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1 Last time: methods to [check dlagonallz bility

Le\n be a positive integer and let] A be an/n X n matrix.

{0
$ » Remember that A is diagonalizable iff A = PDP~! where P is an invertible n x n

‘\" matrix and D is an n x n diagonal matrix.
A“‘ Suppose v1, v, ..., v, € R" is a basis and A, Ao, ..., A\, are numbers. Define
Mokt A

Ao
P:[vl Vg ... vn} and D=
An

If A= PDP~!then Av; = PDP~'v; = PDe; = \;Pe; = \jv; foreachi =1,2,...,n
When A = PDP~1, the columns of P are a basis for R" of eigenvectors of A.
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* Matrices that are not diagonalizable.

Proposition. Let A be an n x n upper-triangular matrix with all entries on the
diagonal equal to A:
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not diagonalizable. e\\\' ﬂe‘

Proof. Suppose A = PDP~! where D is diligonal.

(The entries above the diagonal can be any

If A is not the diagonal matrix A/, then A i

Every diagonal entry of D is an eigenvalug for A.

Only eigenvalue of A is A sol D = M |land/A = P(A\[)P~' = APIP~! =\l O
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The following result summarizes everything we need to know about diagonalizability:
how to determine if a matrix A is diagonalizable, and then how to compute the
decomposition 4 = PDP~)if it exists.

. (iR bJ S60Ng
eorem. Let A be an n X n matrix.
Th Let A b /‘ J"HA-*I):O

Suppose Aj, Ag, ..., A, are the distinct eigenvalues of A.
di:dimNul(A—)\iI)Iforz':1,2,...,p seo

By the definition of an eigenvalue, we have|l < d; < n [for each 7. Moreover: “a\. g ::“)

1. We always have dy +dy +--- +d, <n. $6 N“\ $ ﬁ_’

2. The matrix A is diagonalizable if and only if dy +dy +--- +d, = n.

3 = ¥ non-piet cdumnr v RREF(A-XT)

§ means i€ A= ["“ dhen é’\t\-Nu\M"3I) <3
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3. Suppose A is diagonalizable. Let D; = \;I;,. Let D be n x n diagonal matrix
D, (\éx 9, blatk

D

b= dp »dp blek
Dy
Choose n vectors vy, vs,...,v, € R™ such that i‘ 6\ =\ ) élzi, é; ® l
e the first d; vectors are a basis for Nul(A — \ 1),
e the next dy vectors are a basis for Nul(A — A\o1),
e the next d3 vectors are a basis for Nul(A — A\31), \\ xt
\;‘
e

4
e the last d, vectors are basis for Nul(A — A\, 7). 3 .\1

Then A = PDP! fo\P:[vl vy ... vn]\
)

s vl aplomal: cll) hold
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0.
2 Complex numbers A\So: atbi = G[ O] k[

0

For the rest of this lecture, let i = [ 1

-1 10
O]' Recall that I, = {0 1].

[t e

Suppose a,b € R . Both ¢ and I, are 2 X 2 matrices, so we can fi the sunj aly + be. (q \h‘ﬂ.)
To simplify our notation, we will write 1 instead of Is and a + bi Instead of als + bi.

We consider a = a + 07 and bi = 0+ bi and 0 = 0 + 07. With this convention

R AR R T

DeﬁneC:{a—kbz’:a,bGR}:{[% _2} :a,bER}.

This is called the set of complex numbers.

Each element of C is a 2 x 2 matrix, to be called a complex number.
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0+0i = 82‘\‘0
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Fact. We can add comflex numbers together. If a,b,c,d € R then

(a+bi)+(c+dz’)=[a 0 +[c _d} [““LC —b—d

b PR Bl I a+c]=(a+c)+(b+d)i€©

Clearly (a4 bi) + (¢ + di) = (c+ di) + (a+ bi) = (a+¢) + (b+ d)i|.

