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-last time we assumed D= sets

Last time : Let C and 0 be categories .
Assume c enriched over 0 →

means

Home HIDED

A functor F :c → 0 is representable
-

( and re.pro#db* some object ✗ c-c) if

F is naturally isomorphic to the functor

HomeCX,•) : C → 0
Sometimes
call this a

Note : HomeIX.
•) is a functor c → ☐

Home (%X) is a functor cop →☐
←

"

contravariant

functor 070
"



¥i*onedalemma- If F :c→ is represented by

two objects X , and ✗a then X, E Xz
,

moreover there is a unique isomorphism Xi I Xz that

extends to a natural isomorphism Home (tri) - Hanak.;)

-

Adjoint functors Let C and O be locally small cats
.

=

with functors f :c→ 0 and G :O→C.

We sat F is left adjoint to G or

G is rhta-ig-djmtt-o.cnF and G are adjoint if . . -



the functors

Homo(
F[•7

,

•) : cop ✗ 0 → set

and

Home I
•
, G[•7) : C xD → set

are naturally isomorphic .

( I've not defined product category
COPxD

. ..

this is what you would expect)



Abelian categories
-

A category C is abelian if

① C is enriched over AbelianGroups

② there is a zero object
③ for any morphism f- : A→ 0 in C , the

objects Kerlf) , image(f) ,
and Coker (f) are all in C

③ every injective / surjective morphism is
"
norm

Yay
,yay

↳ (technical
✓

general categorical definitions of Kev , image , Coker

are more complicated than You
would expect



ANAore concrete definition : an abelian

category is just a category equivalent to

a full subcategory of left modules over

some ring
,

closed under finite ④ , images,

kernels , and cokennels.

A comply in an abelian category C
is a diagram

di-1 di dit ditz

A-• = ( - - - → Ai → A it→ Aitz→ . - )

where dit , 0 di
= 0 tieI



We view any finite diagram

Aii → Ain → - → Aj

as the infinite chain

id id id
id id id id

-Ai→Ai→Ai→Ai → Ait'→ .- → Aj→ Aj → Aj →Aja.

Cohomology groups of A. are quotients

H
"

(A.) kerldn) /imagecdn-DA.is
etat if tilA.) =0 V-nc.TL .



A. is shortest if it has form

⇐ o →0+0 → ✗ →Y→z→ol→o→o→ .. )

complexes in C form their
own category in which

morphisms f-• : A.→ 8. are commuting
d?diagrams

[ . . . →Ai →Aint
- - - )fi & d,? dfiti

- → Bi → Bit, → i -



-

Let C and D be abelianExact functors

categories with a functor f :c→D.

F is additive if HomeCX ,4) → Hon
,
I FIX]FED

0 l→ FAT

is an abelian group homomorphism.

In this case one can show that f-[✗⑦YI
- FEI④FLY]

Def the functor F is

• leftexact if f- is additive
and 0 → FAT →FateFtd is exact for any

exact sequence 04×-4×52
↳ means o= kerf , image f-

= Korg



• right-exad-if.is additive and

Fbi → FAT → Ftd to

is exact whenever ✗ → Y →270 is exact .

• etat if F is both left - and right- exact

Pet An abelian category is semisimple if any

short exact sequence 0 → ✗→Y→zero

splits in the sense that it is isomorphic as a
-

o
✗ to CX,0) (✗id→ z

complex to 0 → ✗ → ✗④ 2→240



⇐ If chalk) does not divide 161 for a finite

group
6
, then Repko) is semisimple .

To see this
: consider an exact sequence of

6-repns

0 → ✗ f→ Y É z → 0

Then ✗ -0 image(f) = Kerlg) = a subrepresentation
of Y

since every G-repn over K is completely reducible, we have
↳ direct sum of irreducible

Y / Kerlg) I 2 and Y E ✗④2

Can show /check that between semisimple categories every



additive functor is exact .

E- Cleft but not right
exact)

consider HomeCA ,
•) : C → Abelian groups.

