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If Ais an m X n matrix, x = ) ,be R™, then is atmtm'x equation

Tn

Ax = b has the same solutions as linear system with augmented matrix [ A b ]
CE—————

Theorem. Let A be an m x n matrix. The following are equivalent:

OAJU = b has a solution for any b € R™.
8The span of the columns of A is all of R™.

A has a pivot position in every row.
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2 Linear independence

We will now discuss a property of lists of vectors that we cal‘ linear independence.

Let us first explain what this term means for lists of zero, one, two, or three vectors.

(0) The ethz list of @ vectors is always defined to be linearly independent. ‘57 cmd'."')

(1) A list containing just one vector v; € R™ is linearly independent if

v #0. 16 the veclo- i§ nonzero

(2) A list containing two vectors vy, ve € R™ is linearly independent if

there is no a € R with v; = avy AND there is no b € R with vy = buy,

meaning that neither vector is a scalar multiple of the other.

(3) A list containing three vectors vy, ve,v3 € R™ is linearly independent if

v1 ¢ R-span{vy,v3} AND wy ¢ R-span{vy,v3} AND w3 ¢ R-spanf{uvy,vs}.

no o vedor is in span of the othes



no o0 vedtor 1§ in span of the othed

Definition. A list of p vectors vy, vs,...,v, € R" is linearly independent if

v; ¢ R-span{vy,...,0;—1,Vit1,..., 0} foralli =1,2,3,...,p

When p =1 we interpret “R-span{}” to mean the set {0} with 0 € R".

Example. It is easy to tell if lists of one or two vectors are linearly 1ndependent

1 o net "‘“‘1

(a) The single vectory | 2 | fs linearly independent, butf | 0 |fis not. m}
3 0
17 [4 | | 1 110 net lneady
Myl 21,5 re linearly independent, bu§ | 2 |, | 8 re no }
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(c) What about the three vectors v; = | 2 |, v3= | 5 |, v3= ? Since L" h‘-)
3 6

1o (\.\\)

4 1 2
vo= |5 |=2]2|+|1]|=2v+wv3€ R-spanf{uvy,vs} 'l)
- 6 3 0

the list vy, v9, v3 is not linearly independent.

It is not clear how we could prove that three vectors are linearly independent.

For this, it is useful to reformulate our definition of linear independence.
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Proposition. A list v‘,vt .. ,vpe R" is linearly independent if and only if

Vedores © w¥ -ty iplp=0 ahwajt oS solubon, ...

has no other solutions besides the trivial solutiorl 1 =23 = --- =z, = 0.

A nontrivial solution to (ﬁ) is called a linear dependence among the vectors vy, v, ..., vp.
Proof. Suppose our vectors are not linearly independent, so that we can write

Vi = 101 + - F Qi_1Vim1 + i1V + -+ apv, € R-span{vy, ..., 021, Vi1, ..., Up}

for some index i € {1,2,...,p} and some scalars ay, ..., a;—1, 41, ..,a, € R. Then

nentrve
solvlio

is a nontrivial solution to (**), since even if the a’s are all zero, x; = —1 is nonzero. 4}‘ ve(,

ep.
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Conversely, suppose (**) has a nontrivial solution (cy, ca, ..., ¢p).

Then one of the numbers ¢; in this solution must be nonzero. But then

-* 0=civ1 +cua + -+ cpup

and we can divide both sides by the nonzero number ¢; to get

1 —a e Gzl Cit1 U
o— o (vt v+ o) = Gup+ -+ 22 Uz_ﬂ@ Vi1t 2

This means that

_ cl Ci—1 Cit+1 Cp
V= =Sy — = Sy =y - = 2y, E]R—span{vl,...,Ui_l,viﬂ,...,vp}ldm

so the given list of vectors is not linearly independent. O ‘T&






Corollary. The columns of a matrix A are linearly independent if and only if A has
a pivot position in every column.

Proof. Suppose the columns of A are vq,vs,...,v, € R™.

By the previous_theorem, these vectors are linearly independent if and only if the
matrix equatiohas exactly one solution (the trivial solution z = 0).

This happens precisely when A has a pivot position in every column\ O

How to determine if v;,v,,...,v, € R" are linearly independent. (p'l

Q\,ﬁh .FormthenXpmatrixA:[vl Vg ... vp}. o &eegw

@ Reduce A to echelon form to find its pivot columns. w
e [f every column of A has a pivot, the vectors are linearly independent. ML{H 4 J
<A
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Example. The Vector{ ] [ 3 ] and [ 9 Bare linearly independent, since
5
@ 12 5 12 5 12 5 00 @
A: 03 9|~|03 9 01 3 0/1) 0 | = RREF(A)
-1 5 15 | 0 7 20 00 -1 01
so every column of A contains a pivot position. PNO)([ N \/
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3 \Linear dependence

A list vy, vg,...,v, € R" is linearly dependent if it is not linearly independent.

(1) A list containing just one vector vy € R™ is linearly dependent if vy = 0.

(2) A list containing two vectors vy, ve € R™ is linearly dependent if

there is some a € R with v; = avs OR there is some b € R with vy = bvy,

meaning that one vector is a scalar multiple of the other.

