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Last time : orthogonality relations for irreducible
characters of finite groups

All vector spaces / algebras / repns are defined

over k = Q for this lecture

Let G be a finite group
The vector space of functions G t Q has form

( fi , fz) = ¥1 g§gf, (g)fzlgj which is positive definite t

Hermitian



Write Irr(o) = f irreducible ( complex) characters of g}
Fhm l Irr led is an orthonormal basis for
-

the subspace of class functions G relative to
-

the form C- i - J le maps f : G - e with

flgxg-Y-FCHV-x.ge G

if X =X

Cg If X ,y E IMG
) then ( tix) = {to if 4 +x

cog If x , y are
(not necessarily irreducible)

characters of G then (4 ,X) E {Q 1,2, u.-}

PI we can decompose x - ¢§*riij& 0 and 4 mbcojtel to

where axd , bye are nonnegative
integers and 14 ,

x) = §e±m d bred
O



for If (Vi Pr) and (W , Pw) are finite dim
.

G- repns then (Xv,xD =
dim Homo CW,V)
-

If If V and W are
irreducible then space of linear maps L

:wer

dim HomoCw ,V)
= f f Nim

- twi Pw) with Lo pwlgj-pplgjoLV.gg

else by Schur's lemma .

If the irred.decomp . of V
and Ware V =

,

miVi and W now;

then dime (WN) = Fj mini dm HomoWiti) = . minjfxwiixvif-txv.my)
f
this is centralizer subgroup

Thm_2 for g.h EG , zgofxfcolxg - ex}

4§±rr ,4g,
' 4th =/ lots

' it 9 a:}home conjugate
else

size of { xgxilxec]
is 18118g)



Character tables
-

by convention

to

choose representatives I = 9 , , Gz , 93, . . . , 9r
Of

the distinct conjugacy classes { xgxilxe G) in G
by convention

&

Let It = Xi 172 , Xz , -- ,Xr
be the elements of Irr (G)

Ts let this denote the triaxial ohhaarraadtterer G → { i}

:::÷:i::::÷÷÷÷ifi
Ar Arlon Xrcguj Arts's) . - Xi Gr)



Suppose we are given this character table .

Thin 2→ lets us compute l GI and each 12g ,. I

Namely i t
Gl = l X, CDT t htt'll't his It . - t Krull

'

= I Z, I

2g it = IX ,
bill't 12h19Dft 175 bill't . . - t I xrlgr)12

Then 1kg ,-I = ¥g, where Kgi = fxg ;I
' l XEG]

Thin I→ let's us compute the decomposition of any

class function f on G as, linear comb. of Irr (
G) .

161

Namely : f = Eg tf ,Aditi and pts;I

(f ,xi)
= ¥, §, ft9) Xi 19)

= IE,

flgjtxilg;) TRY
;
f

= EE Y÷s÷, Hg ;)



Eg suppose G = So -{group of permutations of 1,433
I (12) ( I 23)character table is

xo.la#XO

x I - l l

1531=12, I = 12+22+12
= 6 =3 ! ( Isnt = n !)

1242,1 = 121-02 t fl)
'
= 2

I Za2331 = 12 TED't 12 = 3

⇒ 1241=1 ,
134141 =3

,
I KUNI = 2



It turns out that K , = 113 ,

Kaz, = f ( 12) ,
113)

,
123))

Kaos) e f ( 1231 ,
1132J }

Clearly X ④ 4 = 4 for any class function 4

y⑤I = X ④ and XpX⑤ =Xp
I (I2) (123)

But what is NOT ? Its values are (xp)
'

1401J
(x

,
@05) = 4ft f- t j = I

( xo ,
Hot) = Et Et =

,

l ) so lxo5=x⑤txon
(x⑤ ,

Hot ) = 4g t f- t f



f-robeni - original motivation for repnthry .

G is a finite group (as usual)

Let {xg3geG be commuting indeterminate

indexed by G .