Fact. We C&Mﬂumbers. If a,b,c,d € R then
a —b c—d} [a c —b+d

(a+bz’)—(c+dz’):[b a]-[d .= b:d a_c]:(a—c)—l—(b—d)ie(c.

>

a -b oxC -b-e)
(,Q&E)-\' (,C-\-ax = [ ‘) { /) {I&B are
(a4c) + (b)i €C
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Nonterl fack  (a+bi) (C107) = (cd) ()
vk, 1S w“\-q\ﬂg in G) *\U’Q\M“ ‘N w}ﬂ.

Fact. We can multiply@omplex numbers. If a,b, c,d € R then
(a—i—bi)(c—l—di) _ |: a —b c —d :| _ |: ac — bd —(ad+ bC) :| — (ac—bd)+(ad+bc)i c (C

b «a d c ad + be ac — bd

Note that | (a + bi)(c + di) = (¢ + di)(a + bi) = (ac — bd) + (ad + be)i|.

Fact. We can multiply complex numbers by real numbers. If a,b, z € R then define 6.
eqvo) 10y
(a+bi)r=x(a+bi)==x { Z _2 } = { Cgi _Si } = (ax) + (bx)i € C. c\\\"\(’

(& +oi) (X +O1) &
Note that this is the same as the product (a + bi)(z + 07).

wton = (1[5
— ‘\

opurte ol -4






debire divigion tn € atbi i\ . (atbi) = (ath) > &'

by nunber i ®) X
(g auv (2el) (# *0} ‘\'

-\

o a-b|f+ O

Fact. We can divide complex numbers by nonzero real numbers. A\
b aJ\O«

If a,b,x € R and = # 0 then define

- (o:." ‘h;\)
(a+bi)/z = (a+bi)(1/x) = (a/z) + (b/x)i. "\l a
We sometimes writ} %’ instead of p/q.| Both expressions means the same thing. <« @ " B T
X %

A complex number a + bi is nonzero if a # 0 or b # 0. Since
S

det(a+bi)=det[cg _2] =+, ,\ “\“ del ‘1"0)

which is only zero if a = b = 0, every nonzero complex number is invertible.
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Fact. We can divide complex numbers. If a,b,¢,d € R and ¢ + di # 0 then define

L, (a+bi)/(c + di) = {‘g _2] {; _i]_l.

We can write this more explicitly as

(a+ bi)/(c + di) = [Z _2] [fl _dr

C

1 a —b c d
24+ d2 b a —d ¢

1 ac+bd ad — be _ac+bd+bc—ad.
24+ @2 | be—ad ac+bd | |2+ d? cz—i-dzl

e C.

The last formula is not so easy to remember.
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It may be easier to divide complex numbers using the following method:

Example. We have
3—4i  (3—44)(2—1) _6—3@'—8@'—}—4@'2_6—11i—4_2—11i 2 11,

=—-——i

2+i  (2+0)(2—19) 4 — g2 5 5 5 5
. . 'l/
- o)
vd“ divdi a+bi (a+bi)c—di)
c+di 2 + d2

since

More generally, if ¢ + di # 0 then we always have

a+bi . -1 _ ; y = et bie—di
c+di_(a+b2)(c+dz) —m(aerZ)(c_dz)_ 2rde
) . o
*e a0 () =
q_h_f v = Voo v 0 . L
¢y O

oS (c¥d )(C-¥) = {3~3]{ Si ’ ‘ 0 oW
- =(C*+3Y) no s inva4ed
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The complex conjugatelof ¢ 4 di is its matrix transpose, in other words:
ct+di=(c+di)' =c—dieC.

When ¢ + di is nonzero, the complex conjugate is related to the inverse by

—1
N1 | ¢ —d 1 cd| 1 .
(c+ di) _{d c} _—cz+d2{—d c]——c2+d2-c—|—dz.

