MATH 2121 — Linear algebra (Fall 2026) Practice Problems #1 (due September 14)

Instructions: Choose 4 problems and write down detailed solutions.
Some of the problems are more challenging than others. Harder problems are marked with a star.

You can use any resources to solve the problems, but you are encouraged to attempt to do the
problems yourself to best prepare for our examinations.

The standard for full credit is low: you just need to make a good-faith attempt on 4 problems.
e You can receive full credit even if your final answer is incorrect as long as you show all of your work.
e Conversely, if you just give an answer without explaining how it was derived, you may lose points.

Submission: Please handwrite your answers and show all steps in your calculations, as you would on an
exam. Submit your hard copy solutions before the end of the day on the due date to your tutorial’s
homework submission box outside the 3rd floor MATH Admin Offices near Lift 25/26.

Please coordinate with your tutorial TA directly if you need to submit solutions electronically.

1. Find general formulas for the solutions of the linear systems

1+ 229 =1 1+ 229 =1
and
3r1 +4x9 =3 3r1 + 629 = 3.

Now suppose a, b, ¢, d, p, q are real numbers with ad — be # 0.

. . . axry + bry =
Find a general formula for the solution of the linear system ! 2P
cr1 +dxy =q.
2. Suppose ai,as,...,ag € R are numbers and x1, x2, x3, x4 are variables arranged in a grid:
ay a2

as T1 T2 a4
a5 T3 T4 G
ar asg

Each interior point in the grid is the average of its 4 neighbors. For example,

a; +as + ro + T3

xrp =

4
These conditions mean that we can interpret xq,x2,x3, x4 as interior temperature readings on a
flat surface whose boundary temperatures are the numbers a1, as,...,as.

Write down the linear system that corresponds to this setup.

Determine how many solutions exist to this system, and find a formula for all solutions.
3. (*) Suppose n is a positive integer and a1, as, ..., a, are real numbers.

What condition must be satisfied for the linear system
T1— Ty =aq

To — T3 = A2

I3 — T4 = A3

Tp—1 — Tp = Ap-1

Ip — T1 = Qn

to be consistent? Write down the augmented matrix of this linear system. Assuming the system is
consistent, find a general formula for its solutions.
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4. Suppose we have two linear systems with the same number of equations and the same number of
variables. Then the systems’ augmented matrices have the same size. If the augmented matrices are
row equivalent then the systems are equivalent, meaning they have the same solutions. Do there
exist two linear systems, both with m equations and n variables, that are equivalent but whose
augmented matrices are not row equivalent? Explain why this is impossible or find an example.

5. There is a way to multiply two 2 x 2 matrices to get another 2 x 2 matrix. The formula is
a b w oz | _ | aw+by ax+bz
c d y z| | cwtdy crx+dz |’
Find 2 x 2 matrices D, E, and F with all real entries such that
a b| | a b a b| | c d a b | | a+3c b+3d
D[c d}{% Qd}’ E{c d}[a b}’ and F[c d}[ c d
for all a,b,c,d € R. Once you find your matrices, compute
b
Ak

a b a b
{C d}p, [ d}E, and {

6. Find all matrices X = { oo ] with x1,x2, 3,24 € R such that

[SIIRS

T3 T4

7. (*) The matrix I = [ (1) ] has the property that

1
0
b| |a b 1 0| |a b
d| | ¢ d 0 1| | e d
0 0
for all a,b,c,d € R, while the matrix 0 = [ 0 0 ] has the property that
0 0 a 0 0| |00
0 0 c 00| |0 0]
Assume a,b,c € R and a # 0. The quadratic formula says that the solutions to

ax’ +br+c=0

are g = —bhvbi—dac W and @ = —b=vb—dac W, which are not real numbers if b — 4ac < 0.
Can you always find a matrix X = { il 52 } with all real entries x1, x2, 3,24 € R that solves
3 T4

aX?+bX +cl =0?
If this is possible, find a formula for such a solution in terms of a, b, and c.

bry bxo ] )

(Here we multiply numbers and matrices like this: bX =
b$3 b$4

8. (*) Suppose A = [ (i 2 } is a 2 X 2 matrix with real entries such that ad — bc # 0 # b.

Show that there are numbers p1, p2, p3, 41, g2, g3 € R with

-l wlly o]l ]
P2 D3 10 9 g3 |
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9.

10.

11.

12.

13.

14.

15.

If Aisalx 3 matrix then RREF(A) either has the form
[1**] or [01*} or [001] or [OOO]

where each * means an arbitrary real number. In the first, second, and fourth cases, A is the
augmented matrix of a linear system in two variables with infinitely many solutions. In the third
case, A is the augmented matrix of a linear system in two variables with zero solutions.

Describe with similar notation what the possibilities are for RREF(A) if A is a 2 x 3 matrix. In each
case, indicate how many solutions there are for the linear system whose augmented matrix is A.

r 1

What are the possibilities for RREF ({ y 2 }) if x and y are arbitrary real numbers? Draw a

picture of the zy-plane in which you identify the regions of points (z,y) where RREF <[ i ; ])

takes its different possible values.

If the reduced echelon form of the augmented matrix of some linear system is

1 2 0 5|2
001 0]1
0 0 0 010

then what is the general formula for the solution to the linear system?

Going in the opposite direction, find a matrix A that is the augmented matrix of a linear system
with 3 equations and 4 variables whose general solution is

T 1—3a—4b
T2 o a
vy | = 9_ 5 for all a,b € R.
Ty b

Arrange the first 9 digits of your student ID as the entries of a 3 x 3 matrix A. (If you run out of
digits, reuse the first few digits.) Compute RREF(A) by hand without using a calculator, showing
all of your work in the intermediate steps of the row reduction algorithm.

(*) A linear inequality is an equation of the form
aix1 + asxs + -+ apty, >0

where aq,as,...,a,,0 € R are numbers and xq,2o,...,z, are variables. A solution to a linear
inequality is an assignment of numbers to the variables which makes the inequality true. Systems
of linear inequalities and their solutions are defined similarly.

Make a picture of the lines z1 + x5 = 0 and 1 — 2 = 4 and 21 + 2 = 6 and compute the three
points where two of the lines intersect. These lines divide the R? plane into 7 regions.

Explain why each of these regions is the set of solutions to a system of linear inequalities in the
variables x1 and x5. Identify the corresponding system for each region.

(*) Consider the set X of 3 x 3 matrices A whose entries are each equal to +1 or —1.

There are 2° = 512 matrices in this set.

What matrices E can occur as RREF(A) if A € X7

For each such matrix E, find the exact number of matrices A € X with RREF(A) = E.

Define M to be the n x n matrix whose entry in position (4, j) is M;; = i+j foralli,j =1,2,...,n.

Find an exact formula for RREF ().



