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math5112-L.ec/-ure#zy-
Last time : projective modules, projective resolutions

Ext , Tor

Let A be a K-algebra

Def A left/right A-module P
is projective

if the functor HongCP ,•) ; (
left /right
A-modules)→ Abelian

Groups

is exact ← means preserves
exactness of short exact sequences



Equivalent characterizations : Assume P is a left A-module
( there are similar statements for
right A-modules)

Prof. P is projective iff

there exists a unique morphism µ such that

p
My y commutes for any
m→ N surjective morphism MIN

surjective
and any morphism PIN

pray P is projective
if any surjective morphism

✗ : map splits in sense that ✗ opi = idp for

some morphism µ : p→M .



Prof P is projective if there exists a

left A-module Q Such that P ④ ☒ is

a free A-module.

Def A projective resolution
of a left/right

A-module M is an exact sequence of left/right
A-modules . . . → pg→ R→ P,→ Po→ M→ 0

where each Pi is projective.

Fast Every left /right A-module has a projective resolution



Ex If M is projective then a projective resolution is

id
- - → 0→ o → .-→ 0→ M→MIO

. - . > Pi Po

( left or right)

Assume M is an A -module with projective resolution

⇐I
. . . → Pz → P, → Po→MY 0

Assume N is a left A-module

Off when M is a right
A-module

,
we define

Tori ( M ,N) =
KerlPi ④AN→ Pi-'④AN)/image/ Pit,④aN→Pi④,N)

a cohomology group of the complex obtained by tensor,ng 1*3 with
N



Lef when Mi is a left A-module , we define

⇐time :÷¥÷÷÷÷÷:!in,
also a cohomost of the complex formed by applying

Homa (• , N) to (A) , which reverses
direction off all arrows.

The dual of
" projective

"
is injective .

A left /right A-module
I is injective if the functor

left /right )°PAtomAl • , I] :(A -modules → Abelian Groups it exact.

There are alternate characterizations, similarto projectivemodules
.



Liftingidempotents
Let A be a ring and let ICA be a 2-sided ideal

Assume I
is nilpotent : there exists a number K>o

such that a,qz .-9k
=0 for all 91,92,-- ,9¥ C- I.

(In this case we
write IK =of

Fact If a c- I then I-a is a unit in A
✗
CA

.

PI (1-aj
'

= Itata't a't .- +qk where I
"
-0

. ☐



Prof suppose e.of A II and ed = eo .

① there exists e c-A such that e' =e and

e +I = eo ,
( call e a Lift of eo)

.

-

image of e
under A →A /I

② If e' =/e'TEA is any other lift of eo then

e.
'
= ( I-a) e ( 1-aj

'

for some a c-I.

Pf start by assuming
I2=0

.

Let f be any elem of A with f + I = eo .

Since eat = f-
"

t I = eo = ft I



We have fh- f C- I
.
Let a = f- 2-f€I .

We want to find b f I such that e = f -b

then it holds that e
'
=e. (Note : etI=ftI

if e-f c- I )
to have é=e ,

the equation b must satisfy is :

( f-b)
2

= f
"

- f b- b f tbh = f-b 2¥smceI'-0
and b C- I

⇐ E- f = fbtbf-b ⇐a=fbtbf-b@
¥

p
= f-2- f

This equation holds for b = 12f-1) ma c- I .

fbtbf- b =
iÉiÉfa +

IÉÉÉf) a - ( zf-Na lance af =fa)



= 2fa/ 1- IT -2-49+9 = a ✓

= 0 as f- 2=0
and a c-I

Thus e f-b = f- 12 f-1)a is one lift of eo .

Suppose e
'
= c- A is another lift of eo.

Then e
'
= etc for some C C- I .

① Ceti = etc ⇐ §(tectcet# = fete

⇐ ectc
②ec as ecetce-ecetce.ee



③ Thus ( It ce -ec) ell toe -ee)
"
= . . .

