


1 Last time: reduction to (reduced) echelon form

Th* leading entry Iin a nonzero row of a matrix is the first nonzero entry going from
left to right. For example, the row [ 0 0,70 5 } has leading entry 7, which
occurs in the 3rd column.

Definition. A matrix is infechelon form Iif it has the following properties:

If a row is nonzero, then every row above it is also nonzero.
G

Leading entries are arranged strictly left to right as rows go top to bottom.

Every entry below a leading entry in the same column is zero.
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In echelon form:

1200
{o 3 5 0]}““7'%'"‘ out of edov L
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Not in echelon form: | 0 0 0 0 | O 5 01, 35 0
— [0 3 50 0000 0 og4)s

Definition. A matrix is in reduced echelon form |f

The matrix is in echelon form.
Each nonzero row has leading entry 1.

3] The leading 1 in each nonzero row is the only nonzero number in its column.

Theorem. A matrix A is row equivalent to a single matrix in reduced echelon form.

We denote this matrix byl RREF(A).

l\um"‘s ; (An ke {ranpformed
usng Con opora :ong :@ replaconerly @, swe @ rercelng



wwmm%meMﬂMN

0 Pﬁ,(@) e} o r:’\}') S'-\Qr\ﬂs y.r“\
(\!‘;)f omleNo O

° 3“\ at qu\.‘ g\q): e Q NWInZevo Qh"f‘j
0 10 Ao of Cutvent ggluwmn

Vﬂ? awd den uge 1 gt
¢ Cmiel erteed Lela

o findy onvert from edhnekan fovm o redued
form,



Theq row reduction algorithm §s a way of constructing RREF(A) from A.

This algorithm 1s something you should memorize.

(nek O §\28 Show

Example. Writing — to indicate a sequence of row operations, we have

110 1 0 D, 0 1110 1100

2 41]=10 1|2 1l=]o1 3150101

39 2 2 0010 0010
Q

A:\( 0 0 0(2 0

1
3
8
0 -1
0
1

= e 35 e

and the last matrix is the reduced echelon form of the first matrix.
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Consider the nonzero rows of RREF(A). In these row find the first nonzero entry
from left to right.

If one of thesqleading entries is in column j, then j is a pivot column of A.

For example if
0

2.0 3
RREF of1)2
W 0 0 0 na\
bagic

then leading entries are in positions| (1, 1) hnd| (2, 3) fso pivot columns are 1 and 3.

If A is the augmented matrix of a linear system in variables 1, xo, . ..
say tha,tl x; is a basic variable if 1 is a pivot columnfof A and that z; is ‘
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To determine the basic and free variables of the system, we have to perform the row
reduction algorithm to figure out what RREF(A) is first.

Once we have done this, we can conclude that:

@ The system has 0 solutions if the last column is a pivot column of A.

@ The system has infinitely many solutions if the last column is not a pivot
column but there 1s at least one iree variable.

@ The system has exactly 1 solution otherwise (if there are no free variables, and
the last column 18 1ot a pivot column).
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Moreover, here’s how you can solve the system: write down the equations in the
linear system whose augmented matrix is RREF(A). Each nontrivial equation starts
with a basic variable x; and has the torm

x; + (an expression involving free variables ) = ( a number )

After moving the expression involving free variables to the right side we get

x; = (a number ) — ( an expression involving free variables ).

To form the general solution to our original linear system, we just choose arbitrar
values for the free variables and express the basic variables using these equations.







Example. The linear system

31’2 - 61‘3 =6 0 3 —6 6
3x1 — Tx9 4+ 8x3 = —5H has augmented matrix A= 3 -7 &} -5
311 — 9xy + 1225 = —9 3 =9 120 -9

Its reduced echelon form is
N bagic: £,,<,

RREF(4)= | 0 ) —2|2 |. feee : %g
00 ofo

This means that the pivot columns of A are columns 1 and 2, so x; and x5 are basic
variables while x5 is a free variable. The last column is not a pivot column, so the
linear system has infinitely many solutions.
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The linear system with augmented matrix RREF(A) is l
.’E1—2563:3 $1:3+2!E3
To9 — 223 = 2 which we can rewrite as To = 2+ 223
0=0 0=0.

We choose an arbitrary value for the free variable x3 = a € R.
D

Then the general solution is (x1, x2, x3) = (3 + 2a,2 + 2a, a) where a is any number.
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Corollary. Suppose a linear sys m has augmented matrix A.

O b1
If RREF(A) has the form : where all blank entries are zero, then
0 O ~o

thel linear system has exactly one solu %10 and this solution is given by

(.171,1‘2, e ,me) = (bl,bQ, ce ,bm)

Proof. The starting linear system has the same solutions as the linear system whose
augmented matrix is RREF(A). But the second system consists of the equations
$1=b1,$2:b2,...,$m=bm. ]
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2 | Vectors too bncor H'kh

Until we discuss vector spaces, the terill always refer to a matrix with

exactly one column:

1
[ 1 ] or 3 or 2 or Vi
—1 3 V6 |-
5
Sometimes people refer to vectors defined like this as|column vectors. "ke
" onlyy of
U2
We write a general vectorfas v = . | Where eachjv; is a real number, , -
: V in vow,

Un

Two vectors u and v are equal if they have the same number of rows and the same
entries in each row.
=
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The size of a vector is its number of rows. We can add two vectors of the same size:

V1 Uy Uy + V1

(% U9 Uy + Vo
A\ YA = S I I

Un, Unp, Uy + Un

If v and v don’t have the same size then u + v is not defined.

