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① Review + moreon abstract rector spaces

② Eigenvalues + eigenvectors



1 Last time: vector spaces

A (real) vector space V is a set containing a zero vector , denoted 0, with vector
addition and scalar multiplication operations that let us produce new vectors u+v 2
V and cv 2 V from given elements u, v 2 V and c 2 R.

Several conditions must be satisfied so that these operations behave exactly like

vector addition and scalar multiplication for Rn
. Most importantly, we require that

1. u+ v = v + u and (u+ v) + w = u+ (v + w).

2. v � v = 0 where we define u� v = u+ (�1)v.

3. v + 0 = v

4. cv = v if c = 1.

There are a few other more conditions to give the full definition (see the notes).

By convention, we refer to elements of vector spaces as vectors .

↑ concrete" rector space : R and its subspaces

(abstract)
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Example. All subspaces of Rn
are vector spaces, with the usual zero vector and

vector operations.

Example. The set of m⇥n matrices is a vector space, with the usual addition and

scalar multiplication operations.

The zero vector in this vector space is the m⇥ n zero matrix.
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Common vector spaces are subspaces of Rn
or subspaces of the following:

Proposition. Let X be a set and let V be a vector space.

Then the set Functions(X, V ) of all functions f : X ! V is a vector space with

f + g = ( the function that maps x 7! f(x) + g(x) for x 2 X ),

cf = ( the function that maps x 7! c · f(x) for x 2 X ),

0 = ( the function that maps x 7! 0 2 V for x 2 X ),

for f, g 2 Functions(X, V ) and c 2 R.

&
important samce of examples

(e .g. V= IR)

& pointwisa

useful to think through why

# Functions (X , 1R) where X
= [1 ,2,3,-,n)
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A subset H ✓ V is a subspace if

0 2 H and u+ v 2 H and cv 2 H for all u, v 2 H and c 2 R.

Let V be a vector space. The definitions of linear combinations , span and linear
independence for vectors in V are the same as for vectors in Rn

.

Remember that we can only evaluate the linear combination c1v1 + c2v2 + . . . if it

is a finite sum, or if there are finitely many nonzero scalars ci 6= 0.

Example. The subspace of polynomials in Functions(R,R) is the span of 1, x, x
2
, x

3
, . . . .

But e
x
= 1 + x+

1
2x+

1
6x

2
+

1
24x

3
+ · · ·+ 1

n!x
n
+ . . . is not in this subspace.

lots of relevant vocab but same defs as for subspaces

E
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Definition. A basis of a vector space V is a subset of linearly independent vectors

whose span is V .

Saying b1, b2, b3, . . . is a basis for V is the same as saying that for each v 2 V , there

a unique coe�cients x1, x2, x3, · · · 2 R, all but finitely many of which are zero,
such that v = x1b1 + x2b2 + x3b3 + . . . .

Theorem. Let V be a vector space. Then V has at least one basis, and every basis

of V has the same number of elements (but this could be infinite).

Definition. The dimension of a vector space V is the number dimV of elements in

any of its bases.

Example. If X is a finite set then dim Functions(X,R) = |X|.

S
E

# phxh-vector space of men matrices

dim (Aman) = min as basis is [Eij Is
&hassingle nonzero entry1

in (ii)



Consider men =z case:

(3) = a(68) + b(867 + c [i8 +3(8)
"LHS" Ein Ein Eas Ear

this shows that
*
= R-span[En . Ein, Ea , Enz]

also these are linearly independent
because

the only way to make the
LAS = 18)

is by taking a
=b= c = d =0



Claim dim (functions (X ,
R)) = 1x1 (the size of X)

&

Here is a basis of size IXI
: define for each yeX,

ER
a function by : X+R

① Spanning J by(x) =[
any f : X+ is equal to Ef(y)by

YEX ↑ IX/ different functions
function

f(x) = [ +(v)by(x) = (Gf(y)by)(x) for all xeX .

YeX w YEX
=0 if y+X

=l if y = +

②Independence if Ec, by = (zero function) thenYEX

(4(by)(x) = ex =
all coefts

0 =
YEX My =0



2 Linear functions

Suppose U and V are vector spaces.

Definition. A function f : U ! V is linear if

f(u+ v) = f(u) + f(v) and f(cv) = cf(v) for all c 2 R and u, v 2 U .

Proposition. If U, V,W are vector spaces and f : V ! W and g : U ! V are

linear functions then f � g : U ! W is also linear.

Recall that we define f � g(x) = f(g(x)) for x 2 U .

Proof. The proof is the same as when U = Rn
, V = Rm

, and W = Rp
.&

diference





Let Lin(U, V ) be the subspace of linear functions f : U ! V in Functions(U, V ).

Proposition. If V is a finite-dimensional vector space then dim Lin(V,R) = dimV .