Assume I GI = h and

list elements of G as

9 , 9. a 93 . -- 9h

Let Ig be nxn matrix whose entry in positron ( i , j) is

the variable xgig ; .
Call det (EG) E I [ Xg Ige G]

the Frobenius determinant of G .



Fast Reordering the elements of G has no

effect on value of det (EG)
.

PI swapping g ; and gj swaps rows
i and j

and then swap's columns of Io ,
multiplying

the determinant by C-1) l-D = -11
.
0

Them If
I Gl has exactly r conjugacy classes

then the Frobenius
determinant factors as

det =
,
.IT/pjcxydegCPjlxD

where each Pj Cx) is an
irreducible polynomial in ① fxg I g EG)

and Pi Cx) does not divide Pj Cx) if i tj .



EI suppose 6=2/27 = {I 13
1-I - I

Then Ig = (Xt X-y tiX
-
Xt - I

go dot (Io) = *i - I = ( Xt - X-) lxttx .) .

G has 2 conjugacy classes ED and I-17 .



EI Suppose G - 2137L = { 1=2, c , I}

Let Yi = xoi. .. .

Then I
i c o

has 3 conjugacy classes

Io - f:: Ii ):
"3. losses .

Y3 Yi Yz C
'

⇒ det#a) = Yi Hib
- ti) -yzlyi-Y.to/tYslXh-yzY--3y,xzyz- xp - yd - y?

= f- y ,-Ya- 'b) (Xt 0kt b) (ht 042+043)
21T# 13

where ⑦ = e is a primitive 3rd root of unity



Goal : prove them about how detlIg) factorizes

using repn theory , following Frobenius's original

argument from no 1896. Will need a lemma ,

Lemmy Suppose Yij for I s is j Sh are distinct

commuting indeterminate
. Then detfyij] ,si .,.sn

is an irreducible polynomial in Q C yi; I Isr , jsn]

Pf detfx 7 is homogeneous polynomial , so if it's
not irreducible then it must factor as a product
of homogeneous irreducible polynomials



In a homogeneous polyn.
, getting some variables to Zero

either gives zero or a homogeneous polynomial .

Thus if detail
is reducible then

setting some variables to zero gives zero or

another reducible polynomial .

out setting xii
-0 to a" chisel

"

transforms

a."iron.
"
iii. ""÷÷÷::::÷::

since two monomials g
involve disjoint Variables



pfoftheoremabaetdel.CI#
Let LCx) =! Xg 9 E Q ( xglge

G) (GI Eet R

If he G then LCx)h = g§gXs 9h
= %#Kha

K

⇒ matrix of Llx) : RtR is ( Xun-I chase GXG

which is formed from Io by permuting some columns

⇒ dot ( Xo) = I dot LLC xD

So can just factor det (LCD) .



By Masohke
's theorem,

① (GT =
,
.iq
,

my
④ din (

Vi)

where h .Vy .- Nr
are irreducible subreply

with r = #conjugacy classes in G -

dimer;)

so duet LLCxD = III del ( textIvi)
-
call this Pi Cx)

Now we just need to argue that pi CN
's are irreducible

and pairwise non
-proportional



To see this, choose a positive -def . Hermitian G
- invariant form

on each Vi , then choose an orthonormal basis [eijl for Vi ,

then let ( Eiji.) be the corresponding matrix

elements Gt Q defined by Eijk (g) = (pv!g)eiiseik)

matrix of ( (x) Ivi in bask { go§Eiik G) g) j ,*

is [ % , Xs E Kb) ) ,sgpesdmnvi
-

call this yijk

By lemma , dot ( find , sina.d.my. is irreducible ,

so same
is true of Pi (x) .

As functions of the dijk 's these

polynomials involve disjoint Variables, so they are non proportional . O



Going between the Xg and y :*
Variables does not

affect irreducibility
or proportionality since the latter variables

are a homogeneous linear transformation
of the Xg's .


