MATH 2121 — Linear algebra (Fall 2024) Practice Problems — Week 2 (due 18 September)

Instructions: Choose 4 problems and write down detailed solutions, showing all necessary work. You
can earn up to 4 extra credit points by correctly solving additional problemsﬂ

Some of the problems are more challenging than others, and there is no need to solve all of them.
Problems that would not make reasonable exam questions (either because of difficulty, being open-ended,
or requiring external resources) are marked with a star. These problems may still offer useful practice
with the core concepts in the course.

You are free to discuss problems with other students and to consult whatever resources you want, but
you must write up your own solutions. If your solutions appear to be copied from somewhere else, you
will automatically receive zero credit. Please handwrite your answers and show all steps in your
calculations, as you would on an exam.

To get full credit for the offline homework, you just need to make a good-faith attempt on the required
problems. The bar for receiving extra credit points is higher.
1. Assume h and k are real numbers and consider the linear system

X1 +4I2 =k
3x1 +hzy =T.

Determine all values of h and k such that this system has (i) zero solutions, (ii) a unique solution,
or (iii) infinitely many solutions.

-3 -3 3 6
2. Suppose v; = 0 |,vy= 2 |,v3=| —6 |,and w= | —10 | where a € R.
6 7 -9 a

Find all values of a such that w is in R-span{vy, ve, vs}.

2 4
3. Describe all matrices A such that A [ é } =3 |and A { g } =19
2 1

4. Assume A is a 3 x 3 matrix. Only the first and second columns of A are pivot columns and

1 0
Al -2 | =10
3 0
T 0
What is RREF(A)? What is the general solutionto A | zo | = | 0 |?
T3 0

5. Find all values of h € R for which the vectors

1 -5 1
-3 |, 5 1, 7
4 11 h
are linearly dependent.
6. Suppose v1,v9,...,0; € R™ are linearly independent vectors.

(a) If we add another vector vy to this list, will it always still be linearly independent?

What can you say about when the larger list of vectors is still linearly independent?

1 There will be ~10 weeks of assignments, each with ~10 practice problems, so you can earn up to ~40 equally weighted
extra credit points. The maximum amount of extra credit you can earn is 5% of your total grade for the semester.
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*8.

*9.

10.

*11.

*12.

*13.

(b) If we delete one of the vectors from the list, say vy, will it always still be linearly independent?
What can you say about when the smaller list of vectors is still linearly independent?

Explain and justify your answers to both parts.

Choose m vectors v1,vs, ..., 0, € R™
Suppose R-span{vy,ve, ..., v} = R™ A theorem in Lecture 4 states that this occurs if and only
the matrix A = [ V1 V2 ... Up ] has a pivot position in every row.

Use this fact to explain why we must have m > n.

ai

as
Let V = .l eR* a1 4+a2+---+a,=0

Qn
Find a set of n — 1 vectors in R™ with span equal to V.
Then use the previous exercise to show that no set of n — 2 vectors in R™ has span equal to V.
Hint: show if we have a set spanning V then we can add 1 vector to get a set spanning R™.

Choose an angle 6 € [0, 27).

. . . 0 sin6
What is the relationship between the vector UL 1 e R? and cos st UL g
Vg —sinf cos@
Draw a picture and justify your answer.

Then use your answer to prove the trigonometric sum-angle formulas

cos(f + ¢) = cos(#) cos(¢) — sin(f) sin(¢) and sin(f + ¢) = cos() sin(¢) + sin(9) cos(d).

Hint: answer the question for { U1 } = { U1 } and [ U1 ] = [ 0 ], using the unit circle defini-
(] 0 V2 V2
tions of sin and cos. Then use parallelogram rule for vector addition to deduce the general answer.

Suppose a and b are real numbers. Consider the lines

El{{xl ] €R2:x2ax1} and Eg{[yl ] ERQ:ygbyl}.
T2 Y2

Find all values of a and b such that there is exactly one way of writing

{ 2023

2121 } vt

with v € £1 and w € L. Find a formula for v and w in this case.

Suppose v, w € R™ are vectors with v;w; — vjw; = 0 for all 1 <4 < j < mn. Show that v and w are
linearly dependent, that is, one vector is a scalar multiple of the other.

There are n > 3 different particles pi1,ps,...,p, arranged in a circle. If 1 < ¢ < n then p; is
between particles p;—1 and p;y1, while py is between p,, and py (and p,, is between p,_; and p1).
The temperature of each particle is the average of the temperatures of its two adjacent neighbors.
Must every particle have the same temperature? Justify your answer.

Explain how to interpret the statement
“if S C R™ is any set of vectors then R-span(R-span S) = R-span S”

and write down a formal argument that demonstrates why it is true.
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*14. This problem has two options.

Either: ask ChatGPT or another LLM to explain a concept from this week’s lecture that you
found confusing. Print out a transcript of your conversation. You can only receive credit for this
question if (1) the LLM’s explanation is correct and (2) the explanation was genuinely helpful to
your understanding. We will judge item (2) based on the length and depth of your transcript.

Or: find an instance where an LLM like ChatGPT gives an incorrect explanation when asked
about a concept or problem related to this week’s lecture. Print out a transcript of your conversation
and then explain what the error is. You cannot receive credit for this question if the error is
just a simple miscalculation or bad arithmetic. Try to encounter an interesting conceptual mistake.