TÉcoI✓
= I - cetec since I

'

-0

a-- = t.lt ce -ed ell -cetec)

= let (e) ( I - cetec)

= ( It c) ell- cetec)

= ( Itc) (etec)

= et ¥%e±=o
= etc ⇐ e

'

so e- and e
'
are indeed conjugate by some

element 1-a c- 1-
✗
for a c- I .



This proves the result when
I 2=0.

General case : assume by induction that there

exists a lift of eo to ek
= qi E A / Ikt

'

that is unique up to conjugation by elements

of It ¥? Then we can lift ek
to ekt, 1-AII

""

since
""5=0 in A / Ikt! By induction

conclude that we can lift eo to ek for K
>>o

such that I
""
=o ⇒ A II

""
= A . ☐



Def Acompletesystemoforthogo-naidempd-entsi.rs
an algebra B if a list of elements

el
,
ez
,
- -

y en
C-8

0 if itj

such that I = e, test .- ten and eiej
= {e,- if i=j

CI If ayaz, -- ,9m
Is a completesystem of

orthogonal idempotent in A/I then there
is a

complete system of orthogonal idempotent eyes , .. ,emfA

such that e ,- +I
= ai for all i. ( Here assume I is nilpotent



Pfsketoh If m=z then lift 9 , toe, and

set ez =\ -en .

Then

eiez-ei-ei-oand.ee
= I -29 tei = I -e ,

= ez and ez + I

= (I 1-I)- (el 1-I) = 1-a ,±
- a
,
= az ✓

If m>2 then lift a toe, again ,
and let

ez
,ez, .

-

,
em be lifts of ai = ( I -9 ,)ai( 1-a,)

Hari -13mm)
W T

exist by induction holds as
a ,ai=a

,-9 , -0

from (1-a.) A / Ill-ai ) to 11 -e)All-ed ☐
-

unit of this ✓
everything element ✗ of this algebra has

algebra is 1-er xe, --eix=o



Below
,
whenever I say

"module
"

it means

" left A-module
"

.

Let A be a finite dimensional K-algebra .

Let My Mz.. -, Mn be a complete
list of

non- isomorphic irreducible A-modules

Thin ① For each
i there is unique / ± indecomposable

finitely generated projective A-module pi
this implies

that pi #pit with Dimm Homa ( pi ,Mj) = {
1 if i -5
0 if i =/j

if it j



③ It holds that A e- ① HimMi) Pi
in -~

=p ;
⑤ dimMi

③ Any indecomposable finitely generated
projective A-module is isomorphic to Pi

for a (unique) index i.
I Matdxdllk) for

D= dimMi

~

If Recall : A / Rad IA) = ④ End 1mi) and
i⇒

Rad(A) is a nilpotent z-sided ideal.

Identify A /HadIA)
with a block diagonal matrix algebra



Now let eij = (
%
:O
, ] c- End 1mi)
f.
°
"

-

o
position
( ji)

The elements eij ( is ish and I sjsdinnmi)

form a complete system of orthogonal idempotent

for A / Rad (A) . Lift this to a system of

idempotent eijf A and define Pij =Aeij .

Then A = ④ ④ Pii
lsisn lsjs dimMi



This implies that each Pij is projective
because A is a free A-module .

exercise

to

Also eij My
2- Homa (Pij ,Mk)

eijm 1- ( aeijtsaeijm)

so Gim Hom (Dii ,Mk) = Sik since this is

dimleij Mk) . Finally
,
Pij is independent

(up to E) of j as eij is conjugate
to erik



bo an element of A
×

.

Let pi = Pil
± Piz I Piz =~

. -

we claim that Pi is indecomposable .

If Pi = Q , ④ Qz
then either

tomn.IQ . ,Mj) -0 V-j on

HOMA (Qzmj) -0 Fj

so either Q ,-0 or Qz -0



So Pi is indecomposable .

Finally , every indecomposable fin . gen .

projectwe A-module has to occur in decamp

of A, SO is ¥ Pi for some i. ☐

Def the projective module Pi is the

projective cover of Mi
-



Let Cij = dim Homa (Pi , P;)
>

Off The matrix C = [ciihsisjsn

is called the Caxtanmatrix of A .