If v is a vector and ¢ € R is a scalar, i.e., a real number, then we define

V1 CUq

- V2 CU9
L CU = ¢ . = .
Un CUp

We call the new vector cv the scalar multiple of v by c.
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For example, we have

IR H R N |

We define subtraction of vectors as addition after multiplying by the scalar —1:

N R ) Rl S e R e e e

negatian Sulhraghion:
["\)\ (.\)v V-l = V~)u
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We write R™ for the set of all vectors with exactly n rows. Vecto's a = { Zl } € R?
2

are drawn as arrows in the zy-plane from the origin to the point (z,y) = (a1, aq):

y
aﬁ _(a;,3;)
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Proposition. The sum a+b of two vectors a, b € R? is the vector represented by the
arrow from the origin to the point that is the opposite vertex of the parallelogram
with sides a and b:
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The zero vector R™ is the vector -l whose entries are all zero.

We use the same symbol “0” to mean both the number zero and the zero v

0

I

in R” for any n. You may have to use context to ngre out which number or zero
vector “0” means in a given expression.

We hav

e0+v=0v+0=vw

for any vector v.
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Definition. Supppse vy, vs,...,v, € R" Ilre vectors and ¢y, ¢z, ...,¢, € R.

We often refer to the numbers ¢; as scalars.

linear combination Iof V1,02, ..., Up.

The vecto:l Y = €101+ Cova + - - -+ vy s called

2

We say that y is “the linear combipaton of vy, ve, . . ., v, With coefficients ci, ca, .. ., cp.
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Example. Supposea=| =2 | andb= | 5 | and ¢ = 4
-5 6 -3

Is ¢ a linear combination of a and b7

If it were, we could find numberg x1, x5 € R such that x1a + x2b = ¢, po that

xr, + 2[)’)2 =7
—2371 + 5!172 =4
—5x1 + 6x9 = —3.

To determine if this linear system has a solution, use row reduction:

1 2 7 1 2 7 1 27 1 27
A=|-25 4| =10 9 18| =101 2| =101 2| —=RREF(4)=

0 3
Ogly 2 |.
-5 6 =3 0 16 32 01 2 0 00 0 00

The pivot columns of A are 1 and 2: the last column is not a pivot column, so our
linear system is consistent, which means that c 1s a linear combination of a and b.

Yes ! in fact ROEEN) &S 4.;-1 S 3a+d







y & varede -
L
O: veGor™
hn mﬁt
We generalize this example with the following state §

Proposition. A vector equation of the form§ x1a; + z2a9 + -+ + x,a,, = b Ivhere
T1,%o,...,T, are variables and aq,aq, ..., a,: same

solutions as the linear system with augmented matrix

l > ML (W) o
a, ay as ... ap b|.
| ] motviz ™)

This notation means the matrix whose ith column is a; and last column is b.

In other words, the vector b is a linear combination of ay,as, ..., a, if and only if
the linear system whose augmented matrix is (**) is consistent.

I—t i [ oo onlyf
Lo o of RREFA)
hal ho pM







§pon S q\\ linear Cﬂ‘“«\*w

Definition. Thq span of a list of vectors vy, vs,...,v, € R" |s the set of all vectors
y € R™ that are linear combinations of v, vs,...,v,. We denote this set by
R-span{vy, va, ..., v,} or span{vy, va, ..., Up}.

Another more direct way to define the span is by the formula

R-span{vy, vs, ..., v,} = {a1v1 + agva + - - + apv, : ay, a9, ..., a, € R}

Example. The span of 0 € R" is just R-span{0} = {a0 : a € R} = {0}.

(This is the only case where the span is not an infinite set.)

The span of 0 # v € R" is setfR-span{v} = {av : a € R} df all scalar multiples of v.

(This set is infinite. It contains v, —v, 0 = Ov, 2v, —2uv, Mv —V/107v, v, etc.)
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The span of two nonzero vectors v, w € R if R-span{v, w} = {av + bw : a,b € R}.

.\‘ :-V*O“

If v is a scalar multiple of w then R-span{v, w} = R-span{w}.

If w is a scalar multiple of v then R-span{v, w} = R-span{v}.

2v+iw k.

Outside these cases, we have no simpler way of describing R-span{v, w} except as

“the set of all vectors of the form av 4+ bw where a and b are any real numbers.’

Corollary. If vy, vs,...,v, € R", thefp a vector y € R" belongs to

R-span{vy, vs, ..., v,}

if and only if the n x (p 4+ 1) matrix
[ —

[e——
[’Ul Vg ... Up y}

is the augmented matrix of a consistent linear system.
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For most mathematical operations, we have separate words for the operation itself,
the verb that does the operation, and the result of doing the operation.

For example the 4+ operation is called “addition”, the corresponding verb is “add”,
and the result of adding is called a “sum”.
-

R-span is also a mathematical operation, though its inputs and outputs are sets of
vectors. But confusingly, the words that go along with R-span are all the same.

For example, choose some vectors vy, va, . .., v, € R™ and let S = R-span{vy, va,...,v,}.
e We refer to the operation R-span as the span.
e The output S of R-span applied to vy, vs, ..., v, is the span of vy, v, ..., vp.
e Sometimes we use span as a verb and say that vy, vs, ..., v, span the set S.

e [inally, saying a vector w € R" is spanned by vy, v, ..., v, means that w € S.






What does R-span{vy,vs, ..., v,} look like? / as One g‘ 3 J]\W

* We can visualize the span of the 0 vector as a single point.
C ]

We i ine th f vect th line th h the origi that line.
* e imagine the span of vectors on the same line through the origin as that line

* In R?, if the span of vy, vs,...,v, is not a line, then it is the whole plane.










