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1 Last time: linear transformations = |"e“" ‘Ws(.-kd\(

Writing [f : X — Y |means that X is thel domain |(the set of inputs), Y is the
codomain|(a set that contains all outputs and possibly more elements), and f is a
at transforms each input in X to an output that belongs to Y.
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Let m and n be positive integers. Recall that R™ is the set of vectors with n rows.

Let T': R" — R™ be a function (whose domain and codomain are sets of vectors).

The following mean the same thing: §enary) éd

@ 7 is linear.
@ We havi T(u+v)=T(u)+ T(v) pnd)T(cv) = T (v) for u,v € R", ¢ € R.
@ There is an m x n matrix A such that 7" has the formula T'(v) = Av for v € R™.




Simple um‘n\e! Whot 0%t Do lintar deaniformghiond
f R ARY [ when =n=1)

() Lawt item o~ proviads gk Says
fG) = Ax for some \#) malviz A

Suck otz 3§ Ju\- a Numbor Aelk

@ NOTE funcht of farn  £() = axdd [ale®
arg not EnEidRNeo o Lbe [nea i€ b30
(even thom e geags it a lne)



SupRase T: 2" i

it linayr How o fnd @ malw A

Wit TG > Ax?

If we are given a linear transformation 7', then T'(v) = Av for the matrix

A 'S RN ,Mh

A= [ T(el) T(eg) e

T(ey,) }

wherd e; € R” IlS the vector with a 1 in row ¢ and 0 in all other rows.
We call A the standard matriz of T.

Two different linear functions R® — R™ cannot have the same standard matrix.
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Example. Fix 6 € [0,27). Here [a,b) means “all numbers z € R with a <z < b.”

fin :
Define A:|:COSQ —Sine} rm:\'\:‘;m

sind  cosd
and let T : R? — R? be the linear transformation T'(v) = Av.
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L } (parallel to the z-axis), then T'(v) = Av =f ] Cirounfone
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o Ifv= [ 1 } (parallel to the y-axis), then T'(v) = Av —[ 050

In general, T(v) = Aw is obtained by rotating v counterclockwise by the angle 6.
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2 One-to-one and onto functions

Below we introduce two important classes of linear transformations, characterized
in terms of whether the standard matrix has pivots in every row or in every column.

To prepare for this, we first discuss some properties of functions in general.

A function has three components: a choice o@domain, a choice of c;domain,
and a formula/rule/algorithm to assign an output in the codomain to each input
in the@ain. Two functions are the same only when all three are equal.

The formula z — /2 defines a functiorlf :Rsg —» Riwith Ryg={x € R: 2z > 0}.

The formula = — /x also defines a functionl g:Rsp — Rxo.

We consider f and g to be different functions because they have different codomains.
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For every z in the domain X of f, we get an output f(z).

Some values y in the codomain Y may never occur as outputs of f.
% meons {(.)

Thel image of an input = in X under f |s the output f(z).

The range of the function f (sometimes called the image of f) is the set

range(f) = {/(x) : 2 € X} & (ohgmam

of images of all inputs in the domain.

The range of f is the subset of the codomain Y which gives all actual outputs of f.
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Example. Suppose A = 3

(a) The image of a vector v € R? under T is by definitioff T'(v) = Awv.

The image of v = _? under 7T is
- 1 1 -3 5
(BRERERE
L . -1 7 -9

0)

(b)I Is the range of T all of R3? JIf ityas, then Az = b would have a solution for all b
b € R°. But this only holds when A has a pivot position in every row. This is
impossible since each column can only contain one pivot position, but A has

ree rows and only two columns. Therefore range(T') # R3.

range(T) = {71 1€M) = [Ac 16 R]
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Definition. A function f: X — Y ig one-to-onefif f(a) = f(b) implies a = b.

Sometimes the term “one-to-one” is called injective.

This means thaI: f does not send two different inputs to the same output.

The function f is not one-to-one if there are different inputs a # b with f(a) = f(b).

Example. Suppose T : R?* — R? is the linear transformation T'(v) = Av fvhere

Is T one-to-one?

125
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No: since A has more columns than rows, its columns are linearly

dependent. Therefore there is a vector 0 # v € R® such that T'(v) = Av = 0. l;/u ’.

But we also have T'(0) = 0. q"y ~,w .hf
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Theorem. Suppose

T:R* - R™ Iis a linear function with standard matrix A.

Then the following are equivalent:

@ T is one-to-one.

@ The only solution to T(z) =0is z =0 € R". €@ only Jal. 4 AI&O i§ 30
@ The columns of A are linearly independent.

@ Every column of A contains a pivot position.@= C'qu'-ﬂb]e
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Definition. A function f: X — Y is{ onto jif

range(f) ={f(x) :z € X} =Y.

Sometimes the term “onto” is called surjective.

The function f i§ not onto if there is some y € Y with f(z) # y for all z € X.

Example. Suppose that 7' : R® — R? is the linear transformation T'(v) = Av where
125 M
Yes a=[o35]

Yes: for any b € R? there is some z € R?® with T'(z) = Az = b since
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which shows that A has a pivot position in every row.
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Theorem. Suppose\T : R™ — R™fis linear transformation with standard matrix A.

The following properties are all equivalent: ™
T is onto. @ r““”a) -’-(MO‘ MO‘ A) s m‘\ = m'

‘b The matrix equation Az = b has a solution for each b € R™
G The span of the columns of A is R™.

@ Every row of A contains a pivot position.? CW"QB\Q
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Example. Suppose T : R? — R3 is the function T' ({ vl }) = | dv1 + Tvy
_ 2 vy + 3

31 ) 0
This function is a linear transformation. Its standard matrixis A= | 5 7 | & [T‘g) T( |)J
1 3

To determine if T" is one-to-one, we check if A has a pivot position in every column.
To do this, we convert A to its reduced echelon form:

31 13 1 3 [1 0
P A= |5 T |~ |5 7| ~|0 =8|~ |0[1|=RREF(4).
13 31 0 -8 0

Evidently A does have a pivot position in every column, so 7' is one-to-one.

As the third row of A does not contain a pivot position, the function 7' is not onto.
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Corollary. Consider a linear transformation 7' : R™ — R™.

T is one-to-one only if n < m,

Proof. Let A be the standard matrix of T

We know that 7' is one-to-one if and only if A has a pivot position in every column,

an

1 T is onto only if n > m.

while T is onto if and only if A has a pivot position in every row.

Each row and each column contains at most one pivot position.

Thus if A has a pivot in every column then the number of columns n cannot be
more than the number of rows m. Likewise, if A has a pivot in every row then the

number of rows m cannot be more than the number of columns n.

This means that if T is one-to-one then n < m and if T is onto then m < n. O
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