Proof. Suppose b1, b2, . . . , bn is a basis for V .

A basis for Lin(V,R) is given by the linear functions �1,�2, . . . ,�n : V ! R with

�i(x1b1 + x2b2 + . . . xnbn) = xi for x1, x2, . . . , xn 2 R.
The unique way to express any linear f : V ! R as a combination of these is

f = f(b1)�1 + f(b2)�2 + · · ·+ f(bn)�n.

When V = Rn
, we can think of Lin(Rn

,R) as the vector space of 1⇥ n matrices.

If b1 = e1, b2 = e2, . . . , bn = en is the standard basis, then �i = e
>
i .⑤

a row rector w
= (wi--WRgienbe (i) weR

defines a linear function





Definition. Suppose U and V are vector spaces and f : U ! V is a linear function.

Define range(f) = {f(x) : x 2 U} ✓ V and kernel(f) = {x 2 U : f(x) = 0} ✓ U .

These subspaces generalize the column space and null space of a matrix.

We have a version of the rank-nullity theorem for arbitrary vector spaces:

Theorem (Rank-Nullity Theorem). If dimU < 1 then

dim range(f) + dim kernel(f) = dimU.

This specializes to our earlier statement about matrices when U = Rn
and V = Rm

.

For a self-contained proof, see the lecture notes.

Col(A) -> range(f) = [f(x)(x+U]
abstract vectorspaces :

Nul(A) - Kernel (t)= (xcU(f(x) =]

#dim(domain)



Ex we have discussed
a basis forR* What about these subspaces

* basis for 3x3 summatrices : [l7: Sin
[](,

(xT = -x) [A basis for 3x3 skew, symmetric matrices :

O -10 000
o 00 -1[08] [ I [ 7
100 On o



Notice dim Rin + dim Re = 63 - a
3x3

= dimR

This is example of an
ranknullity theorem :

f : 13
*
+ 13
*

X ++ X +xT

3x3

Ther rangelf) = Rsym

Kernel(f) = IRS ew



3 Eigenvectors and eigenvalues

Let A be a square n⇥ n matrix.

Definition. An eigenvector of A is a nonzero vector v 2 Rn
such that

Av = �v

for a number � 2 R. (� is the Greek letter “lambda.”)

The number � is called the eigenvalue of A for the eigenvector v.

Why require nonzero? Because if v = 0 then Av = �v = 0 for all numbers � 2 R.

The number 0 is allowed to be an eigenvalue of A, however.

-onlydefineamatrices

A
&

"Eigen" => "Same" v is an eigenvector for A

when v and Ar are both

on same line



Suppose A is a 2x2 matrix and VER is one
of

(so Av = tr for some TER)
its eigenvectors

Then the vectors Ar andw might look like this :

Av + + Av + =0

n A
·
Av=o

+- 04/
f
/

2

but this picture is NOT possible:

S
v and A

A
are NOTan Same-Av line !



& what are eigenvectors of A with eigenvalue + =0?

these are the nonzero vectors v with Av=Ov =0

in other words: the nonzero elements of Nul A

E what are the eigenvectors of a
rotation matrix A - [cos-sin

wecall that Av => (v rotated cw by O radians)

so if O is not a multiple of it then Av
is NOTchsame line asv
Av

=> if 0 #( .-,-T,0,+ , 2π, ]π,- - ] ther -
A has no eigenvectors inthese cases

all nonzero

But if 0 =0 then A = (d,) and if - i the A = (_P)) vectors are
eigenvectors



Example. Given A and v, can check whether v is an eigenvector by computing Av.

If A =


1 6

5 2

�
and v =


6

�5

�
then Av =


1 6

5 2

� 
6

�5

�
=


�24

20

�
= �4v.

Therefore v is an eigenvector of A with eigenvalue �4.

11 [(
N

Av = [=] ↳ so v is eigenvector
for A with eigenvalue

X= -4

- (3) =v



Example. What are the eigenvectors of the matrix A =

2

664

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

3

775?

If v 2 R4
were an eigenvector with eigenvalue � then

Av =

2

664

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

3

775

2

664

v1

v2

v3

v4

3

775 =

2

664

v2

v3

v4

0

3

775 = �

2

664

v1

v2

v3

v4

3

775 .

The last equation implies that 0 = �v4 and v4 = �v3 and v3 = �v2 and v2 = �v1. So

0 = �v4 = �
2
v3 = �

3
v2 = �

4
v1.

If � 6= 0 then this would mean that v1 = v2 = v3 = v4 = 0, but remember that v

should be nonzero. Therefore the only possible eigenvalue of A is � = 0.

