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Throughout i his semisimple Lie algebra
over algebraically closed field
of characteristic zero, dimL<&

↳time: basic concepts in representation theory
ofLie algebras

discuss Casimir elementas atool

ortoday for proving wel'sIhm:fin. dim.
"completely

repns ofsemisimple are reducible"

Also assume V is an A-vector space
withdimk< &



Recall:

Schur's lemma suppose d:L +ge(V)-
is an irreducible L-reph (meaning thatthe associated

C-module structure onV is irreducible). Then

the onlylinear maps f:U -V with

fo4(X) =4(X)of Xxch

are the scalar maps fo:
V-V for fixed (A.
vi CV



Casimir element An L-repn 6: 2+ ge(y)
- isfatul ifkerdo, meaningdis

injective.

Assume 1:L- gect) is a faithful L-reph.

Define : LXL- #
(x,i) re (x,i)* tracer(G(X)d(i))

This bilinear form is symmetric and associative:

B((x,y),z) =p(X,[Y,2) Vx,TiZeL

The killingform of Lis B for I =ab: (1g((L)

The radical ofB is the ideal S = (Xe2/B(x,y)=0VieL]
*
for L



In fact, S is a solvable ideal of 7, since

S =P(S) (byfaithfulness of4) and Cartan's

criterion holds far (S) trace(x2) =0 vxcd((1,x)[- +Y =q(S) 7
this is equal

We are assuming
that to evaluated on elems of

SxL

↳ is semisimple, so

we conclude that:Pro the form

B(x,y) =trace(P(X)d(x))

is nondegenerate (i.e. S=0).



Converself, suppose :Lxh+ A is any

symmetric, associative,nondegeneratebilinear form.

Choose a basis X., X2, ..., Xu for
L and

define Y, Y2, -, in as the suniques dual basis
with

B(x) =I!i;
fix IC)

and define aij, bij e such that

(2, xi) =E;dijX;
and[2,Yi) =E;bijY;

follows by associativity and

ummabki
Vick

L
bilinearity

aix
=(Xi!) 9i =([2,xi),

ik) =(Xi;22,Yn])
--E;(Xi,i)bkj

=
-bxid



Suppose 4:L+ ge(V) is an L-repn. (B is given as above)
Define (p(p) =4(Xi)4(Y) =ge(V)

↑ I

theseare dual bases defined witI
the det here looks like itdepends on theI choice of these bases I

Pop then (4(2), cp(B))
=0 V2 eL.

So (multiplication by) Cp(p) is a linear map VfU

that commutes with the action of L via b.

P(4(z),(p(B)) =[((((xi))k(ii) +2,4(xi)(4(Yi))

-(abii)((x)di)
=0.



re when 4: L+ geCY is a faithful L-repn

we define the Casimir element to be
-

as given on previous slide, requires achoice
ofbasis dual basisfor L

e

C
=(q(B) =g(CV) for form B(x,i)=trace (((x)4(Y))

[This makes sense since we already checked
thatthis far

is nondegenerate +associative.)

two key facts a=dimh PS trace((d) =

Straze(k(xi)d(Yr)) =
- as alinear mapV-V :(xi,Y) =dimL

=A s e

② I* is irreducible
thenit gets -I

4)IfIis irreducible then Schur's lemma implies
thatCo is a scalar

ISo if V is irreducible, codenotdependthesince (4(X),247 =0Xx 62.[



[xLet =sln()
=((52)(a+d =0]

I has basis X =1801, A =(897, i =198)
Suppose v

=A2 and 4:L+ ge(V) is identifymap.

in trace form ifBasis dual toy iX
I
(A,z) =trace (AE) since

of id

so (k =xY ++ +YX =(oc) +(i)(:i)

=(i) a scalar matrix.



When is semisimple but 4: L+ ge(r) is not faithful,

we define cpege to be the Casimir element

of the faithful repn d: 2/kerp + ge(v).

Lemma netp:L+ gect be an L-repn, with a semisimple.

Then 4(2) <sel) <geIV). Thus if dimV=1 then
traceless I I
endomorphisms &(2) =0 as se(V) =0

3) We have 1=(,2) bysemisimplicity so

4(L) =4([r,2) =(k(),d()) = [gect,ge()=se



Thi (Weyl's theorem) Suppose :L+gl(V) is an
-

Irepr.
As usual, we assume his semisimple and dim<X.

Then isareducible, meaning thatthere

are irreducible (-submodules VI,Vn,..,n EV such that

v
=V,0VE.- Un

ps B replacing (by L/kerd, we mayassume

thatI is faithful.



Suppose WsV is a proper-submodule. Byinduction on dimension, we

justneed to show thatthere is a complementary -submodule 5 with

V =WEV (we can find a subspace U such that
directsum holds as vector spaces; S

Three steps to proof. First step: hard partis to find a submodule.

①Assume W is irreducible and ddimW+1 so V =WAA
-

as a vectorspace

LetC =ca be casimir element.

Then rich is an
module endomorphism as a commuteswith GLL).

cWSW and Ker()* [veVIC =cY is an L-submodule
Thus -

↑

becauseW is a submodule and e(6(4)]:ge) because commutes w16(4

Lacks triviallyon V/W=I because all 1-aim repas ofsemisimple Lie

algebras are trivial
(by lemma).This means (SV/W) =0 = cVsW.

Therefore⑭er()<-1, since otherwise CV =V.



But c acts on was a scalar by Schur's lemma,

and this scellar cannotbe zero since tracem() =trace, (c)

-dimLFO. Therefore Ker() &W
=0 since acts

as nonzero scale on W.
Asdimkerc+ dimkdimv

we conclude thatv =w kers,
↑
both L- submodules



② Suppose V
=W*as vector spaces (so dimU=dimktt)

butW is notirreducible as an L-module.
-

Then there is a nonzero proper submodule
w'cW

and by induction v/W' =W/wi for some

asmodules.
Isubmodule v cV/w.

Define U to be preimage ofE under quotient map V+ V/w'.

Then I is an submobule containing w'(so E
=v(wi)

By induction v
=wow" for some L-module w"(as -mobules)

and then V =WOW"since dimi+ dimb" = dimV
as L-modules las dim(V/w =dim (W(W) +dimst/wi))

and wrw"=o (as wew"sw' but winw" =0)



③ Finallysuppose W is arbitrary and dim (v(w)? 1.

LetHomCV,W) be L module of
linear maps f:V+W

with Lacting as X.f:v +X.f(w) - f(Xov)

LetA =Gf =Hem(vi) / flu is a scalarmap]
8 =(f(HomCir) 1fIv

=0]

Then Aand 8 are submodules with L.A58

since iff(w)= aW
VwsW where asthen

(X-f)(w) =X - f(w) - f(X-w) = abia - a Xiw
=

0

e
-

-w
->aw

Butdim(A) =dim(E)+1 since if figetthen
aftbget for

some ab (A



Therefore A =80C for some L-submodule (

with dim)=1 (by case). Suppose C=#-spanCh]

for some h: V+W. We
may assume hlw-id

lafter rescaling).

Kerch) =[veW /h() =0] is am L-submodule
Clam:

and V =WI kevinsas c-modules.

PS: Ifh(v)
=0 and XEL then

h(X.v) =- (X-h)()
+X.h(V) =-0 +0 =0.

we

scalarmultiple ofh

Now observe V = image
(h) @KerCh) =WO Ker(h)

&for any linear L: Vew