3) An arbitrary list vy, ve,...,v, € R™ is linearly dependent if some
Yy p Y

v; € R-span{vy, ..., 0i—1,Vit1,. .., Up}. ong «c.w 1 | 1Y

This occurs when a linear dependence exists among the vectors, or when m\ [

[Ul Vo ... ’Up]

has at least one non-pivot column. ‘h d'w
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Example. The vectors [ 0 ] , [ 3 ] , and
5
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Proposition. If p > n then vy, v, ..
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column
] are linearly (dependent since

12 0 1
03 9 |=lp|0 1 3 |=fl0]/1] 3] =RREF(A).
0

0

.,Vp € R™ are linearly dependent.

Proof. If p > n then [ v V2 ... U ] cannot have a pivot in every column. [
(#row ¥ cduny)

Proposition. If any v; = 0 then vy, vs, ...

® pNG\'G <€ M

,vp € R™ are linearly dependent.

Proof. 1f v; = 0 then the matrix [ (1

erev([ 8

vp | has no pivot in column i. O

-a‘) 12
. =%
1~

?

)






Cict need 4o folme
/7 s

4 Linear transformations

A function f takes an input x from some set X and produces an output f(x).
We write o mean that f is a function that takes inputs from the set X
and gives oTrtpT at are contained in the set Y.
3 GThe set X is called the domain of the function f.
“: @T he set Y is called the codomain of f.
b a forml
[
Every element x € X is a valid input to f.
Not every y € Y needs to occur as an output of f. M X ‘ x
2 do an owlpwt § L)y
(a. Ne Crovde (1) -
dehmes & fanchion § R R
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bw no c\ega\m. |\u\m\vbt oy N ()
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Definition. Let f : R® — R™ be a function whose domain and codomain are sets of
vectors. The function f is allinear transformation Iif both of these properties hold:

flu+v) = f(u) + f(v) for all vectors u,v € R". } ‘ d ‘

with W’fﬂ‘*

Example. If A is an m X n matrix and 7 : R®* — R™ is the function with the
formulg T'(v) = Av ffor v € R™ then T is a linear function.

f(cv) = cf(v) for all vectors v € R™ and scalars ¢ € R.

Proposition. If f : R” — R™ is a linear transformation then we also have

™) 0-0 as $10) = FlOv) s 0f) =0
(1) f(u—v) = f(u) — f(v) for u,v € R™.
@‘ flarvy+agva+- - -+a,v,) = ay f(v1)+- - -+a, f(v,) Jor any a; € R and v; € R™.
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Deﬁnls €1,62,...,6, € Rnias the vectors

4 [0 ] [0 ] [ 0]

0 1 : : N

e = 0 , ey = 0 s e, Epl1 = O , and e, = 0 em
: 5 1 0
| 0 | |0 | 0 | 4 |

Fact. If A is an m x n matrix then Ae; is the ith column of A.

1 4 T 3 PNO‘ b’ mm
For example =15 1 { 7 }
0
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Theorem. Suppose T : R — R™ is a linear transformation.

hen there is a unique m X n matrix A such that]T'(v) = Av For all v € R™.

he matrix A has the formulalA = [ T(e;) T(es) ... T(e,) |.
Proof. Define A= [ T(e1) T(ez) ... T(en) ]. If w € R™is any vector then
e\ (1% Cn

)]

@ —-}zwlT(el):...ernT(en) & =AN bV de(

= Aw.

Thus A is one matrix such that 7'(v) = Awv for all vectors v € R™.
.
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Suppate T = A= 85 for ab ¢ -

The theorem says that A is the the only matrix with this property.

To show this, suppose B is a m X n matrix with 7T'(v) = Buv for all v € R™.

Theln T(e;) = Ae; = Be; for alli =1,2,...,n.

But Ae; and Be; are the ith columns of A and B.
o =

Therefore A and B have the same columns, so they are the same matrix: A= B. [







We caHIA the standard matrizjof the linear transformation 7.

The standard matrix A is the unique matrix such that 7'(v) = Av for all v.

Example. Suppose T : R" — R" is the functioan(v) = 3.

This is a linear tr 1ts standard matrix has the formula

3 0
0 3
A=[T(er) T(es) T(en) | =1 3e1 3es Ben | =1 . .
D e —a— o - c
00
A has nonzero entries only in positions (1,1),(2,2),...,(n,n).

One calls such a matri






Example. Suppose T : R" — R is the function

-

This function is not linear: we have T'(2v) = 4T( v) # 2T (v) for any 0 # v € R™.

1

T(2v) = () (ow)’
= U(v ‘.,_\.v}) = 4Tl F 27v)







Example. Suppose T : R" — R" is the function

v t € '\P \hpﬁ\'

(%)

T ;:v;. vl

Un (%1

This function is a linear transformation. (Why?) Its standard matrix is

O chekG+@)

A=) @) o Tl TE]=le en o e al=

-— -— - - 1

1

In the matrix on the right, all blank space indicates zero entries that are not shown.






