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Course recap :
-

Choose an algebraically closed field K

An algebra over K is a
Director space A with

-

a bilinear multiplication. Unless
other wise

stated ,
"algebra means "unital associative algebra"

saying "(V ,P) is a representation of A "means

V is a vector space and p : A
+ End (V) is an algebra

morphism



Saying "V is a representation of A "means
-

is a left A module.

Marphisms & : (v, P. )+ (V2 ,R) of A-repres are
&

linear maps &V ,ev with k +V

Pla)d <Pula)
commuting XaCA &

V+V

For groups, Lie algebras , quivers,
etc.

we have other notions of representations,

but these are all equivalent to certain full

subcategories of algebra representations



We have notions of surepresentations and
irreducible representations

,
as well as
-

direct sums of representations and
-

indecomposable representations.
-

Every irreducible is indecemposable,

not vice Versa.



nonzero

Lemma Given a morphism of rephs

&: (v,P) + Cru, Pa)

(even if I not

O bis = is both Vi irreducible alg closed)

②O is scalar map if (V ,Pi) = (V, Pr) is

irreducible and finite-dim. (requires K to be alg. closed)

C fommutative algebras over als- closed field,

have only 1-d irreducible repres.



Owen vector spaces VI ,Va , Va, -- , Vie
Cand

form the tensor product vector space
↑ dimVi

VQKQ .-QVK . dim is
is

Tensor algebra ofVE vove
--ev =TV

n-
n times

Quotients of TV : symmetric algebra SV

= TV/(xyy-yex(X,ytY

exterior algebra 11

= TV/xxex(xtV]
uniV-envel . alg. (when V is Lie also



It V is (Ai8)-bimodule and W is (8, 0)-bimodule

for algebras A
,

8
,
i then V &W is a

6

(A ,C) -bimodule.

# V is a right A-module and
W is a

left A-module then VOW is just a vector space&

B

In both cases VepW as a vector space is a

quotient of VQW by <Xbox - tebylXXEV



De A reph of A is Semissimple arle

lecompletely reducible if it is isnaphic to

a direct sum of irreducible representations

Assume A is an algebra with dim As W.

Def the radical of A is
the set of elements inAra

-

that act as zero in every irreducible raphof A.---

Fat Rad(A) is the largest nilpotent 2-sided idea



Suppose A = Mata , (1) for some dida,, deso
i=

Convenient to view Ac Matulk) for n = di +dat -- +dr

#m for each index i. A has an irreducible

representation Vi =
1) (as vectorspaces) and

every finite-dimensional reph of A is a direct sum

of copies of V
,
V2
,
- ,V

And in this case Rab A
= 0



Thm Any finite dimensional algebra A has
-

finitely many irreducible representations V .
V, ~ ,Vr

up to isamorphism
,

each Vi has finite dimension
,
and

A/RadIA) end (vi) @Matdi(k)
i=1

where di = dim(vi)

Each End(vi) has dimension
di2 = dim(Vi)"so

& If dimAd
then dimA-dimRabCA) = dimci) dimA



Def .

A finite-dimensional algebra A

is called&misimple if Rad(A) = 0 .

Prop. Assume A
is an algebra/k with dimA >X.

The following are
equivalent :

① A is semisimple

② dimNVil-dimA where V ,V, ...,Vo are
the distinct

i=1 isomorphism classes of irreducible A-repus

③A Matdilk) for some di,da, - ,du>o
i=1

⑪ Any finite-dim repn of A is semisimple

⑤ The regular repr of A is semisimple



Let (V ,p) be a finite-dimensional reph of A .

The character of
(V ,P) is the

linear map Xivp)
: A + 1

-

with the formula Xcup(a) = trace(p(a) for a A.

say that a character X crip)
is irreducible if (V ,P) is irreducible

They Assume A is semisimple and dimA > X.

Then the
irreducible characters of A are

a basis for (A/(A ,A7)
*

linearmaps A/CA ,A7
+ K



Jordon-Holder thi : If V is an A-raph-
with dimV 8 then there

exists a filtrationdimV

0 = VocV , c ..V
=V

Nitt is irreducible,where each Vi is a subreph , each Wi Nix

and any other filtration with these properties has same

length n and the same quotients Vi/Vi- Cup to

ischarphism and permutations of indices).



Schmidtthm: If Visan

A-reph with dimU* then there exists a

decomposition V* # Vi where each Vi
itI

ledecomposal and this decep , is uniquein b
↓

decomposabis in

up to isomorphism and rearrangement
of factors.

· consider
In

Where V is already irreducible.



Resof tensor products :

# A and are k-algebras then so isA
Crestor space

in a natural way : (a ,billazeba) = a,an ebib tensen product)

-
you can tensor Araphs to get an A-reph if you have amaphismAnne

# W is an A-reph and W is a reph

then Now is an A-reph.

They If V,W
are irreducible and finite-dimensional

then so is
VW (as an 108-reph).

- all irreducible finite-dim. repins of AQ8
up to
- ↓

arise in this way. 6 If G
is finite group HXI

then (6] = KCH)k[F]



A representation of a graup G is an algebra) repn
(v
, p) of the group algebra K(G) .

This means that p/13167) < End (V) all linear maps V+

p(6) GGL(V) invertible linear mapsVe

What makes grap rephs more interesting
than

the(tirial) reph theory
of semisimple algebras

is the distinguished basis of group elements.



