
MATH 5143 - Lecture
# 11
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qq.it?!;?!abaitumiversa1en#pinsagebras
T (L) tensor algebra lassoc.)alg . but noncommutative

SCL) symmetric algebra lassoed alg . that is commutative

MLL) univ . enveloping algebra (assoc.) alg . also NOT commutative

what's true : the associatedgradedalgebra of UK) is ≤514

in ul↳ we have ✗Y = Y ✗ + [✗it] =/ YX

ie Ez EES

key point : multiplication of homogeneous tensors in U (b)
IGNORING LOWER ORDERTERMS is commutative



Lasttime IF is an alg . Closed field
of characteristic zero

fi* a root system §
with simple roots D= {4,22

,→
an}

Define L to be the Lie algebra / IF generated by

✗11×2
,
~- ,
Xn

,
ti ,h, nu , th , h ' I hz, i--yhn

Is ) if itj

subject to relations
(51) [hi ,h;) =0

lad × ,-5<9,47+1
(S2) [✗ i , yj] = 8 ijhi

lx ;) -0

) [ hi
,xj] = < ✗j ,✗ i> ✗j

lad ✗D-
""""

(g) so

[ hi
, tj] = - <✗j ,✗i>yj

Thin (Sene) L is a
finite- dim semisimple Lie algebra with Cartan

subalgebra H ¥ ☒-span{ huh} ._ ,hn} and
root system ≤§ . Also any

semisimple Lie algebra with root system ≤
is (naturally) E L .



trop If L is a nonzero tie algebra of gear) (resp; slap

where DMV
<• and V is an irreducible L -module then

→Etherwisenotsimple]
L is reductive (resp . semisimple) -¢_

NIE NI] nT=4

Coy Each Classical
Lie algebra sln (A) , spin (A)

,
or ☐n (A)

is a semisimple (and simple) subalgebra of gear)
(for V = t

"

or )
.

]
because the root systems have

connected Dynkin diagrams



Representation theory setup : L is a semisimple fin.dim. Lie algebra /*
-

µ ≤L is a Cartan subalgebra, ④ CH
*
is the root system

,

☐ = {a.az
,
. .
- in} COI is a chosen base, ⑤

+
={positive roots}

,

and W =L rat a c-OI> =L rat ✗ED c- GLCH*)

first key observation
: Any finite-dim L-module V decomposes as a

direct sum of weights V = ④ Vt where 4-
¥ /vet / h.n-twvv.net}

1- c-H*

Call 1- C-H* a weight of V if Vy -1=0 and call Vt a uieightpae ,

we make same
definitions if dimv =D but in that case

the sum of weight spaces
⊕ 4[which is always direct] may be V.
1- c-H*



idea : to avoid pathologies with arbitrary
infinite -dim L -modules

,
we

consider standard Eydiemodules .

A maximar of weight t EH
*
in an arbitrary L-module V

is a vector 0 #✓
+
c-V with xvt-OVXC-bv-xc.TL

Lie's theorem (applied to the Borel algebra B = tt④ ④ La acting
✗c-

onV) ensures that V has a maximal vector whenever dinnv < N
.

Def A s.tandardctmde for L is an L-module ✓
with a maximal vector ut such that ✓ = www.t

In this situation, the maximal vector vᵗ will belong to V,

for some 1- EH? and we say V has higetweight t
and we call Vt is a highestweightvett



Thin (structure thin for standard cyclic modules]

For each p c- choose Xp ELB, YipEL-p
such that [xp,Xp] = hp C-H

write -1> µ for X ,M C- H
* if t -µ C- I ≥◦

-span { ✗ ED]

Suppose V is standard cyclic L-module with maximal vectorHey
(a) If ④

+
= [ p, ,Pz, Pz . ..]

then v is spanned by vectors of the form

FBI
,
tPiz Y Big . __ ✗pi,,

where Is it ≤ is is s - sik

(b) All weights µ for V have µ
<t and dimVµ< • and dim4=1 .

(c) Any submodule of V is a
direct sum of its weight spaces

(d) ✓ is indecomposable with
unique maximal proper submodule and unique irreducible

quotient
(e) Every homomorphic image

of V is standard cyclic of same weight +

(f) If V is
irreducible then all maximal vectors are

nonzero scalar multiples of ✓
+
C-V.



today : first, two more thms about standard cyclic modules

Thn If V and W are
irreducible standard cyclic L-modules

with same highest weight
tf H
*
then V ±w

Thing If tf H
*
then there exists an irreducible

standard cyclic L-module VA) of
highest weight f.

pfdmA .
Let ✗ = to#%

"
[utw / "V ,new}

.

This is an L-module

and if vtev and wtew are highest weight vectors then

✗
+Éfvᵗ + wt c-✗ is a maximal vector also of weight f.

Let Y be the submodule
of ✗ generated b- ✗

+
.
This is standard cyclic by def

.

