MATH 5112 — Advanced Algebra IT (Spring 2026) Lecture 24

Today’s lecture reviews the main results we have seen in this course.

1 Algebras and representations

Let K be an algebraically closed field.
Definition. An (associative, unital) algebra is a nonzero K-vector space A with a bilinear product map
Ax A— A and a unit element 1 € A that satisfy a(bc) = (ab)c and la = al = a for all a,b,c € A.
A morphism f: A — B of algebras is a K-linear map with f(1) =1 and f(ab) = f(a)f(b) for all a,b € A.
A morphism that is a bijection is called an isomorphism.
Example. If V is a nonzero K-vector space, then the vector space End(V') of all linear maps V' — V is an
algebra, where the product is composition p1ps = p1 © p2 and the unit is the identity map idy : V — V.
Definition. A representation of an algebra A is a pair (p, V) where

e 1 is a K-vector space, and

e pis a linear map A — End(V) satisfying p(1) = idy and p(ab) = p(a)p(b) for all a,b € A.
A morphism ¢ : (p1,V1) = (p2, Vo) of representations of A is a linear map ¢ : Vi — Vo with

d(p1(a)(v)) = p2(a)(e(v)) for all a € A and v € V.

A subrepresentation of (p,V) is a subspace W C V with p(a)(W) C W for all a € A.
We say that (p, V) is irreducible if V # 0 and there are no other subrepresentations except V' and 0.
A representation is indecomposable if it is not a direct sum of two nonzero representations.

Every irreducible representation is indecomposable.

Proposition (Schur’s Lemma). Let ¢ : (p1, V1) — (p2, Va) be a morphism of representations of A.
(a) If both representations are irreducible then ¢ is an isomorphism or zero.
(b) If (p, V) = (p1, V1) = (p2, V) is irreducible with dim(V') < oo, then ¢ = A -idy for some A € K.
(c¢) If Ais commutative (so ab = ba for all a,b € A) then every irreducible repn (p, V') has dim(V') = 1.

2 Tensor products

Let V and W be two K-vector spaces
The tensor product V@ W is the K-vector spanned by pure tensors v ®@w with v € V and w € W, where
(NN4v)QU=v1QUW+vR0w, VW +w)=vRQw +vQws, aRW=0vaw=a(vw)

for any a € K, v1,v9,v € V, wy,ws,w € W.

If V has basis {v;}scr and W has basis {w;}jes then {v; ® w;}(; j)erx. is a basis for V@ W.

n

The tensor algebra of a vector space V' is defined as TV = €P,,5 yen,

Any choice of basis for V' determines an isomorphism from 7V to a free algebra K(X;, Xo,...).
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The symmetric algebra of V' is SV def TV/(vw—-w®uv:v,weV).

The exterior algebra is AV o TV/{ivev:veV).
3 Semisimplicity

Proposition (Density theorem). Let (p1, V1), ... (pr, Vi) be irreducible finite-dimensional A-representations.

If we have (p;, V;) % (p;, V;) for all i # j then @;_, p; : A — @;_, End(V;) is surjective.

Suppose A is a finite-dimensional algebra over K. The radical of A is

Rad(A) def {the elements in A that act as zero in every irreducible representation of A}
= (the largest nilpotent 2-sided ideal in A).

Theorem. A finite-dimensional algebra A has finitely many irreducible representations Vi, ..., V, up to
isomorphism, and it holds that A/Rad(A) =~ @;_, End(V;)

An A-representation is semisimple if it is a direct sum of irreducible subrepresentations.
The algebra A is semisimple if any (and hence all) of the following equivalent properties hold:
(1) Rad(A) =0.

(2) If Vi, Va,..., V. represent all distinct isomorphism classes of irreducible A-representations, then

dim(A) = Y7, dim(V;)%

(3) A is isomorphic to a finite direct sum of matrix algebras Matg, (K) @ Matg, (K) @ - - - @ Matg, (K).
(4) Every A-representation of finite dimension is semisimple.

(5) The regular representation of A is semisimple.

4 Characters

Assume (p, V') is an A-representation with dim(V) < occ.

The character of (p,V) is the linear map x(,vy : A — K with the formula
X(p,v)(a) = trace(p(a)) def i (coefficient of b; in p(a)(b;))  for any basis by, bs, ..., b, of V.

Theorem. The characters of non-isomorphic irreducible finite-dimensional A-representations are linearly
independent (and therefore distinct).

It always holds that kernel(x(,,v)) D [A, 4] def K-span{ab — ba : a,b € A}.
This means we can view a character as a linear map A/[4, 4] — K.
Theorem. If A is finite-dimensional and semisimple, then the irreducible characters of A are a basis for

the dual space (A/[A, A])*. If char(K) = 0, then two finite-dimensional A-representations are isomorphic
if and only if they have same characters.
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5 Jordan-Holder and Krull-Schmidt theorems

Suppose V is an A-representation with dim(V') < oco.