This is left exact because
if 0→ ✗FYIz

is exact then we have another sequence

① ②

0 → Honda ,H → HandAint HomeCAR)
" d 1- fool 4 1- golftlomclA.cl

This is exact as ① fold =o if 10=0 as f injective

② go fool -0 as got
-0 and if go V1 =o then



gcytaD-OV-ac.tt ⇒ Ulla) = f(✗a) for a

unique ✗a C- ✗ and can check that formula

of (a) let ✗a is in Home 1AM with fool =p .

However , Home 1A ,•) not always right exact .

Consider C = rings = 2-modules
and A-7121

.

n→2h nt h /mod2)

Apply this to 0 →☒ → I → 212770

gives 0 → Hom CAR → ptomaine HohlA.A)→O
w un un

=0 =o ¥0

Out 0 → lnonzero) →0 is never exact .



EI If A is an algebra
and ✗ is a right A-module

then the functor ✗④a
• :('em!toute;) → ( Abelian

grasps)
is right but not left exact .

( Again take ✗ = I 1274 A =D, and

apply functor to 0 →I →I → I12270)



Projectwemoduks Let A be a K-algebra

Let P be a left A-module

them the following properties are equivalent :

① If ✗ : MAN is a surjective morphism of

left A-modules and ✓ : p→N is any morphism

then I morphism µ :P →m such that

M p
✓ commutes.
MTN ↳ u = do µ



② If ✗ : map is surjective morphism then

1- morphism µ:P →M such that ✗oµ= idp

(say that ✗
"

splits
")

③ There exists a left A-modulo Q such that

P ④Q is a free left A-module .

free means isomorphic to the module of maps f :X →A

Tith f-
'

( A- {d) finite .

for some set ✗
.

④ Homa (P , •) is an exact functor

A-mod → AbelianGroups .



PI ① ⇒② since ② is ① with N =P, u = id

② ⇒③ since there is always a free module M

and a surjective morphism 2 : map

and if this splits then P④ kora IM

③ ⇒④ because if P is free itself then

Homa (Boo) is always exact and

if the direct sumof two complexes is

exact then each summand must be exact .



Finally , ④ ⇒① because if K is kernel of

✗ : M-N then the sequence

0 → KAMIN to

is exact
, so

if applying Hamp (Pr) to this

surjective
gives another exact sequence

0 → Hom
,
LBK) → Homa 1PM

Is Hong/ Pinto
µ 1- ✗gu

then for any Uttama P,N) there is put Hamp
1PM)

with ✗oµ = v as desired . ☐



We sat that P is a projective CleftA-)module

when. these equivalent properties hold .

Pet A projeotiveresdutiar of a left A-module M

is an exact sequence

- . → Pg → Pa→R→Po→M TO

such that Pi is a projectwe left A-module for all

i 30 - EI . Any module has a projective resolution
( in which every Pi is a free module)



We define projectiverishttmduks and

prgeeso5 of right A-modules in same
way , just replacing

"Heft" bt " right
"

as appropriate .

Def (tor) Let m be a
A-module with

projective resolution
P
.

.

Let N be a left A-module .

For integers i 30, define
Tor
,

? Oh ,N) =Tori oh ,N)

to be the C-Dth cohomology group of the complex
c. . piÉaN → P

, ÉaN → Do④AN→ 0)



EI Toro (MN) = Po④AN /Kerl Pi④AN→ Po④AN)
E M ④AN
r

HW exercise

For is the
" derived functor

"

of the tense product

Oef (Ext) Let m be a left A-module with

projective resolution
Poo
,
let N be another

left A-module . for izo define

C- ✗tjj oh ,N) = fxtilm ,
N)



to be the ith cohomology group of
'

i = - I 0

I 0 → Homa (Po, N) → Hong IR ,Nl → .-)

⇐ ExtolM ,N) = Kerl Homa /Po ,N)→ Hong 1Pa,N))
= [ ¢ c- Homa /Do,N) / Ker¢0 imageCP,→Pd)

E HomA
1M
,
N)

r
HW exercise

Ext is the
" derived functor

"

of Hom

HW exercise
: up to ± 1in strong sense)

,

neither fxtilm,N)

nor Tori CMN) depend on the choice of Poo



①These definitions don't make it very clear hato

compute anything Cbut this can be done)

② Difficult conjectures / thins in algebra lrepnthry
often have a way of being rephrased as concise
statements involving Ext , Tor , etc .