B.at V E Y /Kent , and W
I Y / Kertz where

"
l
i Y→✓ and its : Y→W

are the obvious surjective homomorphisms .
This means V andW are

both isomorphic

to the unique irreducible quotient
ofY. ☐



To prove Thm 8 we must explain
how to construct standard G-die modules

Inducedmod Begin with a 1- dim vector space ☐
+
= F-span{v7

spanned by some vector v? Let t c- H
*
and 8=8(D) If H ④ ④ ↳ CL

.

✗c-§t

The Boretsubagebra 8 acts on 0, linearly by

h . vtdettlhjvt and ✗ it ¥0 for hftl , ✗ c-
,

✗ c-↳

This makes Dt into a module for
B and for UCB)

Def Let z (t)
ÉUCL) ④up, 9

This a general construction of a UK
) -module : UIL)

+ Of
left um-mod left UID -mod

right ULD
-mod

concretely
,
zct) is vector space spanned

by

the tensors ✗④y (✗c-V14 , y
c-Ot) subject to relations

(✗+×
')⊕t = ✗ +✗

'④1- c(✗④f) = Lex)④ y = ✗ ④ (G)

✗④Gtf') = ✗⑤It ✗⑦Y
'

✗b⊕y = ✗④by for ✗c-UH ,
bfUl, YEOf



The Wat L acts on 2A) is A.⇐xox) ¥ A-×) ④ y
(w/ highest weight vector

/ ④vtj

Claim zct) is a standard cyclic L
-module of weight

t.ptEvery ye Ot is a scalar multiple
of Vt so every tensor

✗④ye za) is equal to Ñ • ( I ④Vt) where I c- UIL) is a sedan

multiple of ×. For ✗ C- La fq info we have ✗ c-0 so

✗ . ( I ④Vt) = ✗④vt = I ⑤Xvt = 1×00 = 0 .

Also for hfHCB

we have h . ( l⊕vt) = 1h④Vt = I ④ hut = I ④ tlhvt = t /b) / I④F)☐



Let N
-

= ⊕ La . The relation ✗b④vᵗ = ✗ ④but tb c-8
, since L=Ñ⊕B,

✗c- - §
+

{✗i =
✗pi spans ↳ i

}implies that if :{ Bi ,Br, Ba,- ] and Yi = Ypoi spans L-pi then

{ Yi ,Yi, . -- Yi,④ Vt /
K ≥◦ and i

, 5- is .- - sik}
is a basis for Zct), via the PBW theorem

.

prop-2.lt) I UIL) / Ict) as
UCD -modules

,
where

Ict) is left
ideal generated inV14 by the elements

[ ✗ish,×} .-3 U { ha- tlha
) .11 ✗ C- §}

Pf These generators
annihilate 1×0 so there is a surjective morphism

WL) / Ict) → 217)
which is injectwe using PBW theorem . ☐



thmthm8) Define VA) for tf H* to be the unique

irreducible quotient of the standard cyclic module 2A) .

Then ✓ (t) is standard cyclic
of weight t and irreducible.

Note: VA) still might
be infinite-dimensional

PI since 2A) is standard cyclic , and since
VA) 9s a quotient

is a homomorphic image of 2A) , evert thing follows from

structure theorem for standard cyclic
modules

. 0

In some sense, hardest part of
4hm if showing z (t) 1=0

( but we will not discuss this issue in
detail

,
follows from PBW thm)



Two new goals : ① Explain when ✓ (t) is finite . dim .

② Determine weight spaces V4)µ ≤ VA)

Fast If V is ant irreducible 1- module with dmv <N

then V ≤ VH) for some tff* .

If If dimv <N then Lie's thin applied to
B-action onV

implies existence of a maximal
vector of some weight f.

This vector must generate V bt
irreducibility

, so VIVA) bxthm
A. ☐

For each simple root ✗ i ED let Si = 5✗ i = L-✗i④ Fha. ④ La.
≤set

Then v (f) is a module for Si and a maximal vector for L is also maximal for Si

Thy If
V E vA) and

dim <* then ↳Chai] C- I≥◦ ✗ i c- 8

any if µ
EH* is any weight for V then µChai] c- I v. ✗i go

Pfsketch Follows from slz -reph theory as V decomposes as sun of findin
irr.si -modules.



Call tf.tt/-diminantiftlhDsoV-xeDlequN.V-xc-oI+
)

integral if -11ha) c-I V-afolequiv.tt✗ c-§)

Then -1 EH
*
is dominant integral if tlhx) c- I≥◦

the 8
-

Let 1 be abelian group
of integral weights and At the subset of

dominant integral weights. Note that A 0 § .

For an L
-module V let TCV) C- It

*
be its set of weights

and define ITA) = IT (VA)) . If dmv
<✗ then TH) CA .

Nextmainthm Suppose -1£At . Then Vct) has finite dimension and

the Weyl group w
c- GUTH) permutes *A) with dim✓

A)
µ = dimVA)oµ foeW,

for The map t↳
V17) is a bijection from A

+ to isomorphism classes of

irreducible fin .dim. L-modules . PI
combine main thin with fact and

thin on prev slide☐

(along with thinA)



Pf sketch of main thin
-

Some identities in ULD
: writing ✗i = ✗✗i , Yi = ✗*i,

hi = hare for ✗i ED

(a) (✗j , y ;
""] =0 When i -1-5 , K≥o

(b) [hi , Yi
""] = - (KH) ✗rlhj) Yik

"
(k≥a)

(c) [Xi , Yi
"" ] = _ (KH) yi

"
(K-hi) (K≥o)

straightforward algebra by induction on K≥o .