Theorem (Jordan-Hélder theorem). There exists a filtration of subrepresentations
o=VycVLcCc---CV,=V

with irreducible quotients V;/V;_1, and the length n of the filtration and the isomorphism classes of the
quotients are uniquely determined up to permutation of indices.

Theorem (Krull-Schmidt theorem). There is a direct sum decomposition of V' into indecomposable
subrepresentations that is unique up to isomorphism and rearrangement of factors.

6 Group representations

Assume G is a finite group.

Theorem (Maschke’s theorem). K[G] is semisimple if and only if char(K) does not divide |G|.

Assume (p, V) is a finite dimensional G-representation.

The character of (p,V) is a linear map x(,,v) : K[G] — K sending g — trace(p(g)) for all g € G.

We say that x(, vy is irreducible if (p, V') is an irreducible representation.

Let Irr(G) denote the set of irreducible characters of G.

When K[G] is semisimple, the following properties hold:
(1) Irr(G) is a basis for the K-vector space of class functions G — K.
(2) If char(K) = 0, then x(,v) = X(,,v) if and only if (p, V) = (o', V").
(3) ZXEIrr(G) x(1)* = |G|.

Given functions f1, fo : G — C let (f1, f2) &t ﬁ dea f1(9) f2(9).

Theorem. Irr(G) is an orthonormal basis for the space of class functions G — C relative to (-, ).

Theorem. Let g,h € G and define Z, = {x € G : zgz~'} and K, = {zgz~' : x € g}. Then

T ‘Zg‘ Kg=Kn
B —
%%:(G)w(g)w( ) {0 K. %K.

7 Restriction and induction

Let H be a subgroup of a finite group G.

If V is a G-representation, then we write Resg(V) to denote V' as an H-representation.

Now suppose W is a representation of H with corresponding map pw : H — GL(W).
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Let Ind$ (W) = {f G =W f(ha) = pw(h)f(z) for all h € H and x € G} = K[G] @k W.
Then Ind% (W) is a G-representation (called the induced representation) for the action
g-f:x— flzg) forge G and fendf(W).

The induced representation has dimension % dim(W).

Theorem. If K= C and V and W are finite-dimensional with characters xy and xw then

(Xv,lndg (XW)> o= (RGS§ (xv), XW)H

where (f,g)x = ﬁzzexf(x)g(x) for X =Gor X =H.

8 Symmetric group representations

Let n be a positive integer. Define S,, to be the group of permutations of [n] = {1,2,--- ,n}.
For each partition A = (A1,---, Ag) F n, there is an associated Specht module constructed as follows:
V)\ = (C[Sn]a,\b,\
where
ay = Z g and by = Z sgn(g)g.
gErow stabilizer of T\ g€column stabilizer of T’

with T any standard tableau of shape A.

Theorem. Each V) for A F n is an irreducible complex representation of \S,,.

In addition, each irreducible complex representation of S,, is isomorphic to V) for a unique A F n.

The Frobenius character formula gives an explicit way to compute the character of V).

9 Schur-Weyl duality

Fix positive integers n and N. Let V = CV and set GLy = GL(V).

Then V" =V ®---® V is an S,,- and GL y-representation in which o € S,, and g € GLy act as

o(V1 @U@ ®Up) = Vg-1(1) DVe-1(2) @ QUs-1(ny and gv1 @V - Qvy) = gu1 @ U2 ® - - @ gup.
Let A and B be the images of C[S,] and C[GLy] in End(V®") defined by these representations.

Schur-Weyl duality refers to the following properties:
(a) A and B are commuting algebras of each other.
(b) A and B are both semisimple, and V®" is a semisimple C[S,,] ® C[GLy]-representation.
(c) As a C[S,] ® C[GLy]-representation, V™ decomposes as

V®n = @V)\ X L)\,
AbFn

where V) is the usual Specht module of S,, and
Ly = Homa(Vy, V&™)
is zero or an irreducible GLy-representation. Also, Ly 22 L, if Ly # 0 and L, # 0 and A # p.
We have Ly # 0 if and only if A has at most N nonzero parts.
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10 Field extensions

A homomorphism of fields is a ring homomorphism from one field to another.

Every field homomorphism is injective.

A field extension of a field K, or K -extension, is an (injective) field homomorphism K < M.
This injection makes M into a K-vector space. We write M | K for the extension K < M.

The extension is finite if [M : K] = dimg (M) is finite.

