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Lasting: Gabriel 's theorem

A quiver Q
= W , E) is a directed graph,

with
,
multiple edges and self- loops allowed .

A quiver repn (for a given Q) is an assignment
-

of a vector space Xi
to each vertex i c.V

and a linear map fig i Xi → Xj for each edge i→j



Two quiver repns ( X., f.) and (Yo, g.)

for the quiver Q are isomorphic if there are

linear bijection di : x i → Yi for
911 vertices i

such that every diagram x; dingy; commutes

(for every edge i→ j) fit d ol; t gig
Xj-Yj

The direct sum of ( X. , f.) and ( Y.
,
s.) is

( X•, fo) ④ (Yo , go)
Ft (Zoe

,

ha.) where

Zi = Xi ④ Yi omd hij = fij to gij



A quiver repn is intoeconposable if it is not
--- =

isomorphic to the direct sum of two nonzero

quiver repens , and is itself nonzero

Thing A quiver
has finitely many indecomposable

non- isomorphic representations if and only if

the undirected graph obtained by the orientation

of edges in the quiver is a disjoint union of a finite

number of copies of the following Dynkin diagrams :

o-of
-o

off
--

go o-oofoto-oo-o-qfo-o-oo-o-q.IE-o-o



There is also a complete description of the

indecomposable repns Cup to E) in terms of the

root system ofthe associated Dynkin diagram

(when the quwwisconnectod)

-

today : category theory

what is it?
"

A very flexible and power language;
useful for organizing definition

J and results
,

helps us see when specific things are instances

of general constructions.



Det. A category C consists of

① a"of objects ObCe)

② a
?

of morphisms Homo CX ,Y)

for any objects X ,Y f ObCd .

write f : X→ Y to mean f f Home
Cx
,
Y)

③ for any objects X ,Y RE ObCc
)
,
a

composition map HomeHR) x HomoCxie)→ Homekid
( f, g) I-→ fog.



such that (fog)oh = folgoh) for all

h : X→Y g : YTL and fi 2→W

and such that for each object X f ObCc)
there is an identitymidx ? Xxx

such that to id*of and idxog =g

whenever these compositions are defined .

The technical distinction between a
" class

"

and a " get"

belongs to foundations .
nobody pays attention to this.

upsihot : it doesn't matter in
"

practice .



The reason we need to use classes is because

otherwise there would be no category of Sets.
(As there is no set of all sets)

A set is a class but not every class is a set .

From now on ,we
write forXeOb

Eg . ① category of Sets with maps as morphisms

② Categories of groups, rings, etc,
with

homomorphisms as morphisms
.

.

③ Catesand Vectis of vector spaces 1k ,
with linearmaps
as morphisms



④ RepCA) of representations of an algebra A

(over a field K) , with ans usual notion of

morphisms as morphisms.

⑤ Category of topological spaces, with
continuous maps as morphisms.

Def A category C is locally small it the class
-

HomeCX ,Y
) is always a set . All of the examples

①-⑤ have this property .

Let Auto (X) consist of all f : XTX for which there exists

f
"

: xxx such that fof
"
= f

-'
of = idx : X

TX
.



Fast If C is locally small then AutoCX) is

a group for all X E C .

get A full subcategory of a category C
-

is a category B such that Obc8) E Obe)

and Home CX ,Y) = Home CX ,Y) for every
X. Y E ObCD.

§ freak of finite -dm k-vector spaces
is a full subcategory of Veith

.

But Rings is (non-full) subcategory of AbelianGroups



A category D is monoidal if it has a product

operation ⑤ : ObCO) x Obco) → Ob CD) and

a unit object 10 with Io④ x E X@to EX

for all X 60 ,@here X It means there are
morphisms f : try and g. : Yet such that

fog = id# and got = id t some conditions.

Eg Veckk with
④ = ⑤k and 1-

weak
= K

⇐ Abelian Groups with ④ = ④ and In.bonapj A]



A category C is enriched over a monoidal

category D is for each X ,Y EC ,

the

class HomoCx ,y) is an object in
0 and

the composition map Home(Y id x Homo
kid

→ Home (xp) is an instance of the product ④

for O. GI
"

locally small
"

E
"

enriched over
the category

EI Rep CA) for a K-algebra A
Of
sets a'

is enriched over Vectk



Functors and natural transformations
-

Let C and D be categories .

Det A Chor f : c→ O consists of :

① for each object X GE , an object FATED .

② for each morphism o :XTY in HomoCX ,Y)
,

a morphism Ffa : fCx) → FLY) in HomoCHAFED

such that Flid x) = idf and f- (ooo7=-9070%7



Fast we can compose functors f : O→ E

and G : CsO b, setting

Foo CN - Ho CHI %te!7gtFo G Cd = f. (GED

Def The identity functor idc : Csc has

ido (E) = X and id
,
Ed = o ,

technically a
"
2-category

"

Fact A non
-locally small category : f

the category of categories with functors as morphisms



§ Suppose C is a locally small category

with one object X -
then HomeCX ,x)

is a monoid . A functor Csc is the

same thing as a monad homomorphism.

§ We have
" forgetful

"

functors

Groups → Sets

Rings→ Abelian Groups

etc
.



§ Define COP to be category with

Ob CC) = Ob (COP
) and

Home(HY) = Homcop ( Y ,D .

Then vector space duality
* can be

viewed as a functor Veith → Vectkp

✓
*
= { linear map Vtk]

(fivewy* = ft i w
#pv
*

+ I- to f



Eg If H C G are finite groups and

RepCH)
,
Rep16) are the categories of

group repns (over sat Q) , then we canview

Ind% : Rep CH) → Reply
a forget Res § : Rep (G)→ Rep CH)
functor

as functors (How do these functors got on
morphisms? )



Def suppose F : CTO and G : Ceo

are functors . A natural transformation
-

A : FSG consists of
,

for each Xtc
,

a morphism ax ! f-HTT GET such that

the diagram xx

FH)→ GET
FEN f f God

ay,
fluid→ Gas

commutes for all morphisms o : Xt Y in tbmccxif) .



There is an obvious way to compose natural

transformations a : G→H grid p : FSG to get aop : Fett

A hatumalisomorphism is a natural transformation

x : ft G for
which there exists a natural

transformation at : GT f such that

Xo x
")
×
= id
,
and (a-

'

oa)
×
= id #

for all X E C

The identity natural transformation id : Fa f
-

that has id
,
= identity morphine for all Xfc .



Fast The class of all functors CTO

between two categories is itself a category

with natural transformations as morphisms.

The notion of when two categories are
"

the same
"

is a little subtle . In practice , the following
is what is typically used to define this :

Def A functor F ' C→ O is an equivalence of
-

categories if there exists a functor G : one



Such that fo G and Go f are (naturally) isomorphic

to the identity functors on C and p
.

In this case C- and 6 are called quasi-inverses

and C and 0 are said to be equivalent
-