[Assume G is a finite group.
#salke'stheorem the grap algebra KIGT is

be if and only if charck) does notESemisimp
T --m

divide IGI.↳ ( means
all irreducible G-repus are finite-dim , &-andall finite-dim . G-repus are direct sums of irr . repus

Assume (V , P) is a fin . dim. G-repe.

Then its character is the
linear map Xcrp) :k[7-1[ -with gi trace(p(g) for geG.



Say that X(r ,p) is irreducible if (V,p)
is.

-

Let Frr(G) denote set of irreducible charactersE -
-

of G .

Some things that always hold :

① # (V ,p) E(V!p') then Xcvip) =X(p)
& Each X = Xcup) is a class function on G,-

meaning a map G+K that is constant on

Conjugacy classes & * (Ighg) InD forall
SihEG



When KIGT is semisimple
, the following holds :

③ Err(6) is a basis for vector space of class functions
on G

⑪ If char(k) =0 ,
then X(P) =X(vip) if and only

if (V , P) = (V/ pl) · Doesn't hold if char(i>0 .

⑤ Z x(v) = 1G)
X Frr(G)



Assume K
= 0.

The vector space of functions G + D has form

positive definite+
(f,fu) = filg)tg) which is[Hermitian
Ihm Err(6) is an orthonormal basis for

the subspace of class functions on a relative to

the form (: p : )) I

If , INIG) then&if
to
if P X

& If , are
And necessarily irreducible)

characters of G then (0 . 1 ,2, ...)



↑
this is centralizer subgroup

Th For giheG ,
=

Eg (x + G)xg
= gx]

12g) if g and have Conjugate

E41gh =50 else
in G ↓

in this case

4 = Irr(G)
Size of Exglxee] is ) 12g) =12n)



Character tables
by convention
-

↓

Choose representatives 1 = 91
,
92 ,9, --- , gr

of

the distinct conjugacy classes [xgxxeG) in G
by convention

↓

Let 1 = x1142 , 43 , -- ,Xv
be the elements of Irr(6)

& let this denote the triviall character G - 51]

We call the matrix minima[a charactertable for *2 Xilgi) X2(2) X2 194) --X 192)

3 i

Xe Xr(gix 192) Urisa) -- Fr (9r)



Frobenins-Schur indicator of v
cirrebucible rept)

-
I if V is real type

let g(v) = E(xi)
d S & if V is complex type-I if Visquaternionic

type

·~
X + Frr(6)

-

-

x = Iw(G) ↑
call these the

this is equalityimdutions ofG
for many nice groups

like Sn
,
or Coxetergroups



Them The dimension of V divides 16

(when V is an irreducible complex reph of finite grap 6)

The If G is finite
of order pagb for distinct

primes p,971
and integers abo, then G

is solvable (ie has normal composition series
-

with abelian quotients) .



If It is a subgroup of a finite group G and

V is a Greph , then we write ResCY[
to denote V viewed as an H-reph via restriction.

E Character of
Resi is Xv/p /characterricted to Ht)

Dimension of Resipr) is dim (V)

Call Res 1) the restriction of V.



Suppose W is an H-reph where HCG is a subgroup

Let Indi(w) = (f : o-WI f(hx) = P(h)f(x)VhC3
⑪

w -> Eg , wi= KITQ V
k[H]
un i n

un
viewed viewed moulue = gihp)wi
as (K567 , KCHD) - binnodule Shelt

in
6 (w) is a G-reph (called the induced reph) for action-

↓ dH

g . f : X+ f(xg) for geG, fe Ind(w).

Character of Indiw) is gi [ xw(gi99i)Naif (112,--,W]9 99 ;H

wheregraveacompletesSee



Write Resp(x) X-It and thPow) for

the characters of Respp(V) and Indin).

C Assuming K = &, if X is any character of G

andt is any character of H , then

(4,
And (4) = (Resp(x) , 4)G H
-

= ) -XCT

~ Appli can develop
a criteria for when End (4)

is irreducible that only involves restricting

to smaller subgroups then inducing toH)



Furthertopics

① constructing the irreducible representations

of the symmetric group Sn and

their characters :

- Furssu) indexed by partitions +on

- To each the we construct a spechtmodule Vt
-

with character Xt-

- (Product formula for dimVt and even for+ (C4)



② Indecomposable quiver representations and

Gabriel's thi.

↳ a finite quiver has finitely many

S
Recall :

- classes of indecomposable-rephquive

ageigns vector repns if and
if its connected

spaces to each components ignoring edge crientations
vertex and

linearmaps to ave each

each arrow

(no conditions) An oa---o o On
00 . -word

Ef Ey Es0 do
-O-g
oooo



③ Category theory : an (second) introduction

- object - abeliam category
- maphisms - functors
- small category - natural transformations

- enriched category - adjants
- full subcategory -Yoneda's Lemma and

representability

ec...



⑪ Homological algebra + projectives,
Ext

,
Tor

,
Cohomology , chain complexes

exact functions, Marita equivalence, blocks

Assume dimAX, K also closed , (not nes semisimple)
suppose M ,

M
, M- - -,M are a complete

list of non-isomorphic irreducible A-modules.-

The for each i, there is a unique-up-to-isomorphism
indecomposable, finitely generated , projective A-module P ;-
-

such that dim Home (Pi
,Mj) =&

(Call Pi the projective cover of Mi.) And it holds that...



Moreover, it holds that A = (dimMi) P ;[i=1 m
and P., P2, By, .... Dr

are a
=> PP# P ;

complete list of non-isomorphic,
dimMi Summands

finitely generated, indecomposable,
projective A-modules.

(when A is semisimple then M: EP : Vi)