A homomorphism from one field extension M | K to another field extension M’ | K is a field homomor-
phism M — M’ (which is necessarily injective), which makes this diagram commute:

Let Autg (M) be the group of isomorphisms of field extensions M | K — M | K.

11 Algebraic extensions and separable extensions

Let M | K be a field extension and let a € M. The annihilator of a is

Ann(a) = {P(z) € K[z] : P(a) =0}

The element a is transcendental over K if Ann(a) = 0.

We say that a is algebraic over K if Ann(a) # 0.

A field extension M | K is algebraic if for all a € M the element a is algebraic over K.
If a is algebraic over K, then there is a unique monic polynomial which generates Ann(a).

We denote this by m, and call it the minimal polynomial of a.

A polynomial P(z) € K[z] has no multiple roots if (P(z), P'(z)) = K|z].
A polynomial in Kz]\ {0} is separable if all of its irreducible factors have no multiple roots.

An algebraic field extension L | K is separable if the min. pol. over K of any element of L is separable.

12 Simple extensions and splitting extensions

Let ¢ : K — M be a field extension and let S € M be a subset.

The field generated by S over K is the subfield K(S) C M defined as the intersection of all subfields of
M containing both S and ¢(K).

The elements of S are called generators of K(S) over K.
M | K is a simple extension if there is an element m € M such that M = K(m).



MATH 5112 — Advanced Algebra IT (Spring 2026) Lecture 24

Let K be a field and let P(z) € K[x] be a polynomial.

The polynomial P(z) splits in K if for some elements ¢, a1, as, . ..,a, € K we have

Plz)=c-(x—a1) (x—ag2) - (z—am).

A field extension M | K is a splitting extension (or splitting field) for P(z) € Klx] if
(1) P(z) splits in M, and
(2) M is generated over K by the roots of P(z) in M.

Theorem. There exists a field extension M | K that is a splitting extension for any P(z) € K|z].

This is unique up to isomorphism.

Theorem. Suppose L | K is a splitting extension for P(z) and J | K is any K-extension.

Then the images of all the homomorphisms of K-extensions L < J coincide.

13 Normal extensions

An algebraic field extension L | K is normal if the min. pol. over K of any element of L splits in L.

Theorem. Suppose L | K is a finite field extension. Then the following are equivalent:
(a) The extension L | K is normal.

(b) The extension L | K is a splitting extension for a polynomial with coefficients in K.
Theorem. Let L | K be the splitting field of a separable polynomial over K. Then #Autg (L) = [L : K].

Theorem. Let ¢ : K — L be a finite field extension.
Then Autg (L) is finite. Furthermore, the following statements are equivalent:
(i) Tt holds that «(K) = LA"x(L) where L = {a € L : g(a) = a for all g € G}.
(ii) The extension L | K is normal and separable.
(iii) The extension L | K is a splitting extension for a separable polynomial with coefficients in K.

A field extension with the equivalent properties in the theorem is called a finite Galois extension.

14 Fundamental theorem of Galois extensions
A general field extension ¢ : K < L is a Galois extension if LAWK (L) = (K).
The Galois group of a Galois extension L | K is Gal(L | K) := Autg (L).

Theorem. Let ¢ : K — L be a finite Galois extension.

(i) The map M — Gal(L | M) is a bijection
{subfields M of L containing ¢(K)} — {subgroups of Gal(L | K)}.

Its inverse is given by the map H + L where H is a subgroup of Gal(L | K).
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(ii) Let M be a subfield of L containing ¢(K). Then [L : M] = |Gal(L | M)| and [M : K| = %

(iii) Let M be a subfield of L containing ¢(K).
Then M | K is a Galois extension if and only if Gal(L | M) is a normal subgroup of Gal(L | K).

15 Radical extensions

Let L | K be a finite field extension.

The extension L | K is radical if L = K(ay,...,ax) for some elements a; € L such that
o' € K, ap? € K(ay), as® € K(o, o), . apt € K(ai,...,o-1)
for some positive integers ni,...,ni > 0.

Let P(z) € K[z] and suppose L | K is a splitting extension for P(x).

The polynomial P(x) is solvable by radicals if there is an extension M | L such that M | K is radical.

Theorem. Assume char(K) = 0. Then a polynomial P(x) € K|[z] is solvable by radicals if and only if
the group Gal(L | K) is solvable in the sense of having a finite filtration

{1}=GoCG; C---C G, =Gal(L | K)
with G; < G341 and G;41/G; abelian for all i.

Theorem. When K = Q, every polynomial in Q[z] of degree < 4 is solvable by radicals.

However, there exist polynomials in Q[z] of degree > 5 that are not solvable by radicals.

Theorem. The field C, defined as the splitting field of 22 + 1 over Q, is algebraically closed.
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