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Remark about quiver repns :

① a quiver repn ( ✗• , f.) is irreducible if there is
a unique vertex i such that Xi = 1K

,
while

✗j=o for j ti , and all maps fjk =0

② arbitrary quiver repns are not direct sums of

irreducible repns ⇒ hence
,
more useful + interesting

to study indecomposable repns



Lasttime : categories

A cat Consists of a class of objects, a class

of morphisms between pairs of objects, and

a notion of composition for morphisms
↳ must be associative, have identity morphism

Useful terms : full subcategory, totally small ,
↳ fever objects, same morphisms ↳ Horn classes are sets

enriched Cover another category D)
↳ Horn classes belong to 0 t some stuffabout

composition



There is a category of categories .
→ ok

,
technically

should say

objects are categories.
"

category of small
categories " or

morphisms are functors F :c→ 0 "

2- category
of categories "A fu-nd.ir F :c→0 assigns but let's not

① an object FINED for each object ✗ c- C Want about
this

② a morphism f-Ed
: Fct)→ fly] for

each morphism 0 : ✗ → Y in C

such that F[ id El = id Fay and Flo,0%7=1-[0,10%2]



There is also a category of functions C.→ 0

Objects are functors C→0 and the morphisms

are natunaltransformations ✗ : F → G
,

which assigns to each object ✗ c- C
,

a morphism

✗✗
: F 1×7 → GET in 0 Such that

✗✗

FIN → 61×7
always commutes

.

F% ✗µ
1667

Fluid → GET
In particular : functors can be composed , as can natural transformations



In any category C , a morphism f- : ✗→Y

is an isomorphism if there is a morphism ft
: Y→×

such that f o f
"

= idy and f-
"

of = idy

Eg A natural isomorphism is a natural transformation
-

that's an isomorphism in the functor category .

⇐ Let Fveotk =/finite-dim K-vector spaceswith linear maps as morphisms)
There is a functor ** : Fvectk → Fvectk

and this is naturally isomorphic to the identity functor



Two categories C and P are equivalent if there
exist functors f- :c to and G : Otc such that

FOG and G of are naturally isomorphic to identity

functors. In this case, say that F and G are

quasi
- inverses .

Represmtablefunotms.be#beaoama
-

category . A
functor F : C→ sets is representable
-

if there is an object ✗
c- C suck that F EG

naturally
isomorphic



where 0 = HomeCX , •) : C→ set is- the functor

with GCYT = Home(✗it) c- Sets

Glo : Yaz] = (Homo
CX
,
Y)→ HomeHid

01 1- ood )
In this case, we sat that F is representedb .

Yoneda lemma If F :c → set is represented by
-

two objects Xi
and Xz in C , then there is a

unique isomorphism ✗ : Xz→ ✗
, such that the

natural transformation Honda , •) → Home Cxz ,•) given
by composition with ✗ is a natural isomorphism .



-

.

Two functors f :c→ 0 andAdjoint functors

G :O → C are adjoint if for ant ✗ c- C
,
YED
,

there is an isomorphism →
it an categories are locally.sn,µ

,this just means a bijection

Exy
: Homo1%7,4)Ñ HomeIX.6147)

such that Homo1 Fail,YD'yHonda, Gap)
Lot→ Bodo -51×7 flotsamoolox

Homo (Fail, Ya) i Home 1×2 61kt)

commutes for any morphisms ✗
: XzTX

,
and p : Y , → Y,

Cin c) Cin O)



In this case, F is left adjoint to G and

G is rightadjit to F.

More concisely : F and G are adjoint functors if

there is a natural isomorphism
E from the functor

Homo 1 Fail , • )
: COP *☐→ set

to the functor

Home ( •, 0
[•7) : c°Px 0 → set



⇐ for finite groups HCG , Frobenius reciprocity

implies that Regi is left adjoint to Ind tf

as functors between Repka-111 and Rep ,,(G)

E± The right adjoint of the functor Groups→
K-Algebras

G th KIGT

is the functor 94
: K-Algebras→ Groups

A to GL, (A) = AX groupof

units inA



Abelioncategories
An abeliancate.fr# is a category enrichedover

abelian groups that is equivalent to a full subcategory

of the category of left A-modules over a ring A ,

that is closed under

{
finite direct sums ④

kernels (where HerCfl
= {✗ I fix)-07)

cokernels ( where coker ( f :X→Y) =

Y / image (f) )
and images

when working with an abelian category C ,
can always

pretend that C is just the category of all left A-modules



Comptexesandcohomdogy

Let A be an abelian category,
/

indexed by z

A complex in A consists of a series of morphisms
- bin A

di-1 di dit, ditz

C. • = ( . - - → Ci → Citi → Citz→ . - - )
↳ object in A-

Such that dit, Odi
: G- → Critz is zero

=

for all ifI ( since
Hom -spaces are abelian

groups, there is always a zero morphism)



Ike cohomdogt of a complex C.• is the

i

sequence of abelian groups H (c.) kerldifinagecdi-y

for ie I. Note : in a complex , always have

imaged it) a kevcdi)

complex C. is etat if Hic c.) =0 Hi c-2

We view any finite sequence
of arrows G- →Citi . . -→Cj

as the infinite sequence
id id id id

. -¥ a- %ciidsci! Ci→ Citi → .- → Cj→ Cj → g- → g- → .-



This lets us talk about finite complexes and

whether they're exact .

Complexes in A form a category where

morphisms f. : C.→ D. of complexes consist of

commuting diagrams

r -
- → Ci -1 Cit, → Citz → - - -

fi to find fitzd

- -- → Di→ ☐ it, → Ditz tr - i -



Terminology : i - cooyde ¥
"
element of kercdi)

(for a given i- cobamdary Iet element of image Cdi-1 )
complex) ith cohomology the elements of Hilco)classes

A shortexaoteguence is an exact ( finite) complex

f. 0→ 020 → ✗ → Y → z → 0 / →o→o→ .- )

Such a sequence is sptit if isomorphic as a complex
to 0→ ✗ → *④z →z→ o for some objectsXi .


