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1 Last time: Vectors
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A (column Jvectorfof size n is an n x 1 matrix: v =
Un
Lef R™ pe the set of all vectors with exactly n rows.
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+ We can add two vectors of the same size: |t =
UTL un un + UTL
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® Wecan multiply a vector by cv =c | = | for c e R.
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We draw a = { Zl } € R? as arrow in Cartesian plane from origin to (z,y) = (a1, as):
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Relative to this picture, the sum a + b of two vectors a, b € R? is the arrow from the
origin to the opposite vertex of the parallelogram with sides a and b:
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The zero vector 0 € R™ is the vector 0 = [ ] . We always have 0+v =0v+4+0 =v.
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Sedora) Vectons 0f SANG o0

linear combination jof vectors vy, vg, ..., v, € R" is any vector of the form
Y = 101 + cov2 + - - - + ¢,v, € R” for any choice of numbers ¢, ¢y, ..., ¢, € R,

span pf vectors vy, vg, ..., v, € R™ is the set of all of their linear combinations.

We denote this set by (ugwaly iﬁ’iﬁae, h‘) 4e wh}

R-span{vy, vg, ..., v,} or span{vy, va, ..., Up}.

Proposition. If vy, v,...,v, € R”, then a vector y € R" belongs to R-span{vy, va, ..., v,}
if and only if the n x (p+ 1) matrix [ Vi V2 ... Uy Y ] is the augmented matrix
of a consistent linear system.
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In terms of ge mtyth span of a set of vector R ither pnt(tth
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The span of a set of vectors in R? is either a point_(at the origin), a line (through
the origi | taining the origi 11 of R3.
e origin), a plane (containing the origin), or all of IR”.
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2 Multiplying matrices and vectors

We have been using matrices as a compagt notation for representing linear systems. |

Today we introduce a second way of viewing a matrix: namely, as an operator/ that
transforms one vector to another.
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Definition. If A is a matrix with columns aq, as,...,a, € R™ and v € R", so that
U1
A:[E.l '52 ?ln] and v = UZ.
Un

then the matriz-vector product Av is the vector in R™ given by:
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Thus Aw is the linear combination of the columns of A with coefficients given by the
entries of v.
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Nole:  Av s onh defired by
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* If Ais m x n then Av is only defined for v € R”, and in this case Av € R™.
Thus A transforms vectors in R™ to vectors in R™.

This transformation is linear:

If Ais an m x n matrix and u,v € R™ ther] A(u +v) = Au + Av.
| 28 1If A is an m x n matrix and v € R” and ¢ € R then A(cv) = ¢(Av).
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&et\\'u in row & of A\l\ = (fow k of AYX V

To compute Av: match up entries in ith column of A with the ith row of v.

a; a2 ... Qip U1 a11V1 + A1oV9 + - - - + A1, Uy
asq asy ... QAon V2 \ A21V1 + A9V + -« -+ + QgpUy,
v - : oo : = :
Am1 Am2 ... Oy (%% Am1U1 + Am2U2 + -+ AmnUn

=1-54+2-6+3-7T+4-8=5+12+21+32 =T70.
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where A is mxn
A-‘i = b matei gl Awmbor/
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If Ais an m X n matrix with columns aq, as, ..., a, € R™ and
- o voraW

X1 by
X2 by

x = 5 and b= f eR™ szmmmﬁ
- o (nwmeric entries)

where each x; is a variable, then we call Ax = b a matriz equation.

Proposition. The matrix equation JAz = blhas the same solutions as both the
-+ Taa, =0 *nd the linear system whose augmented

Proposition. The matrix equation Ax = b has a solution if and only if b is a linear
combination of the columns of A, that is] b € R-span{ay,as,...,a,}.
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Example. Let A=| -4 2 —6 | andb= | by |.
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Does Az = b have a solution for all choices of by, by, b3 € R?
The system Az = b has a solution if and only if q“ M\‘ee N\"‘ 0‘ a
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is the augmented matrix of a consistent linear system. We can determine if this
N o " system is consistent by row reducing the matrix to echelon form:

by
5{ 2 —6 b2 0 14 10 4b1+b2 4 10 4by + by | .
—2 —7 by 0 % 5 3b;+10b 0|b1—-b2+b3|
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The last matrix is in echelon form, so its leading entries are the pivot positions of

our first matrix. The linear system is consistent if and i nn does
not contain a pivot position. This occurs precisely wheh b; — %bQ + b3 = 0.

3 But we can choose numbers such that by — 2by + by # 0: take by = 1 and by = b3 = 0.
Therefore our original matrix equatlonl Ax = b Hoes not alﬁgxs have a solution.
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We can generalize this example:

Theorem. Let JA be an m x n matrix.] The following properties are equivalent,
meaning that if one of them holds, then they all hold, but if one of them fails to
hold, then they all fail:

8For each vector b € R™, the matrix equation Az = b has a solution.

Each vector b € R™ is a linear combination of the columns of A.
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F@ 3. The span of the columns of A is the set R™.
(Say this as: “the columns of A span R™".)

@A has a pivot position in every row. ‘_::t OBV"QM" Y :lzqulm})
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