11
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The eigenvectors of A =

2

664

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

3

775 with eigenvalue 0 are

v =

2

664

x

0

0

0

3

775 where x 6= 0.
↳

((( + 0





“� is an eigenvalue of A” means: “there is some 0 6= v 2 Rn
such that Av = �v.”

Recall that In denotes the n⇥ n identity matrix. We abbreviate by setting I = In.

Proposition. � 2 R is an eigenvalue of A if and only if A� �I is not invertible.

Proof. Ax = �x has a nonzero solution x 2 Rn
if and only if (A � �I)x = 0 has a

nonzero solution, which occurs if and only if A� �I is not invertible.

Example. If A =


1 6

5 2

�
then

A�7I =


1 6

5 2

�
�

7 0

0 7

�
=


�6 6

5 �5

�
⇠


1 �1

1 �1

�
⇠


1 �1

0 0

�
= RREF(A�7I).

As RREF(A� 7I) 6= I, the matrix A� 7I is not invertible so 7 is an eigenvalue of A.

EXAN-Ex + Ax -x

↓*I





Corollary. A number � 2 R is an eigenvalue of A if and only if det(A� �I) = 0.

Proof. Remember that A� �I is not invertible if and only if det(A� �I) = 0.

Another way of defining an eigenvector: the eigenvectors of A with eigenvalue � are

precisely the nonzero elements of the null space Nul(A� �I).

Since we know how to construct a basis for the null space of any matrix, we also

know how to find all eigenvectors of a matrix for any given eigenvalue.E



Example. In the previous example, RREF(A� 7I) =


1 �1

0 0

�
so Ax = 7x if and

only if (A � 7I)x = 0 if and only if x =


x1

x2

�
where x1 � x2 = 0. In this linear

system, x2 is a free variable, and we can rewrite x as x =


x2

x2

�
= x2


1

1

�
.

This means


1

1

�
is a basis for Nul(A� 7I).

So every eigenvector of A with eigenvalue 7 has the form


a

a

�
for some a 2 R.

A = [S2) + =7
is eigenvalueofA
-

E
17 is an eigenvector for A

with eigenvalue 7

check : [S27/i7 =[ = (27 : (i) -





One calls the set of all v 2 Rn
with Av = �v the eigenspace of A for �. We also call

this the �-eigenspace of A. This is just the null space of A� �I.

A number is an eigenvalue of A if and only if the corresponding eigenspace is nonzero

(that is, contains a nonzero vector).

&
Nul(A- +i) =EX(R (Ax =+x)

- is an eigenvalue if the teigenspace

for A
of A is

NONZERO

if t is not an

eigenvalue, thenthe teigenspace is [03.



Example. Suppose we were told that A =

2

4
4 �1 6

2 1 6

2 �1 8

3

5 has 2 as an eigenvalue.

To find a basis for the 2-eigenspace of A, we row reduce

A� 2I =

2

4
2 �1 6

2 �1 6

2 �1 6

3

5 ⇠

2

4
2 �1 6

0 0 0

0 0 0

3

5 ⇠

2

4
1 �1/2 3

0 0 0

0 0 0

3

5 = RREF(A� 2I).

Thus Ax = 2x if and only if x =

2

4
x1

x2

x3

3

5 where x1 � 1
2x2 + 3x3 = 0, meaning

x =

2

4
1
2x2 � 3x3

x2

x3

3

5 = x2

2

4
1/2

1

0

3

5+x3

2

4
�3

0

1

3

5 ;

2

4
1/2

1

0

3

5,

2

4
�3

0

1

3

5 is basis for 2-eigenspace.

what is basis
for the

8 2-eigenspace
?

Sinear
system

[7/]
all eigenvectors for A w/eigval +=2 have form ali +b)

where a to arb to





Recall that a matrix is triangular if its nonzero entries all appear on or above the

main diagonal, or all appear on or below the main diagonal.

Theorem. The eigenvalues of a triangular square matrix A are its diagonal entries.

Proof. If A has diagonal entries d1, d2, . . . , dn then A��I is triangular with diagonal

entries d1 � �, d2 � �, . . . , dn � �, so

det(A� �I) = (d1 � �)(d2 � �) · · · (dn � �)

which is zero if and only if � 2 {d1, d2, . . . , dn}.

Example. The eigenvalues of the matrix

2

4
3 6 �8

0 0 6

0 0 2

3

5 are 3, 0, and 2.

]

-> wantthis to be zero

---

* 8
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Another family of matrices with"easy" determinants:

permutation matrices X
inv(X)

def(x) = ()

Can we find eigenvalues of permutationmatricesX?

#W : every such X
is finite-order :

exists 12 such that XK - I is a real

eigenvalue
ofX

Thus if Xv =+v then Xv = X(v)
=+ Xv =+v &

softe

then

X*V =+V .. +=

~ v = Fv = xv =4 so +
"
= 1


