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mathslk-l.ec/-ure#25-

Last time : let K be a field

let A be a finite dimensional K -algebra

[Below : module means left module]- -

suppose M* , Ma ,
M
} . - . . Mm are a complete

list of non- isomorphic irreducible A-modules.

Thin For each i , there is a unique-up-to - isomorphism

indecomposable, finitely generated , projective A-module Pi
such that dim Homa (Pi

,Mj] = {
1 if i=j
0 if i#j

(call Pi the projective cover of Mi .)



Moreover, it holds that A E IO Cdimmi) Pi
i=l W

and P, , Pz, Pz, um, Pr
are 9

=P
,

- ☒ P
,
- ☒ .-⑧Pi

complete list of non- isomorphic,
dimmi summaries

finitely generated, indecomposable,
projective A-modules.

Rink If A is semisimple, thenevery A-module

is completely reducible, and so any irreducible A-module

is already projective so we would have Pi=mi in theorem.



Dimension Let A be a ring and let
-

M be a left A-module .

Oef The projective dimension pdlm) of M
-

is the length of the shortest finite projective

resolution r-- → Pat,→ Pat Pay→ - -
→ RTPo→M→O

where this resolution is said to be finiteof length d if
--

Pd 1=0 and Pdt, = Patz= Pdt] = . - =0 .

If no finite projective resolution exists for M then we

define pd (M) = 8 ,



⇐ If M is already projective then

. .-→ 0 → 0 → - -- → 0→ MM→ M → 0
i. . - . Pi Po

is a projective resolution of length zero , so pdlml -0 .

Conversely ,
can only have pdlm) =0 if im is projective.

Thin pd (M) Ed if
and only if C-✗film,N) =o

for all i >
d for every left A-module N.



Def The ring A has left
Irespectively , right

homologicaldimensrI.to if every left lresp, right)

A-module th has palm) sd and equality holds

for some choice of M .

If no such d exists then there is some
A-module M

with pdlm) =☒ ,
and in this case we say that A

has infinite homological dimension .

Pyp Homological dim of KIA, xz,-.. ,xn7
is n

(variables commute) Hilbert

[As sketched in textbook ,
this can be shown usmj the syzygies thm.]



(variables do not commuted

Prof Homological dimn Of KLX, , Xz,. - , in> is I

left]

[This means that for every module M over the free

algebra , there is a short exact sequence

0 → P
,
→ Po→ m→0 (with Pi projective)

but not every module M is projective .]
-

Blocky → sometimes used in literature without

a very standard definition.

all definitions will be variations on the following.



Let A be a finite- dimensional K-algebra .

Assume K is algebraically closed.

Define Moda É category of left A-modules

def
FMODA = full subcategory of finite-dim .

A-modules .

Off Two irreducible modules X ,YEFMODA are

linked if there are
modules Mo,MyMz,--- ,Mn G- Fmodp

suchthat ✗ E- Mo
,
¥ Mn

,
and for each 0 Sikh ,

either Ext
' (Mi

,
Min) 1=0 or Ext

'
/Min

,

Mi) to
.

[Note that if ✗
EY

,
then can take h=o to conclude that × , Y are linked



Recall that a Jordan -Holder series for me Moda

is any sequence
0 = Mo C M, chzc . - c Min =m

such that each Mi C- Moda and each Qi¥ Mi /Mia

is irreducible .

Fagt Each ME FModa has a Jordan -Holder series
and

the quotient modules Q , , Qz, , Qn
are uniquely

determined up to ± and permutation of indices.

Thus , well-defined to say
"

✗ appears in the Jordan
-

Hilder series of M
"

to mean that ✗
± Qi for some i.



OI ① A module M C- f-Moda belongs to a block

if all of the
irreducible modules appearing in its Jordan-

Holder series are linked
,

② Two modules M
,
N c- f-Moda belong to the same

block if all irreducible modules appearing in the

Jordan-Holder series for M are linked to those

in N

⇐ ⇐"mm ÷÷¥÷:÷÷÷:÷::¥-
for some projective resolution .

--→Pie Po →Mta



We saw a more concrete construction of fxtYM.tl

for M ,N C- FModA
,

without referring to projective

resolutions ,
in HW3 :

Ext
'
IM ,N) = Z

'
/ M ,N) / B

'
/MN)

1- cockles I - cobamdaries

classes of A-modules U that are¥÷÷÷:÷÷÷÷÷:}(sense
that MCU and Ulm IN

and U ¥ M④ N



For example, it A is semisimple, then every

M C- FModp is a direct Sunn M = IM¥
"
where

each Mi is irreducible ,
and so ✗ appears in the

Jordan-Holder series for M if ✗ 5- Mi where ni -1-0
.

In this case Ext
'
(M

,
N) -0 whenever M , N are

irreducible , [ If MCU and N E MIU then V EM Ulm

EM④ N )
and so each block consists of ahh modules

isomorphic to an element of { M ,
Mtm

, Mtmtorn ,-]

for some irreducible M C- FMODA .



Pray . If A is semisimple then we have a bijection

{ blocks] ⇒ ( isomorphism
classes

of irreducibleA-module)

Prgp If M is indecomposable with Jordan-Holder

series 0 = Mo C M, cmz c- cMn=M

and Qi Mi / Mi-1 then Qi
,
Qz
,
n

, an are
all

linked so im belongs to a block .

If If n -4 then M
is irreducible , hence in a block

If n=z then M is a nontrivial extension of Q
,
=M

,
and Qz=MlQ ,

since if ME Q ,
④Qz then Al would be decomposable, so Ext

'

Iq
,g) 1=0

and result follows. If n>2, assume bt induction that Qi , Qz,→ any one linked



and then apply n=2 case to M / Qmz
.

☐

Can also show
:

pry Each block contains a unique isomorphism class

of indecomposable modules .

-

Finitneabeliomcatesoriesomdmorifeeqnivalence
Let C be an abelian category that is Kinnear

and of fmitelersth , in sense that foreach A C- C

there exists 0 = Ao CA , CAZ C-- CAN -A where



each Ai E C
,
n <N

,
and Ai 1AM is irreducible

.

Also assume that if A c- C is irreducible

then Home CA ,A) E K .

Def If C has finitely many isomorphism classes of

irreducible objects and
"

has enough projectWes
"

(in sense that every object is a quotient of a projective
object)

,

thenwe say that C is afiniteabeliancategaf.hr
an object P such that

Home ( Roo) is exact functor



Def An object Pec is called a projective

generator if P is projective and every

object in C is a quotient of P
④^
for some n>o .

E± If C = Mody
then the free A-module A itself

is a projective generator , when A is a finite-dim . algebra

Fast Assume C is finite abelian category .

Then C has a projective generator.

Idea: take any projective object that contains the direct sum

of all irreducible object / I as a quotient .



Thy Any finite abelian category C is equivalent

to the category of modules of some finite

dimensional K - algebra B.

Explicitly , C
5- Modo where D= End /PIP

for any projective generator PEA,
via

c-C
€ FM doo

M 1-→ Homlpim)



Iet two (finite-dimensional) K-algebras A and

B are Moritaequnalent of the categories

f-Mody and Fmodp are equivalent .

Off A finite
-dim .

K-algebra B is basic

if B / Rad. (B) is commutative .

This① Any finite abelian category C is equivalent to

f-Modo for a basic algebra
B that is unique up to E.

② Any finite
-dim .

algebra A is Morita. equivalent to

a unique Cup to E) basic
algebra 0 with dim 85dmA .