Now we derive a series of claims.

Claim yimittvt =0 where mi =t /hit c-I≥o,
and vtev =VA) is a

highest weight vector.

If otherwise can use (a)
- (c) to show that yimittvt

is a second maximal vector of weight -1-7 which
is impossible☐



Islz(F)

Clam V contains a nonzero fin.dim . Si = Sai -module

Pf consider subspace spanned by it, Yiu
"

,
y.tv+

,
. . .

This is finite . -dim by claim
111 . ☐

Claim-13) ✓ is a sum of finite - dim Si -modules

Pf Let be the sum of all Si -submodules of finite.dim inV

Then v
'
to by claim (2) .

Check that N' is an L-module , hence v
'=v

since V irreducible.☐

claim If ¢ :L→ gllv)
is repncorrerp.to L-module structure onV

then dlxi) and dlyi) are
both locally nilpotent (meaning nilpotent
-

when restricted to a finite- dim subspace)

pf Each v EV is
in a finite sumof ¥1: si-modules , onwhich ⑦

Hit
,
¢Hit act as

ñilpotent operators , by slz -repn theory . ☐



def
Claims) Define 0; = exp (×;) exp C-y ;) expHi] .
This is an automorphism of Vtas a vector space)

PI Just need to check the# Oi is well-defined, but this follows

from pret claim . ☐

daim It µ
is a weight of V then g. (Ya) = Vu

for ✓ Efron;(µ) with ra c-W the usual reflection .
by structure thin

for
standard cyclic modules
-

PI follows from slz-repn theory since Vµ
is fin-dim Si -submod

.

Claim If µ c- ITN) = ITH) and wew
then w(µ) c- ITH)

and dimVwlµ) = dimVpn

PI Immediate from damn (6) as W =L rail ✗ i c-8) ☐



Claims) ITH) is
finite

tf ITH) is a subset
of the set of W- conjugates of all

dominant integral µ c-H* with µ<t by proclaim and

structure thm of standard cyclic modules
. Results in chapter ☐

of textbook imply this set is finite . ☐

Claim) dim✓ < ✗ since ITIV) = ITH) is finite and

each µc-Mt) has dimVµ <a ☐

☐



multiplicityformula-F.tt c- At .
Then VA) is fin

.

dim
.
irreducible

.

For µ c- H* let my /µ)
¥ dimVA)µ E I≥◦

This is zero if µ ¢ ITA) .
Call Mt IN the multiplicity of µ inv41.

If µ c- H
* and µ ¢-1 then µ ¢1TA) so my /µ) =0 .

Thy ( Freudenthal
's formula) If µEA and 8 = { E ✗ then

✗ c-§+

( (-1+8,1-+8) - (Mt 8 , pit8)) my/µ) = 2E { my /µtix) (µ+ix.×)✗ C- §t i=1

and this formula provides an
effective algorithm to compute my/µ) .

keyp (nontrivial ,
see §22 of textbook) : if t =/µ then 11++8112--111 µ+8112

minorpoint (trivial)
:iM, so can divide

both sides by this number



Formal characters want to assign to each fin . dim . L-module

-

a vector (similar to character
of a group repn) that identifies

its isomorphism class .

Notation let I [A]
be the free I-module with basis

given bt symbols { et It c-A] and make this additive group

into a ring by setting et em = ett? Here 11 CH
*
is the

infinite set of integral weights, including OEA .

Det If t c- At then the formatoharater of V
E VA)

is Chu = oh, Eet E Mt Immer E 2117 .
µµc-ITH)

If v is arb . finite dim . L-module then
V has unique decamp . ×

V E van④Vltv) ⊕ ._④VAK) with each tier+ and we set 0hr= €,chili



EI If L = slit) then Cht
= ett et-✗ + et-27

. _ + et
-mi

where m = < t.tn> [Here ✗ =
,
t = 1¥)

,

m=t
,
-f)

Wed group W acts on 72117

btw
. / E Gue

") = I grew"
")

where Gu C-I
µ th men

Cag Chu is fixed by every new . Pf Mt IMI =

mtlwliiDV-wfw.proIf FE I[AT is fixed by all WEW then f has

unique expansion
as a finite linear combination of formal

characters oh+ for tent



Pfidea : write f = E get with ↳EI
ten

all but finitely many Cy's must
be zero

.

Find a maximal

tent with a -1-0
,
form 9 = f-↳Cht

,

and

argue that tar
mat conclude by induction that g has

desired expansion . ☐

£
need more to deduce uniqueness /exercise)

trop suppose V and W are both finite .dim. 2-modules

Then Chu④w = Chu Chin ,

[Recall how V ④W is an L-module
:

✗ • How]= xx④Wt v④Xu for,¥w)PI straightforward exercise . ☐