Since x,y € C satisfy xy = yx and (zy)" =y'2" (as matrices), it follows that
—— ——— ] - -
|xy:y.x:x.y.| “\‘0: ‘.\,, - **\’

m d__f" [:~: . [‘” = a-bi €(







@GXoi )4 C = (a¥b) ¥ (c¥0i) = (av)+a

We can also add complex numbers a + b with real numbers ¢ when a, b, c € R.

To do this, we set ¢ = ¢+ 0i and define

(a+bi)+c=c+ (a+bi)=(a+bi)+ (c+0i) = (a+c)+ bi.
Under this convention, we have
2 B . . ~_ |0 —1 0 -1 10
z-l-l-(O-l—z)(O-l—z)-l—(l-l—Oz)—[l O}{l 0]-1—{0 1}

SR R R

Thus it makes sense to write |i2 = —1|.

meons @9, £y =0 Wos solvhind ¢
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Theorem. Define the exponential function C — C by the convergent power series

1

T 1 2 1 3 1 4 @ )
=l Tt T Y gt T e x1.
Then ¢! = ¢ = 2.71828. .. and |¢™ + 1 =0 Unique rea\ mewhtr

Proof. We need two facts from calculus: fuln ek
1 1 1 d a_ o
1= —1- 4 LI —e e
cosm 12" "1.2.3.4" 1.2.3.456" o
- 1 Lo, 1 . 1 -
T T 123" T1.2.3.4-5 1-2.3-4-5-6-7

We have

.10 —1 2 | =1 0 3 0 1 o 4 |10
2—{1 0],2—{0_1},2—{_1 0}, and " =1 = 01l

] -\ -\ i



Thus "t = i" for all n.

Also, we have (im)" = 7™i". It follows that

1 2 14 1 6 1 1 3 1 5 1 7
, L= 57 + 13347 1234567 T - 1T~ 1237 t 133257 12345677 T
e’L’TI' —
1. 1 3 1 5 1 7 19 14 1 6
1T~ 1937 t 123487 T534567 % T 1= 137 e 1234567 -
T
By our two facts, this is just '™ = 0 _1 17 —1 4+ 01.

o™\
Thus ™ + 1 = (=1 +0i) 4 (1 + 0i) = 0. 0






After a while, we tend to view the elements of C as formal expressionhere

a,b € R and i is a symbol that satisfieq i = —1.

We can add, subtract, and multiply such expressions just like polynomials, but
substituting —1 for 2. This convention gives the same operations as we saw above.

Moreover, this makes it clearer how to view R as a subset of C, by setting a = a+ 0i.
The real part of a complex number a + bi € C is R(a + bi) == a € R.
The imaginary part of a+ bi € Cis I(a + bi) = b € R.
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Remark. It can be helpful to draw a 4+ b € C as the vector { Cbl } € R2,

The number i(a 4 bi) = —b + ai € C then corresponds to the vector [ _s } € R?,

which is given by rotating [ ¢ } ninety degrees counterclockwise.
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We work with complex numbers because of the following theorem about polynomials.

Suppose
p(r) = anz™ + ap_12" '+ + i + ag

is a polynomial with coefficients ag, aq,...,a, € C.
Assume a,, # 0 so that p(z) has degree n.
This expression for p(x) still makes sense for x € C.

Theorem (Fundamental theorem of algebra). There are n (not necessarily distinct)
complex numbers 71,79, ...,r, € C such that

p(x) =an(x—r))(x—719) -+ (T —1y).

One calls the numbers ry, 79, ..., 7, the roots of p(z).
The roots of p(x) give all solutions to the equation p(x) = 0.

A root r has multiplicity m if exactly m of the numbers rq, 7, ..., r, are equal to r.



The use of complex numbers in this theorem is essential.

The statement fails if we use R instead of C.

Example: itlp(x) =22+1 tlhen there do not exist real numbers r1, 7, € R with

L.a p(x) = (x —r)(x —ro).

However, we do ha\f 2+ 1= (x—1i)(z+1).







