precise form of Schur-Weyl duality)

As a Sn × GLN (Q) representation,

④N)①
"

E ④ Vt ④↳
ga.

t partition of n

Sh permutes tensor factors elf) sN LA) is number of nonzero

Ancel multiplies with all tensorfactory
parts of t = Ct , Stas . . >g

where Vt is the usual Specht module
of Sn and

↳ is a (nonzero) irreducible GLN (Q) - reply.



Moreover , we have Vt #Yu and ↳ ¥Lµ if t #µ
for partitions t.su of n with ett) SN ,

etMISN .

Them The GLN (④ -rems ↳
,
as t varies

over all partitions ( of nonnegative integers) with
at most N nonzero parts, give all

irreducible polynomial reps of OLNCCD up to
-

isomorphism . ↳ means there is a basis of the repn

such that we can write down the action

of any g f GLn Ce) as
a matrix whose

entries are polynomials in entries of g and g
-I



thm (Weyl character formula)

If ge GLNCQ) with eigenvalues Xi , xz, n, xw f Q

(repeated with multiplicity.) then the character of

↳ evaluated at g is thevalue of the

EhmpomiI six, ,xz,-,xp dei et in
.

dell XF-JT is;
( here Is i , j s N)

Also : trtiisthn .
Let X be a set of subgroups of a finite

group G such
that if HEX, 9 EG then g Hg-

''ex
. Then

TFAE : ① o = ¥,
" and ② IrrCG)c al-spanfind ,.io/f9&IfrtttRg



Plan for next three weeks :

① (Today) quick survey of quiver reph theory

and Gabriel 's theorem ( skipping proofs)

② Lectures 2112323 : category and homological
theory algebra

③ Lectures 24
- 25 : repn theory for non-semisimple

finite -dim algebras

In addition to HW 6
. (probably) one or two more HW assignments

( No final exam) .



vertices edges

Recall that a quiver Q = CV ,e) is a

directed graph (with multiple edges between two

vertices and self loops allowed) .

A
EI o-o←O

%

A representation of the quiver Q is an assignment

to each vertex i EV a vector space Xi and
to

each edge (i→ j) E E a linear map fi,
i XitXj



The (more) interesting thing to consider is isomorphism
classes of quiver repns.

If ( X.
,
f.) and ( Y•

,
g.) are representations

of the same quiver Q - CV , E) , then a morphism

d : (Xo ,f.) → ( Yo
, g.) is a collection

of linear

maps di
: X i →Yi for if V Such that the diagram

di
Xi→ Yi

fisj d p;
Ig ;,;

commutes for all

Xj - y;
edges (ie j) Ef

.



Such a morphism is an isomorphism if each

Oli is an isomorphism of vector spaces .

There is a natural way of composing morphisms

of quiver Rpms, as
well as an obvious identity morphism .

Being an isomorphism is equivalent to having a left

and right inverse .

Fast Quiver repns (for
a fixed quiver Q) with this notionof

morphism are the same thing at algebra repns (with usual

morphisms) for a certain path algebra
which has the set of all directed

-
paths in Q as a basis .



There is also a notion of direct sum for

quiver representations .
A quiver reps is

intoeconposable if it is nonzero and not equal
--

to the direct sum of two nonzero quiver repns.

CEI Suppose Q has one vertex, no edges : •

A repn of Q is just a choice of a vector space
for this vertex (no other data) .

A repn of Q is indecomposable if this vectorspace has dim
=L

.



Es Suppose Q is •→• (two vertices
, one edge)

A repn of Q is a choice of linear map between

arbitrary vector spaces (v Egw)
An isomorphism of quiver repns (v Egw) E (v't'sw')
is a commutative diagram

✓ Isv
'

f be
n

f f
'

w -W
'

claim : determining
the isomorphism class of

(Vfw) as quiver repn
is equivalent to doing Gaussian

elimination on the Matrix of f in some basses
of V andW .



we can always decompose quiver reps (v Esw) as

(view) = ( Ker TO)④ (Vlkertf imageH))
⑦ (OT w limaself))

If dim(kerf) on then (Kerk) →o) E (Keyton
as qnwerrepns,
assuming ambient field is Ik.

If dim ( w/ imaged)) em then (O→ wlimaselt)
always holds ④m

If dim(VI kerf)
E- dim (imagetf )) as

± (O→ IK)

then (Culbert) Is imageH)) ⇐(kidsA)
④n



Thus Q = ( •→ ooo) has three indecomposable

repns : (O→ Ik)
,
( K→o)

,
and Ilk Is IK)

Eg The quiver •→ •→ • has six

indecomposable repns given by
id

IK → O → 0 040 → Ik RT Kyo

id id

IK → K T K O → He 'T Ik 041kt 0

The quiver •→ •← • also has six indecomposable
repine ( same as above, changing

orientation of arrows)



Let s = CV if) be an (undirected) graph
with vertices V and edges f , multiples edges
between two vertices allowed, but no self- loops.

Assume V is finite and
number these vertices

as 43.3, - ,N .
The adjacentmatrix of fig

the NxN matrix Rs =Crip where rij is number

of edges between vertex i and j .

The fartanm Of T is Ap = 2I -R,



Det f is a Dynkin diagram if T is
-

connected and if the quatratic form on IRN

(v.w) Ff ITA, w EIR (for v.we
IRN)

is positive definite (meaning Cvn)
> o for all ofvery



§ The graphs of type AN, ON ,
and En are

An : I - 2- 3- - - - - N

ON ! I -2 -3 - --
-(N-2)- CN-D

l
(Note : A , =D,) N

EN : I - 3
- Y
- S - 6- n.-N

2 HIEI. AN ,
ON

,
fo
,G. fg are

( Note : Os = Es) -

Dynkin diagrams .



Thy f is a Dynkin diagram if and only if (with

its vertices labeled in some ended it coincides with

one of the graphs AN CN 3D
,
On CN 34)

or Ew (for N E { 6,783) .

A quiver
is of finite type if it

has finitely mom,
-

isomorphism classes of indecomposable representations.



Ganbridlsthm A connected quiver is of finite

type if and if only the undirected graph obtained

by ignoring edge -orientations is a Dynkin diagram

[Ex .: we saw above that the quivers whose associated

undirected graphs are Al , Az, or Az are all of finite type]

When a quiver Q = (V, E) is of finite type, any

given indecomposable repn (Xo , f.) is uniquely determined

by its dimension vector ( defined to be the map YI¥m*)
-
-

(up to isomorphism)



Moreover , the dimension vectors that can occur

are in bijection with the positive roots of the

associated Dynkin diagram .

-

This explains why the quivers •→ •→. and

•→ a ← • both have 6 indecomposable nephs

up to E . The positive roots of the type An Dynkin

diagram are olgtn = fei -e,- l l s i - j s Ntl)
so I Etta,I = (I

") which is 6 for N =3


